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It is shown that the law of conservation of momentum in the electron-phonon system may 
not necessarily hold in the case of scattering of electrons by the thermal vibrations in a 


liquid, as a consequence of the absence of strict periodicity in a liquid conductor. There- 
fore, in addition to the usual scattering of electrons by the phonons in a liquid, there exists 
an additional phonon-liquid scattering. The electron mean free path length corresponding to 
this scattering in liquid metals and semiconductors has been computed, 


1. INTRODUCTION 


UANTUM-mechanical investigation shows’ that 

the behavior of electrons in a liquid is 
similar to the behavior of electrons in a crystal; in 
particular, the electrons have a band energy spec- 
trum and move as quasi-free particles. The scatter- 
ing of electrons as a consequence of the disruption 
of long range order in liquids was calculated in Ref. 
2. But, in addition to this scattering, which is 
specific to the liquid, there takes place (just as 
in crystals) a scattering of the electrons by the 
thermal vibrations which can play a dominant role 
at a high temperature of fusion. In the present re- 
search, we consider the scattering of electrons in 
the liquid by the thermal vibrations. 

It was shown in Ref, 2 thatthe quasi-Bloch 

functions of the form 


Ye = Gaul, (5) e™, (1) 
are an excellent zeroth approximation for the de- 
scription of the electrons in the liquid. Here k is 
the wave vector of the electron and ua €)isa 
function which is almost periodic in the deformed 


coordinate system € in which the self-consistent 
potential for the electron in the liquid is periodic 
(see Ref. 1). 

Thermal vibrations are considered in the theory 
of electrical conduction in the approximation of an 
elastic continuum, and the discreteness of the lat- 
tice is taken into account only for the determina- 
tion of the limiting wave number of the phonons. It 
is natural that in this approximation there is no 
difference between crystal and liquid, so that we 
can use as the phonon, wave functions the same 
functions as in the theory of solids. Knowing the 
unperturbed wave functions (1) for the electrons, 
and making use of the usual functions for the pho- 
nons, we can repeat all the calculations for the 
liquid that have been used for solid conductors. 

If we consider the interaction between electrons 
and phonons as a small perturbation, then the 
eigenfunction of the unperturbed problem is the 
product of the electron function and a function of 
all the oscillators of the lattice, and we can expand 
the wave function of the perturbed problem in a 
series of these products: 
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W(t) = Siok, Nantel”) T] Yrqi 4a) 2) 
qj 
xexp{— [Ex +13 (Wait 5) heal} 
q i 


As is known from Eq. (34.7) of Ref. 3, the ex- 


pansion coefficients of c depend on the time and, 
for small t, satisfy the equation 


int (K’, Ny) =\ 9" (K', Nqi) UY(K, Nga) 


x exp {=- [Ew at ee Da aS Na) hog; |} 


The symbols here are standard: k and k“ are the 
wave vectors of the electron; q is the wave vector 
of the phonon; ; is the direction of its polarization; 
Nie is the number of phonons with wave vector q 
and polarization direction /; EY and Ey? are the 
energies of the electron for the corresponding 
index values of the wave vector, w js the fre- 
quency of a phonon with given q andj. Integration 
‘over d7 consists of integration both over the radius 
vector of the electron, r, and over the oscillator 
coordinates a 

The perturbation energy U has a different ex- 
pression in the cases of acoustical and optical 
thermal vibrations. Initially, we shall consider 
the scattering by acoustical vibrations---the only 


vibrations in metals and atomic semiconductors. 


2. MEASUREMENT OF THE ELECTRON DISTRIBUTION 
FUNCTION UNDER THE ACTION OF 


THERMAL VIBRATIONS 


In the deformed-ions approximation the perturba- 
tion energy is equal to 


U =—ugradV, (4) 


where V is the self-consistent potential for the 
electron and u is the displacement of the ions or 
atoms in the thermal vibrations: 


Gaae >, 
q 


G? is the number of atoms inthe elementary cell, 
e,, is the state of polarization of the phonons. 
The integral over the electron coordinates in kKq. 


(3) can, after substitution of Eq. (1) for wy, (r) and 


3 
1 F = ; 
us Di€ai (aqie'* + as e-iar), (5) 


j=1 
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W,(r), be represented in the form of a sum of in- 
tegrals over.the G? deformed elementary cells: 


Ki = G3 Seite: awn eit q—k’)r’ (6) 
n 


x grad V(r’) uy (r’) Ux (1) dey, 


where n is the radius vector of the nth site, r“ 
=r—n. 

In a crystal, as a consequence of the periodicity 
of V(r) and u,(r), the integral over the elementary 
cell does not depend on the number of cells, but 
the values of the vector n form a regular lattice 
in space. Therefore, the sum over n differs from 
zero only if 

k+q=k’; (7) 
the sign (+) refers to K* and the sign (—) to K~. 
Physically, the condition (7) signifies the law of 
conservation of momentum in the electron-phonon 
system, since K* describes the absorption of a 
phonon and K~ the emission of one. . Under the 
condition (7), summation over n simply yields the 
factor G 3. 

As noted in Ref. 2, u, for a liquid, in the iso- 
tropic approximation, is a periodic function of the 
deformed coordinates &; therefore, when condition 
(7) is satisfied, the integral overthe deformed ele- 
mentary cell does not depend on the number of cells, 
with accuracy up to a small quantity of order ¢---the 
degree of disruption of local order, i.e., the rela- 
tive deformation of the elementary cell. There is 
no point to keeping a correction of order ¢, since 
the perturbation itself is taken to be a small 
quantity, and these corrections would be of second 
order of smallness. Thus, when condition (7) is 
satisfied, the situation in the liquid is no different 
from that in the crystal. 

It is easy to see that all subsequent calculations 
carried out for crystals will be valid with accuracy 
to corrections of order ¢ and the same results will 
be given for liquids. This is purely phonon scat- 
tering of the electrons, which is entirely independ- 
ent of the disruption of long range order in the 
liquid. 

However, if Eq. (7) is not observed, then it is 
not possible, in the case of a liquid, to prove that 
the sum over n [in Eq. (6)] vanishes. Actually, in 
the first place, in a liquid, the distant elementary 
cells are oriented at any angle relative to one an - 
other; therefore, the corresponding vectors r’ in the 
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different cells make different angles with the con- 
stant vector k tq —k’, ive. 
under the integral sign, and the integrals over the 
elementary cells themselves, depend on the number 
of cells. Second, the vectors n in the liquid no 
longer form a regular lattice, but are random quan- 
tities. 

We show that the summation over the G® de— 
formed elementary cells gives the factor Ge?. In 
the isotropic approximation, the integral over the 
elementary cell in Eq. (6) can be taken from under 
the summation sign; the problem then reduces to 
the calculation of the sum 


De er, (8) 


where for brevity we putk tq—k’=q’. The vec- 
tors n in the liquid are random quantities but are 
not completely independent of one another, since 
the differences of the vectors n, relating to neigh- 
boring cells, differ in modulus from the lattice 
constant only by corrections of order e. 

As a preliminary we calculate the analogous sum 
for a one-dimensional liquid model: 

G 


y= De, (9) 
n=1 


where 


ga =2kn/G; Xn =Xa1+a(l ten), (10) 
a = lattice constant; k = 0, 1, 2,...; G is the 
number of atoms inthe chain; « << 1]; Y, are random 
variables (see Ref. 1). The computation of the 
sum is similar to the calculation ofthe length of a 
polymer molecule with restricted turning of the 
links (see, for example, Ref. 4, pp. 409-411). We 


therefore make use of the similar claculations there. 


We determine the square of the modulus of the sum: 


G 11 

>, |’ < itn. > em ( ) 
2 m1 

=G = yy dle iV(Xp—*m) ae gidtm nab 
n<m 


It follows from (10) that 


Xn =na-+as >, Tp %m = ma rs 0B (12) 


ly E 


Substituting (12) in (11), we transform this ex- 
pression to the form 


, the exponential factors 
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(13) 

ey Ge DAG ein |oos (2ag y 1) 
n<m l=n+1 


ee | 


l=n4+1 
m 
+ etsnin-r) feos (cag >) 1) 


l=n+} 


+ isin (20g » «)|| ; 
l=n+1 


Transforming to mean values, we note that inas- 
much as the y, take on positive and negative val- 
use with equal probability, the sines vanish andthe 
average ‘valuesofthe cosine sum will be equal to the 
products of the mean cosine components. Since 
the mean square values of all the y, are the same, 
the product reduces to the order of the quantity 


cos (eaqy,). Consequently, 


>, =e (14) 


n<m 


The summation is carried out without difficulty and 


yields 
we Gy Gin 
aa ce a Eas eee eect a5) 
n= Cy ese 7) 
e=Cn? y (4—U/y)? ’ 


where, for brevity, we have put 


1 = eid — prrikiG. ¢ = COS (£aq7,). (16) 


Discarding the last two terms in Eq. (15), which 
do not contain the large multiplicative factor G, we 


get 


1— 


| >; 1— Cy — (0m) +O (17) 


2 —_— 
i | ae 
Expanding Eq. (16) in a series, and keeping in 
mind the smallness of ¢, and that y2 = l, we get 
from Eq. (17), for g £ 9, 


Spo 
1 


(18) 
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For g = 0, the approximate equation (17) is not 
suitable, and the more accurate expression (15) 


yields Pile = G*, in correspondence with the 
usual theory. 

The three-dimensional case can be reduced to 
one-dimensional if we direct the x axis along the 
vector q} and the fundamental region of 6 atome 
into G2 chains of atoms, parallel to the x axis, 
with G atoms in each. Then we can accomplish 
summation along the chain as in the one-dimen- 
sional case; we get the factor Ge? in the expres- 
sion for the mean square modulus of the sum. The 
summation over the G” chains also yields a factor 
G*; hence, the sum reduces to multiplication by 
Gace 

Consequently, scattering of electrons by phonons 
is possible in a liquid without satisfying the law 
of conservation of momentum inside the electron- 
phonon system. This can explain the fact that the 
lattice, as a consequence of the disruption of long 
range order in it, can take on additional momentum 
in the emission or absorption of a phonon by an 
electron. A similar effect takes place in the case 
of impurities in crystals. 

We call this additional scattering of the electrons 
‘*phonon-liquid,’’ since both thermal vibrations and 
disruption of long range order are essential here in 
equal degree. Atfirst glance, consideration of 
phonon-liquid scattering can be regarded as in- 
consequential, inasmuch as we neglect corrections 
of order ¢ for the usual phonon scattering in a 
liquid. However, there were only small corrections 
to the numerical values of the coefficients in such 
a case, whereas phonon-liquid scattering is a new 
physical phenomenon with specific properties and 
some dependence on the energy of the electron, and 
therefore (in certain cases) it can play a role in 
spite of the smallness of «. Let us consider the 
mean free path length Lo connected with phonon- 
liquid scattering. 

Because of the exponential factor in the integral 
over the elementary cell, this integral, strictly 
speaking, depends on k + q—k% However, the 


factor gradV has a maximum value inside the atomic 


core, where r’ is small; therefore, the effect of the 
exponential factor is insignificant (see Ref. 3, p. 
227), and we neglect it. Consideration of the ex- 
ponential factor would only have given rise to a 
coefficient close to unity. 
The summation of G® randonily sign-changing 

quantities gives a factor G® in the expression for 
the square of the modulus ofthe sum. Integration 
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is carried out over the oscillator coordinates, as in 
the case of a metal. Integrating Eq. (3) with re- 
spect to time, we get, after some transformations 
(see Ref. 3, pp. 187-190): 


le(k, Ng ete (19) 


= (2G~*C%2/9Mh) (k — k’) 


x Cg) NV qj (Ex — Ex— hOgi), 


20 
[c(k’, Nqj +1, t))? = (2G78C2:2/9M4) ce 


X(k—=K'Veq) (Nar )) O (Epes ee eee 


te ae A ete 1 —cos (xt/h 
C = 55 \lerad u fdr; Q(x) =2 = 


Inasmuch as k ~k” # +g, the electrons, in con- 
trast to ordinary scattering, interact not only with 
longitudinal, but also with transverse, waves. Le- 
cause of the 6-character of the function Q(x), the 
law of energy conservation is satisfied in the elec- 
tron-photon system. This means that the disrupted 
lattice, taking on additional momentum, does not 
absorb additional energy for the photon. 

In order to obtain a change in the electron dis- 
tribution function at the expense of scattering, we 
must multiply Eq. (19) by the probability for the 
existence of the initial state, and also by the 
probability of non-occupation of the final state, and 
sum over all initial values of the wave vector k of 
the electron, over all values of the wave vector of 
the photon q, and over the directions of its polari- 
zation 7. We emphasize that, in contrast to the 
ordinary case of phonon scattering, the summation 
here over k is taken independently of the summation 
over gq. As a result, we obtain: 


(21) 
dk —k’) eq? 


k, q, j 
* {Q. (Exe — Ex + heg;) [f (kK) (1 — f(k’)) 
x (Nqjt 1) —f (k’) (1 — 7 (k)) Vail 
+ Q (Ew — Ex — hogi) [f (k) 1 — F(R) Nj 


— F (kK!) (1 — 7K) (Nqi+ 1)]}- 


2C2G=%e2 


f(k’, 1) —F(k’, 0)= “SE 
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3. THE MEAN FREE PATH OF THE ELECTRON AS 
DETERMINED BY PHONON-LIQUID SCATTERING 


We introduce the spherical coordinate system k, 


6 , ® in the space k, with axis k, and the co- 
ordinates g, J , yin the space q, with axis along 
k —k’, and we replace the summations over k and 
q by integration, with the help of the formulas 


DF (é) = 


2, (G/2n) | eed sin dd dF (&), (22) 
R 
es oF (G/2n)*\ q°dq sin 3 d9 deF (q), 


We shall 


OQ, is the volume of the elementary cell. 


consider that the phonons are in thermal equilibrium, 


while the electrons have smal! deviations from 
thermal equilibrium at the expense of the electric 
field, or the temperature gradient, which act along 
the’x direction. Inthis case, 
41 : 
Na = exp {hw, kT} —1 ’ (23) 


i 
hee 28 y (E); 


= [exp (E— p)/RT} + 1), 


Pag) Sens 


xy (£) is a small correction whose square we shall 
neglect, p is the Fermi potential. We shall con- 
sider the energy to be dependent only on the 
nodulus of & or k”. 

Integration with respect to ¢ yields the factor 
27, enters only in the scalar product (k—k’)e | 
Let j = 1 be the longitudinal wave and j=2,3 7 

lies in the plane k—k’, 
22 
Then we easily 


the transverse, where e 
are perpendicular to it. 


q, and es 


obtain 


\ [(k —k’)egJ?sin 9.d9 = 5 (k—k’)’; (24) 


Vk —k’) eg]? sin ddd =+ (k—k’)?. 


In the integration over qg, we take into account the 


5-character of the function @(x). All the factors 
save © can be removed from the integrand, setting 
Oqj = (Ex — En) /h; (25) 


q = waif ap = (Ee — Ew) 1 oy 
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where uw, and w, are the velocities of the longitudinal 
and transverse waves, respectively. The remaining 
integral gives 

© 


\ Q (Ey — En — hej) dq = nt | u;. (26) 


0 

In the substitution of Eqs. (23) and (25) in (21), 
all the terms of zeroth order of smallness vanish, 
leaving only terms with /,(E, ) and f,(Z, -). Fur- 
ther, 

(k — k’)? = k’2 4 k? — QRR’ cos ¥, (27) 
where J’ is the angle between k and k”. If we denote 
by ® the angle from the plane k’, x, then 

cos} = cos6cos 6’ + sin@siné@’sin®. (28) 
The term in sin® vanishes upon integration, and 


all the remaining terms are multiplied by 27. 
The limits of the integration over k are obtained 


from the condition 


E (Boa) = Ep + hoy, E(B) (29) 


— En — 
ale 


w, and w, are the limiting frequencies of the 


hw; 
‘ for Ex, = hoy; 


longitudinal and transverse waves. 

Carrying out the integration over 6, substituting 
the value of (df/ds) 
the case in which the electric field E acts along 
the x axis, and setting k“ cos0°= k ” 


in the kinetic equation for 


, we get the 
Bloch integral equation for the function y(£), 
which, after several transformations (which make 
use of the explicit functions for N and f,), takes 
the form 

Ri 


max 
> 


2 - 
D1 | Naktak (BE. — En) 
J 


role 


+ (k8 +b) x (Ew) |de 


(30) 


ce (E r) [=A 2 (Ep) 


ts (E,,) 


fo(E 72 
+ | Nqibdt (Ew — En) es [ex (En) 
Pain 
27MrheE, dE 
2 DN 6 ‘ ey Sine cia Se ee 
+ (k +k) 7 (Ew)]} de pages ae 
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Generalization to the casein which thereis a 
temperature or concentration gradient in addition to 
the electric field presents no additional difficulties. 

For computation of the integral in fq. (30), it is 
appropriate to introduce the notation 

(31) 
saa es, bie Sided ae 
rae eee Ly, RT wie 


k=R(q), R= R(Q+Y), 


and transform to integration over y. The left-hand 


side of Eq. (30) takes the form 


(RT)2R 4 (En) ej (1 (32) 
pS ASN a (Taj) 
CS LOSE tered 7 ; 
; (33) 
J - 
rie \ yey a [5 ee eat») 
j : pat ecty 4 4 3 (4) % (0) 
R2(n + y) dk (n+ y) 
— Rk? (7) +1| ~ de (7) ay, 
ve ¢ 
=| y ae Re (n+ y) x(n + y) 
) ere ee nt k? (n) % (1) 
Bit 4 eat yg 
BGS dk (1) 


where, in accord with Eq. (19), y* =y, for 
1>¥ 7 ¥* =7 torn <y;.- 

The expressions in ‘front of the square brackets 
in Eq. (33) have a maximum at y = 0 and decrease 
rapidly thereafter. Therefore, we make no great 
error if we take the values at y = 0 for the slowly 
varying functions k? (n+ y), y(n +y) and 
dk(n+y). This certainly is the case for metals 
and for semiconductors at high temperatures, since 
in both cases.y >> y for the vast majority of the 
electrons and these functions vary within relatively 
narrow limits. 

These assumptions are somewhat less valid for 
semiconductors at low temperatures, but for this 
case, as we whall see below, phonon-liquid scatter- 
ing does not play an important role, and a rough 
estimate suffices . 

We note that the assumption y = const also ap- 
plies in the theory of electrical conductivity in the 
region of very high temperatures. In our case, the 
structure of the Bloch integral equation is much 
more favorable for the assumption mentioned; 
therefore, it can be extended to any temperature. 
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This means that the mean free path of the electron, 
connected with the phonon-liquid scattering, exists 
at any temperature. 


As aresult of the assumptions we have made, the 


expressions for /,” and be are greatly simplified: 


Yj (34) 
hase +) hye! | vebitted dy; 
Se ere 
sym 
eee \= e° ane ea d 
ieee} pry ae 
Je ive +1 


Substituting Eq. (22) in Eq. (20), solving this 
equation for X(E, /) and setting Q) = a®, we ob- 
tain the free path Hength of the electron as de- 
termined by the phonon-liquid scattering: 


Ly =R'x (En) /eE (35) 


= 27Mx®h /k’*(RTY*Ce'a® DY juy* Uy ET). 


J=1, 2 


]/ is a function of y., I’*for €>y..as also a func- 
tion of y,;, and fore <y, itis a function of «. From 
Eq. (21), y, =@/T, where © is the Debye 
temperature. [f we assume that for longitudinal and 


transverse waves there exists just one limiting 
value of the wave vector q,, then, evidently, Ve 


are functions 
of ©/T. Explicit forms of this function can be 
obtained in the region of high temperatures (7 


= Gu, /Tu,; consequently, Lr and Ess 


>> ©) and inthe region of low temperatures (7 
<< @). 

For T >> 0, YS for mast electrons, y¥; <€, which 
means y* = Yj a 


| eece eae SO 3Tip deel = 80u,/3Tu,. (36) 
Substituting Eq. (36) in Eq. (35), and using the 
relations 

Uy = kRO/ hg, Go = (2x / a) (3/4 x)", (37) 
we get, after several transformations, 

Ip. = (92MakO | 328C22h2 (ak’)4) (38) 


X (A/T) (dE, / dk’)?. 
Here £ is a number close to unity: 


B = 1/4 + 2u?/ 3u2- (39) 
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For T << © we investigate metals and semi- 
conductors separately. For metals, the electrons 
in a narrow band around the Fermi level play the 
important role. Therefore, we set €=0. Further, 
ae ¥; oe Y; and since Y; >> 1, then the upper 
limit of integration in both integrals of (34) can be 
extended to infinity. Then 


Ij = 1; =2n8/3 (40) 


(see Ref. 5, pp. 134, 350); I; and 1°” do not de- 
pend on j. Therefore, 


Toi = (9MakG / 8x8/C%e2n2 (ak’)4) (41) 


X (8 /T)? (dE x /dk')?, 


B’ = ¥/, + Qu? /3u3. (42) 
For semiconductors, € >> 1, and we can neglect 
unity in comparison with e >. In the integral for [., 


we can again extend the integral to infinity. Then 


1; = 4702/9 (43) 
(see Ref. 5, pp. 134, 244). 

For most electrons in the conduction band of a 
semiconductor, 7 has the order of unity for T <<@, 
7 <y, which means that y* = 7 and it is easy to 
see that 
Ti <8y/3; 


for 7 <_ x? /6 


(44) 
for 4> 72/6 17 < 4n2/9, 


the equality holds: in the first case for 7 << 1, in 
the second case for 7 >> 1. 
Consequently, 


lot = (27Mak@a (Ey:) / 165 8'C2e2h2 (ak’)*) (45) 


Xx (O/T)? (dE x / dk’). 


As E,- increases from zero to infinity, the coeffi- 
cient u (E, -) changes from 1 to 4. 

It is of interest to compare the mean free paths 
obtained here with the value /_ which is defined 
by the usual phonon scattering. In accord with 


Ref. 3, Eqs. (36.8), (37.15) and (45.16) for metals: 


47] 


for 7 > 

Ip = (MR?a°RO /x2h2C2) (8/T) (dEp / dk’), (46) 

for T<O 

ly = (MR'a°RO / 45124,4h2C2) (47) 
x (9/T)> (dE x | dk’)?. 

For semiconductors at arbitrary temperature 

1, = (9 (4x/3)*sMak® / 16h2C? (ak’)?) (48) 

x (O/T) dE» | dk’)? 


Consequently, for metals at T >> 6, 


Ip) [Lp = On / (ab’)oe2, (49) 
and for T << @, 
For semiconductors, for T >> 0, 
lor [bp = 2/ (ak’)*s?, (51) 
and for T << 6, 
(52) 


Loi {lp (ek )re*7. 


In metals close to the filling limit, ak’ is ap- 
proximately equal to 7. Therefore, in accord wifh 
Eqs. (39) and (40), for « > 0.1, and in the region 
of high and very low temperatures,/ |, can be the 
same order of magnitude as Ls then the phonon- 
liquid scattering will play a significant role. In 
semiconductors, ak’ < 1 for most of the electrons, 
and is the smaller, the lower the temperature. 
Therefore, in accord with Eqs. (41) and (42), 
Ly l. In the majority of cases, phonon-liquid 
scattering can be neglected in semiconductors, 
and only for high temperatures and comparatively 
high values of « does it give a small correction to 
the ordinary thermal scattering. 


4. CASE OF OPTICAL SCATTERING 


In accord with Fréhlich®, the perturbation energy 
in the interaction of the electrons with the optical 


vibrations of the lattice has the form 
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(53) 
U =— (4nie? / 2a°q) (2G) D) (qe preg a 
q 


where only the longitudinal optical vibrations 
interact with the electrons, since dipole polariza- 
tion arises only for the longitudinal wave. 

Subsequent calculation is carried out similar to 
the case of acoustical vibration; because of lack 
of space, we will not carry it out and will only 
note the essential differences and write down the 
final formulas. 

The peculiar features of the calculation with 
optical vibrations are the following: 

1. Inthe integral over the electron coordinates 
(6), the factor grad V(r’) is lacking. 

2. In the integral over the elementary cell, 
which is given in hq. (6), we take from under the 
integral sign the mean value of the product u,uj-, 
equal to a’, taking into account that in most of 
the elementary cells it is almost constant. This 
actually takes placein the case of metals (see 
Ref. 3, p. 79); in the case of ionized matter, such 
an assumption can be considered as a limiting 
case, 

We compute the remaining integral over an ele- 
mentary cell in the form of cube with edge a, in 
which r’ is excluded from the center of the cube. 
We direct the axes €, along the edge of the cube 
and for brevity write k tq —k’= q’; then, 


a=] 


sal Eageg nS es 2 oe (54) 
(9.@ / 2) 24° 


The latter expression is obtained by a series ex- 
pansion in sines and a neglect of powers of aq’ 
above the second. Inthis case, and also in taking 
u,ux~ from under the integral sign, we have ex- 
aggerated the value of the term which is a correc- 
tion to the unity term in (54). 

3. In Eq. (21) there is lacking a summation 
over j and in place of the factor (2C 2/9) 
x[(k—k’)e,.]? there is (e*/a%w,)(1-a7q’?/12), 
and in place o @,,; the frequency of the optical 
vibration @ , which is independent of q: 


q* = (k — k’ + q)? (55) 


= (k—k’)? + q? + 2¢/k —k’ (cos. 


4. In the integration over #, the term with 
cos ) disappears and the remaining terms are 
multiplied by 2. Integration with respect to q 
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gives 
(56) 
Jo 2.3 
arg’? = a2 (k — k’)2 Go a°qo 
ue iy) 49 = Go — 12 W388 
0 


In semiconductors and for most electrons in the 
conduction band, ak << 1; therefore, we can neglect 
the second term in (46). But in such a case, tak- 
ing it into account that gy = (27/a)(3/47)1/3, 


we gel 


(1 a2q’*\ , _ /0,57-2n\ (3 Vis 
\ ae Oy, eae a ie ‘ 
0 


i.e., consideration of the factor e# 4 jn the in- 


(57) 


tegral over the elementary cell leads only to the 
numerical coefficient 0.57. If the work is done 
more accurately, this coefficient will be close to 
1. Integration over ® gives the factor 27. In the 
integration over 0, terns with k, =k cos@ dis- 
appear, and the terms with k” =k” cos 0’ are 
multiplied by 2. In integrating over k, we make 
use of the 6-character of the function Q. All the 
factors save Qk’ are removed from under the in- 
tegral sign. We set E, = E,- th w,, extend the 
limit of the integration to infinity and take into 
consideration that in the semiconductor, 

Ex = WR 2m"; Ey = nk" 2m, (58) 
where m* is the effective mass of the electron. The 
integration over k gives 

\ 2 (Ex — Ent hoy) kde = (=e. (59) 


OS 


If we set 


[=YV 2m* (Ew + hey) [N + fo (En + fio] (60) 


+ V 2m* (Ey, — hon) | + N— (oy oe 


then, as the result of all the calculations, the 
mean free path length of the electron as determined 
by the phonon-liquid scattering on thermal optical 
vibrations is equal to 

Rf, 


|e pa tle pe AN LLL) 
Be cE, (dj,,/ dE) 


(61) 
Aly tT? Mh wa dE, 
0,57 (3/47)'!se4m*Ie2 dk’ 


With the help of Eqs. (23), (58), (60) and (6L De 
the length of the free path can be computedin 
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closed form for arbitrary temperature but the quan- 


tity is a rather complicated function of the tempera- 


ture 7’ and the electron energy E+. The expres- 
sion for / can be greatly simplifiedin the regions 

of high and low temperatures, which are separtaed 
at the Debye temperature 


 — h Oy / R. 


(62) 


For T >>0, N=kT/k O53 for most electrons, 
E,,.7 >> fh @,, for semiconductors, ue 


I = (QkT | hey) hk’. (63) 


Substituting (63) in (61), we get, after several 
transformations, 
es — 


0,57 (3/47) Ise m* 


(64) 


For T <6, 


N ~exp{— hoy /kT} <1. 


The second term in Eq. (60) is absent since the 
energy for most electrons is insufficient to emit a 
phonon. Consequently, 


I = exp {— ho, / kT} V 2m" ho, (65) 
and we get, after some algebra, 
2an? M ho Ey 1 (66) 


Ml = Cor Gyan nee m™ (ay? Way 


XK exp {hay / kT} V Ex: / hog. 


Let us compare the expression obtained for the 
mean free path with the expressions for the mean 
free path obtained in the usual phonon scattering. 
In accord with Davydov and Shmushkevich [ ef. 7, 
Eqs. (3.97) and (3.98)] we have, for ionic crys- 
tals with ionic charge z = 1: 


for T >> Q, 


lp = (ey (67) 


2 M (Reo)? Fae 
2m m® &ja) 1 hie 
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and for T’ << &, 


_ @ M /he,\2 es 
6 = on m™ (a) exp {hw /kT} V/ — (68) 
0 


Consequently, for T >> 6, 


loi [lp = 180 (k’as) 2 > 1, (69) 
and for G << 6, 
oi) tp = O00 (R’as)E,, [he@, > 1. (70) 


Thus the investigation that we have carried out 
shows that, with accuracy up to small corrections, 
the ordinary thermal scattering of the electrons in a 
liquid can be considered according to the same 
formulas as in a solid. [owever, in liquids there 
also exists an additional phonon-liquid scattering, 
which can play an important role in liquid metals, 
while in semiconductors it is only a small correc- 
tion or is negligibly small. 

In conclusion, I take this opportunity to express 
my gratitude to [,. E. Gurevich for his valuable 


discussions. 
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Measurements have been made of the effective cross sections for electron detachment 


in the negative ions F_, Cl”, Br andI™ in collisions with atomic He, Ne, A, Kr and Xe 
in the ion-energy region from 200 to 2,000 ev. The cross sections have also been measured 


for collisions between Cl_, Br. and I” ions and H, molecules. 


2 The following energy 


thresholds for electron detachment were found: Br , He (150 ev); Br , Hy (160 ev); 


[ae le (320 ev); 


the threshold for I~, He (280 ev) was established accurately. The 


resultS are interpreted in terms of energy transitions in a system consisting of two 


slowly approaching atomic particles. 


1. INTRODUCTION 


ie collisions of negative ions with atoms or 
molecules of a gas the excess electron associ- 


ated with the negative ion can be detached, making 
a transition to an unbound state. It has been shown 


experimentally’? that forion energies of about 
1,000 ev the effective cross sections for this 
process (which in the following we shall call 
collision-stripping of negative ions ) may reach 
values of the order of 10°!> to 10°!® cm?. 
Negative-ion stripping has not been studied ade- 
quately although itis of more than usual interest, 
being a particularly sinple process and one which 
makes easily available for examination inelastic 
collisions between atomic particles. A study of 
negative-ion stripping may, in general, prove use- 
ful in establishing general features of collisions 
between slow-moving atomic particles and, in par- 
ticular in clarifying the question of energy thresh- 
olds in the excitation and ionization processes 
which occur in such collisions. It was our pur- 


pose in the present work to study negative-ion 
stripping in a more detailedand systematic 


fashion than was done in Refs. 1 and 2, andasfaras 
possible, to remove certain experimental defi- 
ciencies in this earlier work. 

It was decided to investigate the stripping 
process in negative halogen ions since these form 
a homogeneous group with similar structure in the 
outer part of the electron shell (a closed group of 
p-electrons). Atoms of the inert gases were 
chosen as the target particles since these also 
have closed electron shells. We were also inter- 
ested in extending the data on energy thresholds 
for the stripping effect. These thresholds are 
most accessible to measurement in collisions of 
heavy negative ions with light atoms*. Hence, 


Fic. 1, Diagram of the collision chamber. 


careful measurements of the ion-stripping effect 
were made for C1~, Br~ and I” in helium, and these 
were supplemented by studies in hydrogen. 

The ion-stripping was studied for ion energies 
ranging from 200 to 2,000 ev; in this energy region 


the stripping effect is not complicated by the 
presence of the other inelastic processes which oc- 


cur at higher ion energies”. 


2. EXPERIMENTAL ARRANGEMENT 


To observe negative-ion stripping, use was 
made of a scheme in which the slow electrons pro- 
duced in the passage of a beam of negative ions 
through a gas-filled chamber are detected. The 


experimental arrangement used in the present work 
is similar to that described in Ref. 1. 


The source of negative halogen ions was a hot- 
cathode gaseous discharge in vapors of one of the 
salts KF’, NaCl, Nabr or Nal. A homogeneous 
beam of halogen ions was extracted by a magnetic 
mass-analyzer with a revolving power of 40 and, 
following additional collimation, introduced into 
the collision chamber (Fig. 1). Here C is the 
collimator (the diameter of aperture A_ is 4.0 mm, 
that of aperture A, is 2.0 mm). Electrons de- 


tached from negative ions in collisions with gas 
atonis were collected by two pair of semi-cylindri- 
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cal electrodes, 2 and 6 and 3 and 7,which surrounded 
the ion beam. The measuring electrodes were lo- 
cated between two pair of guard electrodes, 7 and 
5 and 4 and 8. The collector Col for the primary 
ion beam was a deep cylinder designed to prevent 
the escape of secondary electrons. For this same 
reason there were two retarding electrodes, 9 and 
10, inside the collector; these provided an electric 


field which was used to deflect secondary elec- 
trons. A large liquid-nitrogen trap 7 was used to 
freeze out condensable vapors in the collision 
chamber. The gas was admitted to the chamber 
through the tube G and was pumped out through the 
port at P. There was a pressure differential across 
the aperture 4,. With gas pressure in the colli- 
sion chamber of a few times 10°* mm Hg the pres- 
sure at the port P was approximately 100 times 
smaller. 

The collision chamber was filled with so-called 
spectrally pure inert gases. Defore being admitted 
to the chamber the gas passed through a coil 
which was cooled by liquid nitrogen (in the case 
of Xe it was cooled by solid CO, in acetone). The 
hydrogen was purified by passage through a heated 
palladium thimble. The gas purity was checked by 
mass-spectroscopic analysis. The only spurious 
line in the mass-spectrographic nieasurements was 
found to be one due to HO", the intensity of 
which was less than ] percent of the intensity of 
the test gas. Aside fromthis no other contamina- 
tion of the inert gas was found. 

The current in the primary ion beam was measured 
by a de electrometer amplifier connected to the 
collector Col. A second electrometer amplifier 
(type EMA-1) with a maximum usable sensitivity 
fc 10°? amp/div wasused to measure the cur- 
rent due to electrons which apyeared in the colli- 


sion chamber as aresult of ion stripping. ; 
A particular effort was made to reduce the ef- 


fect of the fringing magnetic field // of the mass- 
analyzer on the electron collection in the collision 
chamber. Because of the proximity of the ion 
source to the magnet of the mass-analyzer, the 
collision chamber and the ion source were well 
separated. In the region in which the electrons 
were detected the horizontal component of the | 
fringing field of the magnet was the largest ain 
ponent; this component was perpendicular to the 
axis of the collision chamber. The other two com- 
n five percent of this one. 
The measurement and guard electrodes were es, 
ranged in the collision chamber in such a ere 
the electric field between them was In appro™t 


ponents were less tha 
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mately the same direction as the fringing field of 
the mass-analyzer. This configuration was 
chosen to reduce the possibility of displacing elec- 


trons, produced as a result of negative ion stripping, 
along the chamber axis. 


3. METHOD OF MEASUREMENT 


It was the purpose of the present measurements 
to obtain accurate data which would make possible 
a determination of the total effective cross sec- 
tion for negative-ion stripping in collisions with 
gas atoms. To realize this objective a strong elec- 
tric field was set up be tween electrodes | pa 9 
4 and 5, 6, 7, 8 to collect electrons which had 
been detached fron negative ions along a definite 
path in the gas. Knowing the current i due to elec- 
trons produced in the gas along a path J, the cur- 
rent / in the negative ion beam, and the number of 
atoms n per cm® in the collision chamber, using 
the pressure and temperature of the gas it is pos- 
sible to calculate the magnitude of the total cross 
section ( for the negative-ion stripping effect by 
the approximate formula 

O= 17 Int. (1) 

The current i was measured by connecting the 
electronieter aniplifier EMA-1 to one of the elec- 
trodes 2, 3, or 6, 7. In this case, the electrodes 
located in line with the measuring electrode were 
grounded and a negative potential was applied to 
all the opposite electrodes. A series of voltage- 
current curves which were taken indicated that a 
potential of —6 volts was sufficient in all cases 
to obtain the saturation current. The quantity / in 
fq. (1) isthe value of the current in the negative- 
ion bean: on enirance inlo the measurement volume. 
To determine this quantity it is necessary to add 
the primary beam current at the side electrodes 
due to electrons produced by negative-ion stripping 
along the entire path from the entrance of the 
measurenent chamber up to the collector. 

The length J fron: which electrons arc collected 
is taken to be the length of the measuring electrode. 
It was established in a series of special experi- 
ments that the ratio 1/] was the same, within the 
limits of experimental accuracy, when any one of 
the four electrodes 2, 3, 6, 7 was used as a measur- 
ing electrode; this is an indication that edge ef- 
fects were insignificant. 

The gas pressure inthe collision chamber was 
measured with an ionization gauge which was 
calibrated against a McLeod gauge. 
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Fic. 2. Voltage-current curve. Br ions at 300 ev on 


krypton with p = 2.6 x 10°* mm Hg. 


The various spurious effects which can distort 
the results obtained with the scheme described 
here have been considered in Ref. 1. We have 
carried out a series of control experiments to 
evaluate these effects under the conditions of the 
present experiment. By passing a beam of nega- 
tive ions through the collision chamber when it 
was pumped down to a pressure of 1 x 10°° mm Hg 
it was found thatthe beam was not intercepted by 


any of the side electrodes even when a potential 
difference of +6 volts was applied between oppo- 


site pairs of electrodes. It was also verified that 
secondary electrons from ihe edges of aperiure 
A, and from the inner surface of the collector Col 
When the 
collision chamber was filled with gas it was found 


did not enter the measurement volume. 


that electrons produced as a result of negative-ion 
stripping within the collector did not enter the 
measurement volume whether or not a potential was 
applied to electrodes 9 and 10 inside the collector. 
In all (negative ion and gas atom) pairs which 
were investigated, voltage-current curves i(V ) 
( where V is the potential of the electrode opposite 
the measuring electrode ) were measured for the 
highest, lowest and one interniediate value of the 
ion energy, while V was varied from +6 volts to 
—6 volts. At low ion energies (<500 to 600 ev) 
the voltage-current curves were similar to that 
shown in Fig. 2 which pertains to a Br ion at 
an energy 7 = 300 ev and atomic kr. In the region 
of the field which was used to accelerate electrons 
toward the measurement electrode, saturation cur- 
rent was achieved at V ~ -2to-3 volts. In the re- 
tarding field region the current to the measuring 
electrode practically vanished at V = +2 volts. The 
absence of a negative current in the left side of 
Fig. 2 is a consequence of the fact that the nega- 
tive ions are scattered in the gas and do not reach 
the measurement electrode in any appreciable 
quantity; this situation may be explained by the 
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Fic. 3. Voltage-current curve. Cl” ions at 1920 ev on 
neon with p = 8.0 x 10°* mm Hg. 


small probability for charge-conserving scattering 
of negative ions at large angles. 

In a number of cases in which the ion energy was 
greater than 500 to 600 ev a smail positive current 
was observed in the left side of the voltage-current 
curve. A typical case, in which this effect was 
particularly large, is the voltage-current curve 
shown in Fig. 3 which was obtained in collisions 
‘of CI- ions at energy T = 1920 ev with Ne atoms. 
The appearance of a positive current night be 
explained by the production of positive ions in the 
passage of negative ions through the gas or by the 
ejection of electrons from the surlace of the 
measurement electrode, for example, as a result of 
the emission of radiation in the collision of the 
negative ions with the gas atoms. In this and 
Similar cases, in deternining the effective cross 
section for negative-ion stripping the current i 
was taken as the difference of the negative and 
the positive saturation currents. This was done in 
the present case when the positive current was not 
small compared with the negative current*. 

The possibility that there might be errors in the 
present results because of the superposition, on the 
negative-ion stripping, of an exchange effect with 
atoms of the gas is obviously negligible because 
the inert gases, inwhich the bulk of the measure- 


ments were made, have zero electron affinity. The 
absence of charge exchange effects can be con- 


* To investigate the origin of this positive current, an 
experiment was performed in which an open grid was 
placed in front of the measuring electrode and slow posi- 
tive ions were produced inthe collision chamber (by 
charge exchange between CI* jons in kr), The depend- 
ence of the positive current to the measurement elec- 
trode on the grid potential was noticeably different in 
this case fromthe dependence of the positive current 
observed in the ion-stripping case, Cl7~ in Br. On the 
basis of these results it may be assumed that the origin 


of the positive current inthe latter case is the ejection 
of electrons from the measurement electrode. 
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Fic. 4 Effective cross section for stripping of the 
negative ion Fin inert gases as a function of the 


ion energy: 


clusively demonstrated only in the hydrogen experi- 
ments. However, if the H, molecule has an elec- 
tron affinity, the probability for charge exchange 
between negative halogen ions and molecular H 
must still be small because of the great difference 
in the magnitude of the electron bonding energy. 
In all cases in which the voltage-current char- 
acteristics were taken the dependence of the ratio 
i/Il on the pressure of the gas p in the collision 


chamber was also investigated (up to a pressure of 
~ 1x 10°? mm Hg). The measurements which were 
used to determine the cross section () were per- 
formed at the values of p which pertain to the linear 
part of the curve (i//)(p) in which the magnitude 

of i/I is less than five percent. Under these ex- 
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Fic. 5. Effective cross section for stripping of the 
negative ion Cl” in inert gases and hydrogen as a 


function of ion energy. 
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perimental conditions the current attributed to 
negative-ion stripping in the absence of a gas in 
the apparatus amounted to 0.1 to 0.2 percent of the 
current produced by the ion stripping in the gas 
being studied. 

The reproducibility of the measured results was 
quite good: he average random error in the de- 
termination of @ was no greater than six percent. 
Systematic errors in the measurement of the gas 
pressure and the length from which electrons were 
collected in the collision chamber and the use of 
the approximate formula (1) may increase the total 
error in the determination of the absolute value of 
Q to 15 to 20 percent. 
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FIG. 6. Effective cross section for stripping of the 
negative ion Br in inert gases and hydrogen as a 


function of ion energy. 


4, RESULTS 


The measurements which were carried out in the 
present work have been used to determine the total 
effective cross sections () for negative-ion stripping 
for all the halogens in all the inert gases in the 
ion-energy region from approximately 200 to 2,000 
The quantity V was also determined for colli- 
sions of Cl~, Br~ and I” uons with Ne nolecules. 


eV. 


The results which were obtained are presented in 
Figs. 4-7 as curves giving the dependence of V on 
the ion kinetic energy 7. 

We were also able to find the threshold for 
stripping (Fig. 6) in the case of the Br ion in 
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Fic. 7. Effective cross section for stripping of the 
negative ion | in inert gases and hydrogen as a func- 


tion of ion energy. 


He and H,. We also verified the existence of a 
threshold for I ion stripping in He! and found a 


threshold for stripping of these ions in i CFig:°7), 


In those cases for which thresholds were found, 
the initial part of the curve @(7 ) was examined in 
detail. In Fig. 8 is shown, on an expanded scale, 
the function @(7') for stripping of I~ ions in He 
and H, for T < 600 ev. It is apparent from this 
figure that as the Q(7') curves approach the 


threshold they are concave with respect to the 
ordinate axis, thus causing the threshold to be 
smeared out. We have determined the position of 


the threshold by square-law extrapolation of the 
initial part of the experimental curves. The un- 
certainty in the value of 7 because of the finite 
resolving power of the mass-analyzer is no greater 


Q(0ew') 


(ev) 
HO 30 400 990 500 550 600 


0 
20 280 


Fic. 8. Initial part of the curves Q(T) for stripping of the 


negative ion I” in He and H,. 


than +2.5 percent. It follows fromthe conservation 
of energy and momentum that in the collision of a 
negative ion with a gas atom the stripping of the 


excess electrons can occur only with the consump- 
tion of kinetic energy W of the relative motion of 
the two particles W = mT /(m,+m,), where m, 


is the mass of the ion and m, the mass of the gas 
atom. The energy threshold for stripping should 
occur at W =W, =S, where S is the binding energy 
of the excess electron in the negative ion. In the 
Table are shown the values i and W for thresh- 


old obtained fromthe present experimental curves 
and, for coniparison, S, the electron bonding energy 
in the atoms Br and J. As can be seen from the 
Table, the observed thresholds lie above the 
thresholds determined fromthe conservation of 
energy and momentum. A similar result was ob- 
tained earlier in Ref. 4; there, however, an explana- 
tion for the origin of the experimentally observed 
threshold was proposed. It should be noted 

that the thresholds wa for ion stripping for Br~ and 
I” in He lie higher than the thresholds for the 


; TABLE 
Ion Atom To, ev W,, ev S, ev 
[shies da eee 150, UP 3.6 6 
Bice leita tne 160 3.9 2 
I ,H, 320 5.0 + 


stripping of these same ions in H_, whereas the 


thresholds determined by the Sauer en law 
should not depend on the gas. In the case of Br-, 
H,, the observed threshold is only slightly higher 
than the threshold given by the conservation laws. 
In the other (ion, aton:) pairs, the thresholds 

could not be obtained inthe present experiments, 
since these thresholds lie in the region of low ion 
energies. In the Cl” in He case a rapid drop of 


the Q(T) curve was observed in the region 
T < 200 ev (Fig. 5) indicating the proximity of the 
threshold, 

Although the behavior of the curves Q(T) and 
Q(W ) isnot exactly the same in different (ion, 
atom ) pairs, in the majority of the cases which 
were investigated these curves have common 
features. In Fig. 9 is presentedthe curve 0(W) 
for the stripping of 1” in He which will be taken 
as typical. Close to the threshold the cross sec- 
tion increases rather rapidly with W, then the slope 
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Fic. 9. The functions Q(W) and P(W) for stripping 
of the negative ion I” in He. 1~Q(W) determined 
experimentally; 2—P(W) as calculated from Eq. (3). 


falls off and the value of the cross section ap- 
proaches a certain limiting value @,. In those 


cases in which the energy threshold for negative- 
ion stripping should be found at small ion energies 
(for example, collisions with Kr and Xe atoms ) we 


were able to observe only the segment of the curve 


in which the value of Q was sensibly constant. 
The present data reveal a correlation between 
the quantity Q@ and the atomic numbers of the ion 
and atom between which the collision takes place. 
For a given ion, for example C17 (Fig. 5), C.. 
increases in going from He to Ne and then further 
from A, Kr and Xe. In collisions with the same 
atom, for example Xe, cm increases with increas- 
ing atomic number of the ion. A marked departure 
from this dependence was observed inthe case of 
I-, Ne for which the G(T) curve passes below 
the curve for [— in the energy region 600 to 1,900 
ev and does not saturate. This peculiarity was 
investigated further in supplementary measure- 
ments of the cross section for ion stripping of Sb— 
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Fic. 10. Effective cross section for stripping of the 
negative ions I~ and Te” in He and Ne as a function 
of the kinetic energy of the relative motion of the 


particles. 
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and Te~ (the mass of which is close to the mass 
of the I~ ion) in Ne and He. The same shape for 
the corresponding curves was found for these ions 
as for the I~ jon. In Fig. 10 are shown curves 
for G(W) in Be and Ne for I~ and Te™ ions. 

In a number of casesthe present results can be 
compared with the data of ttefs. 1-3. All the nega- 
tive-ion stripping cross sections measured in the 
present work are smaller than the corresponding 
values given in Ref. 1. This difference may be 
explained by the more favorable experimental condi- 
tions in the present work as compared with Ref. 1. 
‘The general shape of the UV (T7') curves in the 
present work are similar to the curves presented 
in Refs. 2 and 3. The absolute value of , how- 
ever, is considerably different fromthat given in 
Refs. 2 and 3. In the majority of casesthe present 
values are smaller,and in only one pair, CI, 


Fic. 11. Potential curves associated with the stripping 


of an electron fromthe negative ion A” in slow colli- 


sions with the atom B. 


Ne, are the values in good agreement with those 
given in Ref. 3. 


5. DISCUSSION OF THE RESULTS 


An approximate theoretical calculation ( using 
the Born approximation ) of the magnitude of the 
effective cross section for negative-ion stripping 


has been carried out in only one case, namely, the 
collision of H~ ions with He atoms’. For heavier 


atoms and ions a quantum-mechanical calculation 
of the cross sections would be prohibitively com- 
plicated. For cases in which the collision of an 
ion with a gas atom can be considered slow (the 
relative velocity of the approaching particles is 
smaller than the velocity of the electron in the 
negative ion), a qualitative description of the 
stripping process can be given in terms of a pic- 
ture borrowed fromthe theory of diatomic mole- 
cules!. Two particles which approach and then 
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separate can be considered as a short-lived system 
with a potential energy U which depends on the 
distance r between the nuclei. Assume that the 
curve Ugir) is associated with one system ( a 


negative ion A~ and atom B ) and the curve U,(r) 
is associated with the other system (atom A and 
atom 8B). At large r the curve Un should lie 
above the curve Us (r) by an amount equal tothe 
magnitude of S the electron bonding energy for 
atom A (Fig. 11). At smaller r, Ge and Us both 


increase (because of the repulsive forces between 
the particles ) and if there is no interaction between 
the systems (A~ and 8) and (A, & and free elec- 
tron ), Untr) and Une can intersect at a certain 


r=r.. If there is an interaction no intersection 


eee at the point Be the potential curves ap- 
proach towithin a minimum distance but become 
separated again at smaller r. It is well known that 
even for a finite value of AU = U,- U, a transition 
is possible from curve U, to curve U, at the ex- 
pense of energy of the relative motion of the ap- 
proaching particle. It has been shown theoreti- 
cally°-*? that the transition probability between 


the potential curves is given by the expression 
P =exp {— 4x(AU)?/hv 

x (dU$/ dr — dU} / dr)}, 
where / is Planck’s constant, v is the relative 


velocity of the particles and dU$ / dr and dU6/ dr 
are the values of the derivative dU/dr for each sys- 


(2) 


tem in the absence of any interaction. 

If the curves U, and ue are such that U is a 
strong function of r, then P will have a pronounced 
maximum at r =r, and the transition probability 
will be significant only at the critical distance 
r,. It is easy to show thatin this case the transi- 
tion probability P and the effective cross section 
Q for the process associated with this transition 
are related by the expression 

Q= P(r, W)ar2(1—U(r,)/ W), (3) 
where U ea) is the energy of the relative particle 
motion corresponding to the threshold for the process 
in question. The validity of Eq. (3) in determining 
the behavior of the probability for negative-ion 
stripping P as a function of ion energy can be de- 
termined fromthe experimental dataon the function 
Q(W). This was done for stripping of I~ ions in 
collision with He atoms Ltr) ~ WV is unknown 
in this case | using the experimental curve given 
in Fig. 9 andthe function P (W) given in this same 
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figure as curve 2. 

If the potential curves Us (r) and Us (r) ap- 
proach each other slowly, then the transition proba- 
bility P should show only a small change over a 
considerable range of r. Under these conditions the 
notion of a ‘‘critical distance’’ has little signifi- 
cance and the cross section Q should increase 
comparatively slowly with W. The small values of 
the cross sections and the difference in the form of 
the Q(W) curve from other cases in the stripping 
of I~, Te and Sb7 ions in neon may possibly be 
explained on this basis. 

It follows from Eq. (3) that for W>>U(rg), 

Ge PAP) are. As has already been noted in 
Sec. 4, in many (ion, atom) pairs virtually con- 
stant values of the cross section Q were obtained 
in a certain region of ion energy. This situation is 
an indication that the probability for electron de- 
tachment P Com W) is a weak function of W in these 
regions. 

The correlation which was observed be tween the 
quantities G_ and the atomic numbers of the ion 
and aton: (Sec. 4) may be reasonably explained by 
the hypothesis that the value of r, is different for 
different pairs and is connected with the ‘‘size”’ 
of the colliding particles. It is well known that 
the ‘‘radii’ of atoms and negative ions increase 
with increasing atomic number. This correlation 
can, however, be disturbed by other factors which 
influence the value of r,; such factors might be 
the polarizability of the interacting particles or 
some peculiarity of the structure of the electron 
shell. Thus, for example, for F~ ions the Q. 
in neon and A are almost identical (cf. Fig. 4). 

It is impossible that for the pair F—, Ne the value 
of r, is unusually large because the configuration 
of the electron shell of both particles is the same. 

We may note the larger values of the cross sec- 
tions oT for certain of the (ion, atom) pairs which 
were investigated. For example, in Br, Xe, Q 
= 11x 10°15 cm? and I-, A, @ =8 x 10°!6 cm?. 
These values are of the same order of magnitude 


as the atomic cross sections determined from gas 
kinetics. From this the conclusion may be drawn 
that in the energy region for which Q reaches a 
limiting value, the probability for negative-ion 
stripping tends to unity as the impact distances 
approach ry. 
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On the basis of Vonsoyskii’s polar model of crystals several questions in the theory of 
absorption of light and the theory of photoconductivity in atomic semiconductors are examined, 
taking excitons into account. We consider terms of third order in the Hamiltonian, which de- 
termine the probability of different transitions among the elementary forms of excitation; 


this allows an examination of the kinetics of photoconductivity. 


1. INTRODUCTION 


ao polar model of crystals was proposed in 
1934 by Shubin and Vonsovskiil. In this 
model the semiconductor inthe normal state is 
considered as an ideal monocrystal, at the lattice 
sites of which are atoms with one valence S- 
electron. In the excited state sites can occur at 
which there are two electrons, and correspondingly, 
empty sites. The appearance of this type of ex- 
cited state causes itselectrical conductivity. Ac- 
tually, on account of the translational symmetry, 
the states of the sites in which there are two elec- 
trons (or, respectively, none ) can propagate 
through the crystal, which leads to the appearance 
of degenerate states. Since each state with 
definite sites occupied by two electrons, or with 
empty sites, is quasi-stationary, we obtain a whole 
band of energy levels. In this way the energy spec- 
trum of an atomic semiconductor, fromthe point of 
view of the polar model, can even be continuous; 
but since the excitation of states with double and 
empty sites requires an expenditure of energy 
the excitation of current states in the crystal re- 
quires a known activation energy, inspite of the 
existence of the continous spectrum. Thus, for 


example, if one considersthe exchange interaction 
between the electrons, the energy spectrum of the 
crystal has the form shown in Fig. 1, from which it 
can be seen that the conduction states occurring 
in the upper band, overlapping the lower one (due 
to the exchange interaction ), require an activation 
energy for their excitation. 


Fic. 1. 1—Nonconduction band; 2— Conduction 
band. 


It is known” that an energy spectrum of this 
form (for weak excitation of the crystal) can be 
regarded as the energy spectrum of a system of non- 
interacting quasi-particles. In particular, the 
branch of the energy spectrum corresponding to the 
existence of conduction states in the crystal can 
be considered as the energy spectrum of a collec- 
tion of positively charged (holes) and negatively 
charged (doublets ) quasi-particles. 
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Besides the types of excitation of the crystal 
mentioned above there are states possible in 
which the electron in one or several atoms is found 
in an excited state. To such states, on account of 
translational degeneracy, there alsocorresponds a 
definite energy band. The corresponding quasi- 
particles are called Frenkel excitons. Jt isnot 
difficult to show by a simple calculation (this, by 
the way, is also obvious physically ) that the 
Frenkel excitons forn: currentiess states (i.e., 
these quasi-particles are electrically neutral ). 

In what follows we shall neglect the exchange 
energy. This leads to the result that the lower 
energy band of the spectrum represented in Fig. 

1 and corresponding to the currentless states degen- 
erates into a single energy level, separated by a 
gap from the band of excited states. Assuming that 
the excitation energy of the excitons is greater 

than the excitation energy of the conduction states, 
we obtain an overlapping (in the upper part) of the 
exciton energy band and the energy band corre- 
sponding to the conduction states (Fig. 2). 


FiGu2ea! —Nonconducting state; 2—Conduction 
band; 3—Exciton band. 


2. THE HAMILTONIAN OF AN ATOMIC 
SEMICONDUCTOR ON THE POLAR MODEL 


We shall introduce the basic features of the 
derivation of the Hamiltonian for the polar model 
of semiconductors and analyze the physical mean- 
ing of the results obtained. 

We shall proceed fromthe well-known representa- 
tion of the Hamiltonian in terms of quantized wave 
functions: 


H = \* (x) H (xX) (x) dv 


ae (x) SS SS ee (229) 


is the Hamiltonian of an electron moving in the 
force field of all the ions; G ( rR |) is the 

q 
potential of an ion located at site q; 
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(2.3) 


is the potential energy of interaction of two elec- 
trons. The quantized wave functions have the form 


Y (x) = Dra GY P(x) = Sater > (2.4) 
e k 


where @ are the usual operators of the second 


+ 
ne ? 


k 
quantization for the electrons (F'ern:i amplitudes ), 
w(x) is a complete orthogonalized system of 
functions; the summation is taken over all possi- 
ble states of the electron. Substituting (2.4) into 
(2.1) we obtain the well-known expression for the 
Hamiltonian of a system of electrons in terms of 


Fermi operators 


H = d\(k| A | lata, (2.5) 


kl 


| = 7 
Go} ps) atara.da,. 


The matrix elements are determined by the ex- 


pressions 
(RHI D = MAE (ede, 26) 
(kl | G | ps) (2.7) 


a \ 9, (x) Oo) () G(r —T)) , (0) OS (x \dadee 


e 


In the polar model of atomic semiconductors one 
proceeds fromthe following approximation. The 
operator (2,5) is taken as being the Hamiltonian, 
but in calculating the matrix elements,the atomic 
wave functions, i.e., the wave functions of the 


isolated atoms, are used. Here, if it is necessary 
to consider the existence of exciton states, not 


only the wave functions of the normal state but 

also the wave functions of the first excited state 
are taken into account. This systeni of functions 
is not complete. 

Furtherniore, functions referring to different 
atoms are nonorthogonal. In this way, stricily 
speaking, the expression for the Hamiltonian (2.5), 
computed by use of atomic functions, is inexact. 
However, considering that the wave functions of 
different atoms overlap weakly, their nonortho- 
gonality is neglected in the polar theory of semi- 
conductors. It would be more nearly correct to 
orthogonalize the system of atomic wave functions 
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by the method of Bogoliubov®; however, this will 
not be done in this work. We should have acomplete 
system of functions if we considered all possible 


excited states of the atoms. The incompleteness 
of the system of functions used apparently does not 
have any essential significance in the majority 
of cases. 

Thus we put 


POLS PER WG), — ea 
where i = 0 corresponds tothe ground state, i = 1 
to the excited state of the atom, u (a) is the spin 
function [in Eqs. (2.1)-(2.7) we understand by x 
the collection of space and spin-coordinates | . 
Calculating the matrix elenients by means of such 
functions and substituting them into (2.5) we ob- 
tain, after summing over spins, 


HDs gat “ts 
ais; Gale dsi.s gales ya 
+551 Tins itas aia 54 
2, Qs; Qeies Qais; Qalg ~ QiisS~ Qoi2s' Gaig sigs’ 

(2.10) 


Oyisi Yeie =a \ 93, (r po R,) H (r) 45 (r ar R.,) dt 


[#(r) in fact coincides with 1 (x), since the spin 
variables do not enter intothe last expression a 


(2-11) 


L gis; Qai2; Isis; Gals 
= \ Sigel .* oo 
ial \ej.r R,,) X ig (r R,,) 


PoC te —6' |g (rR, )¢, (rR, ) dede’. 


+ 


As is well known, the Fermi operators a” , | 


and a_._ act on wave functions, the arguments of 
qus 


which are the occupation numbers of the electronic 
states C (n,,, ). In the polar model the states of 
qt 


the crystal are characterized by the states of the 
lattice sites. Let us introduce the symbols 


1 when one electron with a right-hand spin 


is at site q, 


0 in all remaining cases 
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and analogously, L, for an electron with a left- 
hand spin, ss for an empty site, LE’, for a site 


with two electrons, ay and Ee for an excited elec- 


tron with left- and right-hand spins, respectively. 
Clearly, the equation 


Ryo +Llg+ Ey +E; + ES +E =1 (2,39) 


must be satisfied. The quantities Ro Ly Ee can 


be taken as the dynamical variables of our system, 
having the meaning of the corresponding occupation 
numbers. The wave functions then must be con- 
sidered as functions of these variables. 

Let us introduce the operators of the second 
quantization corresponding to these variables: 
Por Xq Le ®., Ce dv, (and those associated with 


’ 


them ) act respectively on the variables Ro L |. Ee 
ied ge aol 

Dae Ag 
we assume that these operators obey the Bose 
commutation relations. 

For the transformation of the Hamiltonian (2.9) 
to these operators, we proceed in the following 


way. We designate by Cy S36 (1,.07 12 0 alse) 


‘ 


Following Shubin and Vonsovskii! 


the wave function of the ‘‘zero-order’’ state (one 
electron with a left-hand spin on each atom). Then 


a function of the form 


(2.13) 
C= WiGaa, I] Cy, 0n;2 (- ane £0; a Gs 
Ly l=1 
Tere ee Dipetete Soylitames oe TS hn) 


3 u 
x + 

I] CyiAj; IT Ctly a7, Co 

el l=] 
corresponds to the state of the crystal in which at 
sites f,,...f, there are two electrons each (with 
opposite spins ), the sites g,,...g, are empty, 
at the sites ks Be a hi, there is one electron with 


a right-hand spin, and at the remaining sites 
r_ there is one electron with a left-hand 
m 


Pseegers 
a fe 
+ ee 
spin. Here Ce BO ay oe The 
function 
(2.14) 


Tone kale elie ar ede) 


OUT ac Use eaves 
R 
ie eee Ngee) 
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is symmetric in the indices r or h separately and 
antisymmetric in the indices f or g. 


Noting that C(.. -1 1, m5 -- 2) Dein, Ro 
jis ty aa RM ated he 8 
q q q q q 


late uniquely the result of the action of the Bose 


. ), it is possible to re- 


operators on the function D to the result of the 
action of the Fermi operator on the function C. 
Thus, for example, it is easy to convince oneself 
that to the operator alC Cia Be corresponds the 


= + 
operator Y,®, QO Wo : 
Omitting all these transformations, we write 
down immediately the expression for the Hamil- 


tonian in Bose operators without taking into ac- 
count the excited states of the atom, which is con- 
siderably simpler than the complete Hamiltonian, 
and we show by this example which simplifications 
are to be usedin the sequel. It must also be men- 
tioned that the expression presented below for the 
Hamiltonian already contains a series of simplifi- 
cations, inasumch as terms were discarded which 
correspond to the simultaneous transition of two 
or more electrons (the integrals corresponding to 
such transitions are considerably smaller than the 
remaining terms). Therefore, for the Hamiltonian 
in the polar model (without taking into account 
exciton states ) we obtain the well-known Hamil- 
tonian of Vonsovskii? 


H=1/.(A+D)S(¥7¥q +97 9,) (2.15) 
+42 Baa (Pg Vq— 0G Og)( EGE gy — OF Dy) 
zie 2 Soa (07 Vy—¥7 07) (Oy Py —P{2y ) 
— Ya Slag (VG Vet OFO,) (UEP y+ ;:0,,) 
1 

sigs) 2 a Lag (reg Br XG ea (LGig — XqP aq) 
sae yy L gq! [(eaeq' a Laka (Py By co) a a) 

+ (Gees + Lata) (BPO, —¥F¥,)] 
ie > Lag U(eata' — Lao’) (Op Fe 


Nai hy oa) (DoF —¥,9,)] 


(the summations are over all indices gq, q’). 
In what follows we shall examine cases in 


which the number of excitations is small; in other 
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words, in which at the majority of lattice sites 
simple atoms with right- and left-hand spins occur, 
whereby both directions of spin are considered 


equally probable.Therefore, py Oo 1/2 and XOKe 


~ 1/2, where the bar designates the average value. 
Since the number of simple atoms is considerably 
larger than the number of empty and double sites, 
we can neglect the changes of state of the collec- 
tion of simple atoms in the occurrence of these 

and other excitations; and we can consider this 
collection of simple atoms asa classical system, a 
special reservoir, from which can arise empty and 
double sites, but the states of which donot change 
thereby. This is somewhat analogous, on the one 
hand, to the introduction of a thermostat in the 
derivation of the Gibbs distribution; or, onthe 
other hand, it is analogous tothe classical repre- 
sentation of radiation of great intensity in the 
quantum representation of the absorbing atom. In 
the latter case the radiation is considered classi- 
cally and is described by commuting quantities. 
Analogously, in our case, considering the collec- 
tion of simple atoms as a classical system, we can 
consider operators referring to the Simple atoms as 
commuting quantities, and in correspondence with 
this we put 


can 
qq 


or=o Sas eee ane 
ha (2.16) 
Hence, the Hamiltonian (2.15) simplifies and takes 


the following form: 


H=1),(A+D)> (YP ¥,4 ©; ®,) (a) 


"ie >B meg Oe. Yo — 07 by) 
44> ley (0; Vy — VP Os) (Gee one 
ae "Te ye Lug EASE, mF D7 Dy) Cre aa Dy Dy) 


1 elie LAT 
are: 2 Lag Py Py +070,—F) ¥,—¥ pt ql. 


In this approximation the principal feature isthe 
circumstance that the operators of creation and 
annihilation of empty and double sites disappear, 
so that in this approximation the average number 
of the latter is an integral of the motion. Further, 
an additional approximation occurs, which results 
in the fact that in the operator (2.17) only terms 
quadratic in the operators remain, i.e., the en ergy 


of mutual interaction of the excitations is neglected, 
considering the number of excitations small. Then 
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in place of (2.17), we obtain 


(A+ D) Dwi (ot %, a2 (2.18) 


ap pias aes 
cae . Log (P87 Oy + by d, mtg hg yt gy Ey). 


(prom ) 
as 


The expression for the Hamiltonian, considering 
the exciton states of the atoms and corresponding 
to (2.15), is too cumbersome, and we shall not 
present it here. Below is given the expression for 
the Hamiltonian, taking into account the exciton 


states, in the approximation corresponding to (2.18), 


with, however, this difference: that in it are in- 
cluded terms of the third order relative to the opera- 
tors of second quantization: 


H —) A) + AA (3); (2.19) 


| 2.20 
Hey = QD D (ag aa 


+ Q Di(¥aFot 2; 2) 

<3 EY Qy CA ae + gh; *, aed > Qi? (Bg 7 By Sc 8,87) 
+ > Qi) (b; &; + ©F ®,) 

— Qa (¥ 


878, ) 


Pw eS) 

(2.94) 

Fay = DNi0 184% (<q — Ba) + 007 (0G? — BEDI 
+ DIN? [7 ®; (% — By) + ©, 67 (a, —8,)] 
+ DN fa PEG OF (oeq + Bq) + Foy (ait + 879] 
+ DN IOT VF (eg + 84) + OP, (at + 8] 
+ SNH (B (BG Bg + af oy) (xp Log A 8y) 


+ NG (BFP ;—OF B,) (9 + af —8,—BF I, 


Q and N are certain coefficients, the form of which 
we shall not write down in the present article. 
+ eat at =e 
The operators Or gr op B e By are the operato 


for the left-hand and right-hand excited sites 
(exciton sites ) which are connected with the 
operators of the excited sites presented earlier 


by the relations 


oy = y+ C, of = or ie C, (2:22) 
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where c is a certain constant, chosen in a definite 
way. Itis necessary to carry out the transforma- 
tion (2.22) in order that terms in the I!amiltonian 
of first order relative to the operators disappear. 
The physical meaning of the quadratic and third 
order terms inthe operators is more easily ex- 
plained after the transformation of the Hamil- 
tonian to the space of quasi-momenta and the intro- 
duction of the corresponding quasi-particles. 


3. TRANSFORMATION TO THE SPACE 
OF QUASI-MOMENT A 


For the transition to the space of quasi-niomenta 


we introduce the following canonical transforma- 
tion: 


WY, = NoN a Pe i(k—nb)R,, 
k 


(3.1) 
D, = N-'e >, @,e—ikRy 
k 
Ik \G,e-iRy 
k 
an Nl > Cpe ikRy p 
R 


where b is a vector of the reciprocal lattice (and 
analogously for those associated with it). Opera- 
tors with the indices k, describing processes of 
creation os annihilation of the corresponding quasi- 
particles, satisfy the same commutation rules as 
the operators with indices g. In the Fourier trans- 
formation (3.1), the writing of (k — 7b) in place 
of k for the operator Y denotes that the subtraction 
of the quasi-niomenta of the holes is carried out 
from the upper edge of the band, and not from the 
lower one, as is done for the doublets and ex- 
citons. Thanks to this, we obtain a positive 
effective mass for the holes. 

After carrying out the transformation, we obtain 


(2) 


aA 
= Eats ‘ 
Rk 


Aa) = Ean i Dd Ennt ain Dd Ene 
R hk R 


cae Wy 
where nye = 0; UL nf, hs, 


occupation numbers of the left-hand excitons, right- 


are operators for the 


hand excitons, doublets and holes. Inthis way the 
Hamiltonian (3.2) is presented in the form of the 
sum of the energies of the elementary excitations. 


E,, E,, have the meaning of the energies of the 
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corresponding elementary excitations. In the ef- 
fective-mass approximation they have the form 


E, = AE + WR? /2Qu, Ex = AE’ + hh? / Qu’ (3.3) 


where AE is the excitation energy of a doublet or 
hole, AE’ is the energy of excitation of an exciton, 
pis the effective mass of a doublet (hole), y “is 
the effective mass of an exciton. 

As far as the terns of third order are concerned, 


after transformation to the space of quasi-momenta 
we obtain 


His) = SK (k, k") 6 (k’—k — k") 


(3.4) 
x PEEP (On Se) Pa Pi (8 — GD) 

+ EKO (k, k')3 
XD Par (x — Or) + Oecdibe (9 — GI 


(kk) 


+. DK@)(k’, k") 6 (k’ + k” — xb —k) 
X [OEP (Sr+Cn) + Oy Pan (SF + ODI 
+ SK (k) ¢(k’ —k" — k) 
[Cin + Der Bp0”) (92 — Gy) 
+ (Guitin + On Der) (Se — OF) 


(summation over all indices). The form of the co- 
efficients K“) is not given here on account of its 
complexity. 


4. ANALYSIS OF SEPARATE TERMS OF THIRD ORDER 


The physical meaning of the separate terns of the 
expression (3.4) can be easily explained directly 
from the form of the operators. Thus, for example, 
the term Yew 3 ,, corresponds to the annihila- 


tion of a left-hand exciton with quasi-momentum k. 
The energy of the exciton is thereby transferred to 
a hole with quasi-momentum k”, as a result of 
which the hole acquires a quasi-momentum k’. It 
must be mentioned that this process proceeds with 
conservation of momentum. The term associated 
with this one, MEO, Uv jp corresponds to the in- 


verse process, the process whereby a left-hand ex- 
citon with quasi-momentum k arises at the expense 
of the kinetic energy of a hole with quasi-momentum 


k*. The hole as aresult of this process acquires 
a quasi-momentum k“”. This process also ie 


place with conservation of momentum, as, by the 
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way, do all the remaining processes described by 


the Hamiltonian (3.4). 
Great interest attaches tothe terms of the Pamil- 
tonian (3.4) containing the operators Oo, Wig, 


and Oe, ee These operators describe the 


process of spontaneous annihilation of a right- or 
left-hand exciton with the quasi-momentum k, with 
simultaneous formation of a doublet with quasi- 
momentum k’ and a hole with quasi-momentum k”’. 
The associated operators peut ate and ® Wn g ie 


correspond to the inverse processes --- processes of 
production of right-hand and left-hand excitons by 
recombination of a hole and a doublet. The physi- 
cal meaning of the remaining operators is also 
clear from their individual forms. 

The Hamiltonian H is) can be regarded as the per- 
turbation of a system, the stationary state of 
which is determined by the Hamiltonian H (2)° In 
this way HH (3) determines the transitions between 
the stationary states. The quantities KO Upakee 
k’’) determine the probabilities of the correspond- 
ing transitions. The computation of these proba- 
bilities will not be given in the present article; 
however, it is already clear fromthe Hamiltonian 
itself how, within the frame of the polar model of 
atomic semiconductors, one can proceed to the ex- 
amination of very detailed processes. 


5. SOME REMARKS ON THE HAMILTONIAN OF AN 
EXTERNAL PERTURBATION 


Let U(r, t) represent the operator of an external 
perturbation. We shall write down the Hamiltonian 
of an external perturbation in terms of the quantized 


wave functions 


H’ = we (x) U(r, t) ¥ (x) dx. 


Substituting the quantized wave functions into this 
and summing over spins we get 


eae See a f . 
FT" = LU giigeig Bgyiss Unies 5 1) 


where U 


916135925 
tor U(r, t) computed by means of the atomic wave 
functions of the normal and first excited states, 
where i = 0 corresponds to the ground state and 
i = 1 to the excited state. a’, a arethe usual 
Fermi operators of the second quantization for 
creation and annihilation of the electron at the 
corresponding site. 

Let us examine some of the possible transitions-- 
in the first place, processes not connected with the 


is the matrix element of the opera- 
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generation of excitons. Obviously such processes 
are described by a Hamiltonian of the form 
: 
H, =e t 
. 20H; {20 [Qo, osQg,0s + aaa 
D928 a 


(5.2) 


aos] S 


After changing to Bose operators we get in the 
quasi-classical approximation 


Hy'= "Ts > U wa'o (OF ®,, 


qq’ 


(5.3) 


od, 4 rep, me Vs): 


Therefore, as before, terms corresponding to the 
creation and annihilation of doublets and holes dis- 
appear in the quasi—classical approximation. From 
this we immediately obtain the following import- 
ant result. If the external perturbation is a light 
wave, then holes and doublets cannot arise upon 
‘absorption of the light, i.e., conduction states can- 
not appear. Consequently, the absorption of light 
in atomic semiconductors, from the point of view of 
the proposed theory, is photoelectrically inactive 
and bears a purely exciton character. If one gives 
up the quasi-classical approximation, the creation 
of holes and doublets will be possible; however, 
the probability of this process will be very small 
in comparison with the probability of exciton ab- 
sorption. 

As regards processes described by the Bamil- 
tonian (5.3) in the case when the perturbation is a 
light wave, this Han:iltonian then, as it is not 
difficult to convince oneself, describes the Compton 
scattering of light by free doublets and holes. in 
what follows we shall not be interested in this 
process. 

In order to study the exciton mechanism for ab- 
sorption of light, it is necessary to put q; = 5, 

i, =0,i,=1 into (5.1); then we obtain 


, wl + j + 5 
Ay = PH QAyisAyos + U gor Ayos Ars |. (5.4) 


ys 


Since the matrix element U is computed by 


7190 
use of real functions, U/ Going over 


9091 ~49190° 


to Bose operators and to the quasi-classical approxi- 


mation, we get 


a2 Uno (to + 


q 


(5.5) 


ay) 


see r Ou 
=e? pe Ugigo (8g + 6). 
g 
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In the Hamiltonian (5.1) are contained terms de- 
scribing even more complicated processes, for ex- 
ample, the simultaneous absorption of light with 
the excitation of an exciton and scattering by 
holes, etc. However, all these processes have a 
considerably smaller probability, and in the sequel 
we shall not consider them either. Here we only 
remark that from this theory arises the possibility 
of processes, whereby a light wave causes the an- 
nihilation of excitons already existing in the crys- 
tal with formation of holes and doublets, which 
leads to an additional conductivity of the crystal. 

If the external perturbation is a static one, for 
example, the force field of an impurity atom, the 
latter can also cause a series of transitions be- 
tween states with the same initial and final energy, 
for example, the decay of excitons with formation 
of holes and electrons, etc. The corresponding 
Hamiltonian can also be obtained from (5.1). 

Going over to the Bose operators (and to the 
quasi-classical approximation) we obtain, after the 
corresponding transformations, 

Ag, = 2-2 BU gigo (tq + Gg — By — By) 


(5.6) 
= ay, 2 uU F0g0 (OF @ I +® 7O,—V7 27 —V7 V4) 
SS Wl Ay Q Bt op aE oF yup Age 
+27 PE U p99 (35 — 9) EF Pot (BF — ay Yt 7V al 


ae ry otat 1 (ok ay rye 
+ 2 E U srgo [Bp Hy) FF OG + (BF ag )'FyDy]. 


After the transition to the space of quasi-monienta, 
it is easy to explain the meaning of each term of 
the Hamiltonian (5.6). Thus for example, the first 
term of the Hamiltonian gives those transitions in 
which the law of conservation of energy cannot be 
satisfied (they can be considered as virtual transi- 
tions). Therefore, in considering processes of 
interaction and transforniation of quasi-particles 
into each other this term can be discarded. The 
second term of the I!amiltonian (5.6) describes the 
scattering of holes and doublets fromthe in:purity 
site. The quasi-momentum of the doublet or hole 
in such a process takes on a different value after 
scattering. 

The third term of (5.6) describes the process of 
annihilation of a right-hand or left-hand exciton at 
the impurities with transfer of their energy already 
existing in the crystal to the hole, and the inverse 
process of the creation of a right- or left-hand 
exciton at the expense of the kinetic energy of 
a hole. The analogous process with doublets is 
impossible, since in this case a two-electron 
transition would be necessary, which cannot be 
produced by a static field. From this it follows 
that that part of the mobility which is caused by 
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the presence of impurities will be different for 
holes and doublets in exciton semiconductors. 
Finally, the fourth term of the Hamiltonian (5.6) 
describes the process of decay of a right- or left- 
hand exciton at an impurity site into a doublet and 
a hole, and the inverse process of formation ofa 
right- or left-hand exciton at the expense of re- 
combination of a hole and a doublet at the impurity 


site. 


6. DERIVATION OF AN EXPRESSION FOR THE 
PROBABILITY OF DECAY OF AN EXCITON AT AN 
IMPURITY WITH FORMATION OF A DOUBLET AND A 

HOLE 


Let us consider the decay of an exciton (for 
example, a left-hand one ) at the site of an im- 
purity. We locate the origin of coordinates at this 
site. From (5.6) it followsthat the energy opera- 
tor of the perturbation K has the form 

K=2-2Y Ugg tg vi Oe . (6.1) 
Let U(r) be the perturbing potential of the im- 
purity; then 


Uiwo = Veit —Ra) U (1) g(r — Ryde. (6.2) 


Substituting (6.2) into (6.1) and going over to 


momentum space we get 


K = ((2z)8 N-"? / V 2V) > 9.07 OF (6.3) 


“BY 


XU (ky + Kg—k. — ab |) 


X 1 (Kg — Kz — =b) % (K+) 


? 


where ¢, and g, are the atomic functions in mo- 
mentum, space, and U is the Fourier coniponent of 
the potential, determined by the expression 


U (jk. -+ kg — k. — xb!) (6.4) 


ee Ly vo\ U (|r |) ef(ky +ky—k,—7b)p qe, 


where Ue is the volume associated with one aton:. 
The transition probability can be computed ac- 
cording tothe familiar fornula 


w= (2n/h)\i Ky P3(E,—Ey)dp, (6.5) 


where K Ayu is the matrix element of the operator 


(6.3) for the transition between states \ > p { ex- 
citon » doublet plus hole), and the integration is 
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carried out over all possible finite states. We 
note that in the case at hand, the law of conserva- 
tion of momentum is not satisfied, since the decay 
of the exciton takes place in the force field of the 
impurity. The law of conservation of energy is 
taken into account by the 6-function in liq. (6.5). 
Calculating the values of the matrix elements of 


the operator 0 VB yy , stipulating that there is _ 


one exciton present and paying attention to the 
fact that the average occupation number of holes 
and doublets is << 1, we get from Eq. (6.5) 


w = (= /BN)\| 94 (Ky — Ke — sb) [| 4 (Ky) 2 6-6) 
XU2 (jy + ky —k, — xb) 
x 46 (ee a og aa ey) dk .dky, 


where E, is the exciton energy, €3 and ¢€,, re- 


spectively, the energy of the hole and the doublet. 


Changing to spherical coordinates in this expres- 
sion, and carrying out the integration over angles, 
we get 


=4 arty. 4 ( i é ») (6.7) 
Be ne \Fol¢o (R-) [P 
0 
het Ryty 
zs \ lay)? \ 2U® (z) dz dy dk, 
[Rg—x!} : be 


[kyl 


— V 22, / A) (te A); x=) ke + 2d]: 


In Eg. (6.7) ~, (y) represents only the radial part 
of the wave functions; an averaging has been car- 
ried out over the angular part. 

If there are few sites of the impurity in the crys- 
tal, then the action of each on the excitons will be 
the same as though there were no other impurity 
sites. The probability of decay of an exciton in 
such a crystal into a doublet and a hole will be 
equal to w = NV pl"? where Nop is the number of 
impurity sites in the crystal. From (6.7) it follows 
that h ~ 1/N, therefore, w = Nimp/ In this 


way the probability of decay of an exciton in the 
crystal into a doublet and a hole is directly pro- 
portional tothe concentration of impurities. Fron; 
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this it follows that the photoconductivity of an 
atomic semiconductor, caused by an impurity, is 
directly proportional tothe concentration of in- 
purities. [If the probability of spontaneous decay 
of an exciton is small, then we shall have prin- 
cipally impurity photoconductivity. 

The effective cross section can be coniputed by 
the formula given by Sokolov and Ivanenko?: 


C= wV / v,, (6.8) 


where v, is the velocity of the exciton. Using the 


law of conservation of momentum, we obtain 


v. = AEL/pL- (6.9) 
Consequently, 
aor Wd (6.10) 
~~ BSxAELN 
: hg tx hity 
x| 5 G0 (Fy) |” \ |v (y) |? \ 2U? (z) dz dy dkg. 
0 Ikg—x Ik —y| 


As an example of the application of Eq. (6.10), 
we consider the decay of an exciton at an empty 
site. In this case the perturbing potential can be 
set equal to the potential of anisolated atom (with 
the opposite sign). Therefore, we put 


As 10° 109 
Ap 3x10° 2x1(9 
G(cm2) 4xJOQ-16 3x10-15 


This shows that o is very sensitive tothe be- 
havior of the wave functions and that for an ac- 
tual calculation of o it is necessary to know the 
exact atomic wave functions in momentum space. 

The existing methods for computing atomic func- 
tions (the Hartley-Fock method, the variational 
method ) allow one to conipute the atomic functions 
in configuration space. The analogous problem in 
momentum space is still not solved; therefore, we 
cannot exhibit numerical values for o for concrete 


cases. However, the result obtained shows that the 


exciton can decay at an impurity with formation of 
charge carriers even inthe case when the site is 
empty, i.e., does not contain bound charges in it. 


7. KINETICS OF PHOTOCONDUCTIVITY 


As was explained in Secs. 5 and 6, the third- 
order terms in the Hamiltonian of the polar model 
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Oh) a oe \ pAE ICU (6.11) 


et 
where p(r) is the density of the distribution of 
electrons. Let us take 


o(ry == (272 1 Seem, (6.12) 


For the rest of the calculation it is necessary 
to choose definite wave functions. For the evatua- 
tion we choose for 2) the wave function of a hydro- 
gen atom in the 2s state, and for (p, that of the 
3p state®. The wave function (, was averaged 
over angles in the following way. Since p-states 
are triply degenerate, ye can be set equal to 


ae Ne eS AGN) IS on 62) [2 1 (3) 19 
laP= Vs (jer 2+ (ee + je P), ©.13) 


. 1 a 
where ¢y> or pi are the three actual functions for 


the p-state. 
Substituting the wave functions and (6.11) into 
(6.10) we obtain 


2038x2cu wcten 


%*) 

MAE NN a (6.14) 
Determination of the numerical value shows that 

o changes within unusually wide limits in its de- 
pendence on the choice of the effective charges 
for the S- and p-states. The results of such an 
evaluation, as the parameters A, and A, are 


changed, are as follows: 


ox1 08 5x108 
2x109 2%109 
2.5% 10-14 Ax1 0-15 


of an atomic semiconductor determine the proba- 
bilities of different processes of transformation of 
certain quasi-particles into others. Furthermore, the 
theory permits us to calculate the probability of 
formation of excitons under the action of incident 
light. This gives the probability, knowing the 
matrix elements of the corresponding transitions, 

of writing down the kinetic equations®, but in the 
present work the interaction of quasi-particles with 
phonons will not be considered. Moreover, this 
interaction is essential for the study of kinetics 

in semiconductors, since without consideration of 
the recombination of holes and doublets with radia- 
tion of phonons it is impossible to obtain reason- 
able equations of kinetics, leading to a correct 
value of the number of quasi-particles in stationary 
states. Therefore, the equations of niacrokineties 
for holes and doublets are supplemented by 
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phenomenological terms taking into account the 
thermal recombination of holes and doublets. 

It is postulated that the energy of excitation of 
excitons is much larger than the excitation energy 
of holes and doublets; thus in the first approexinia- 
tion it is possible to assume that, in contrast with 
doublets and holes, thermal excitons do not exist. 

The equations of macrokinetics have the form 


dM’ /dt =2.Q—2yM,M’, (7.1) 


GG) di Onin 
dQ [dt = 2wynz + (My +A)Q, 


where \/’ is the number of L 7, photo-holes le photo- 
doublets, Q of excitons (right- and left-hand), 1) 
of thermal holes, y the recombination coefficient 
of holes and doublets, n, the number of photons, 
w, the absorption coefficient of a photon, A the 
coefficient of the probability of decay of an ex- 
citon into a doublet and a hole (at an impurity 
atom or spontaneously ). 

Solving the system of Eqs. (7.1) we obtain 


j a e (Wor) t 
M =M,.,4[1 a (72) 


et Mot | 
T 2M /w@+N —1 
L'= M’, Q =, atl! gt ‘ap 


Mo... = Woftah | (My (Wy +4); 


stat 


(7.3) 


Cotat = 2Wytz Hi (Wp + i). 


The dependence on temperature enters only into 


My: My mY e AE/ 2kT where AZ is the energy gap 


between the currentless states of the crystal and 
the conduction band. From (7.2) it followsthat the 
number of excitons in the crystal, as one was led 
to expect, does not depend on temperature. As re- 
rards the kinetics of photo-holes, the following 
limiting cases can occur: 


a) Wy + h>> 2yM), (7.4) 
then M’ =M (ieetes siaise 
b) W +A< 2yM), (7.5) 


then M’ = MM" 


al tA) t 
etal ae ys 
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With increasing temperature the nunber of thermal 
holes M, increases and, consequently, the thermal 


conductivity increases, while the stationary value 
of the photoconductivity will decrease with increase 
of temperature, 


AE|2kT 


(NG ee (7.6) 


stat 


This results fromthe fact that with the increase of 
temperature the recombination of photo-holes with 
doublets (and photo-doublets with holes ) proceeds 
more intensively. 

As was shown by Zhuze and Ryvkin’, the 
stationary concentration of carriers of photocurrent 


can be represented inthe form of a product of a 
set of parameters 


TAN are = tRBI, (Gratr 
where 7 is the lifetime of the carriers of photo- 
current, k the coefficient of absorption, / the in- 
tensity of the light, and B the coefficient of the 
photoeffect which, if / is measured by the number 
of quanta falling per second on a unit surface area, 
has the sense of the “‘quantum yield’. 

The photoconductivity is determined by the 
formula 


Ao 


st at 


= CUAU ot? (7 8) 


where e is the electronic charge, u is the mobility 
of the carriers of photocurrent. The number of 


quanta absorbed per second in a unit volume is 
equal to kJ = 2w n,; therefore, 


An. at = M. = 2Prw Ne. 


Stat 


(7.9) 


From Eqs. (7.3) and (7.9) we obtain for the quantum 
yield 


B =) / 27M, (wy +A). (7.10) 


Let us consider two limiting cases: 


a) W)+A>> 2yM), then from (7.4) and (7.10)we 


have 
t= 1/(24Mo), B =4/ (Wo +4); 


b)w) +A<< 2yM,, then from (7.5) and (7.10) we 


have 
c= 1/(wot+), B=4/27Mo. 


Let us now write out the temperature depend- 
ence of Ac.__., T, and B in both limiting cases; 
Stat 
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AE|2kT 
Rtg ; Be const: 


AEF j2kr 
» =~ const, B~e j2R 


All the reasoning carried out up tothis time is 
valid for sufficiently high temperatures (!/ <M 69: 
As regards the region of low temperatures, here it is 
already impossible to assume If’ << M,. This 
introduces changes into the kinetic equations. In 
particular, the first of the Eqs. (7.1) ceases to be 
linear and takes the form 


dM'/ dt = hQ — 24MM’ — «M". (744) 


The solution of this equation can be expressed in 
Bessel functions of order 


2 2742 
paaty [Mit 2s 


Wy A 


Naturally it is difficult to say anything definite 


sets 


about the behavior of the solution; therefore, in the 
case of low temperatures, we have limited our- 
selves to finding the stationary value of Mf’ In 
this case 


Mo = [2woteh | (W +4)]* = const. (7,12) 


stat 


, we obtainedthe result that 
stat 


Ao 


at low temperatures the stationary photoconductivity 


Since MW’ ow 
stat 


does not depend on the temperature. 

For the limiting case b) we know no experimental 
data supporting the temperature variation of7 and { 
in this case. It is possible that this case is not 
realized. 

If one compares the temperature variation of 
Ao x44? Tand 6 in case a) with experimental 


data for copper oxide, obtained by Zhuze and 
Ryvkin®, in the region of sufficiently high 
temperatures (7 >—40°) one gets complete agree- 
ment with the temperature variation of Ag,,,,, 7 and 
B obtained expetimentally. As regards the region 
of low temperatures, the temperature variation of 

Ao ear agrees well with the experimental data. To 
say anything definite about the temperature varia- 
tion of the lifetime 7 and the quafitum yield § in 
the case of low temperatures is hardly possible; 
but since the predictions of the present theory 
differ fromthose of the theory of Zhuze and Ryv- 
kin, it is hardly possible to obtain the same temper- 
ature dependence for 7 and f as obtained by them. 
In the first place, these authors consider that the 
photoconductivity remains linear even at low 
temperatures; in the second place, they consider 
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that the decay of an exciton takes place at defects, 
in which are found electrons removed fron. the 
normal band, whereby upon the decay of an ex- 


citon the electron is thrown back fromthe defect 
to the conduction band?. Thus the number of 


““effective’’ decay centers depends on the tempera- 
ture, and their states does not change upon the 
decay of an exciton (empty sites), Apparently 
this difference must lead to another temperature 
dependence of the quantum yield in the region of 
low temperatures. 

We must also mention that copper oxide does not 
belong to the atomic semiconductors which are 
considered in the present theory; however, it is 
entirely possible that the dependences proposed 
by Zhuze and Ryvkin are of general character. 

Therefore, at sufficiently high temperatures, the 
expression for the stationary photoconductivity 
created by holes has the form 


Me he uk] / 214Mo (Wo + h). (7.13) 
At low temperatures the formula 
BOs = (ARI) ‘le eu / ile (Wo ae ))ile (7.14) 


holds. 
Analogous expressions can also be written down 
for the photoconductivity caused by doublets. 


Hlowever, the hole photocurrent can have a differ- 
ent value fronithat of the doublet photocurrent, if 
there is a different mobility for doublets and for 


holes. 
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This investigation presents a simple derivation of the Butler formula for the angular 
distribution in the (d, p) reaction. The scattering of the deuteron and proton waves in the 


nuclear field is included. The emamined theory leads to Serber’s results in the limiting case 


of large energies for the impinging deuterons. 


1 AS is known, the stripping reaction is an im- 
eportant means for investigating nuclear proper- 
ties. Fromthe angular distribution of the products 
of the (d, p) and (d, n) reactions it is possible 

to determine the spin and parity of the correspond- 
ing state of the residual nucleus, if the spin and 
parity of the ground state of the initial nucleus 

are known. The stripping reaction theory for bom- 
barding deuterons of moderate energies (~ 10 

mev ) was first presented by Butler?, who de- 
termined the angular distribution of stripping re- 
action products by using the continuity condition of 
the wave functions onthe nuclear surface. Since 
Butler’s derivation is extremely complicated, there 
are several other investigations” ~© in which the 
same results are obtained by different means. In 
particular, Bhatia” made use of the Born approxi- 
mation, which led to correct results, though there 
is little justification for the application of such an 
approximation to the energy region mentioned. In- 
complete agreement of the theoretical data with 
the results of experiments indicates the importance 
of considering the nuclear and Coulombic scatter- 
ing of the particles participating inthe reaction. 
This was done in some of the investigations®~’. 

It may be that an important role is also played by 
interference between the stripping reaction and the 
processes of compound nucleus formation. 

In this article, using the method developed by 
Landau and Lifshitz®, we determine the angular 
distribution of protons in the (d, p) reaction, and 
calculate the scattering of deuteron and proton 
waves in the nuclear field. Calculation of the 
scattering reveals the presence of partial polariza- 
tion of the freed protons. If a neutron is captured 
by the nucleus on the virtual level, the stripping 
reaction cross section is proportional to the level 
width. When the impinging deuterons have enough 
energy, the total cross section of the stripping 
reaction is identical with the cross section pre- 
dicted by Serber °. In this case the distribution 


in angles and energy of the freed protons corre- 
sponds to that of the ‘‘transparent model’’ in the 
Serber theory’. 

2. Schrédinger’s equation, which describes the 
motion of a neutron + proton in a field due to the 
presence of a nucleus, may be written as 


{Tia tT» LV, Vp Vig (yee et 


(1) 


where 7’ and I’ are the kinetic energy operators 
of the neutron and proton, Vand V_ are the inter- 
action potentials of neutron and proton with the 
nucleus, Vis the nuclear interaction potential 
of a neutron with a proton, and £ is the total 
energy in the system. 

To solve Eq. (1), we expand the unknown function 
¥ in wave functions of the proton released by the 
deuteron disintegration. These wave functions, 
which we shall designate as Vin (kp being the 


wave vector of the outgoing proton ), satisfy the 
equation 


(lp + Vp—E5 


“wH~ 


(2) 


f 27,2 : 
(E = it ke /2M is the proton energy ), with VY, 
being composed of a plane wave and conver Ane 


spherical wave at infinity. Letus assume that the 


f . . . . 
unction on is subject to the following normaliza- 
tion condition: 


: 
t! d a 
AT == 10 i 
Dp 
p kK, 


(3) 
The solution of Eq. (1) can be represented as 


Ve (Gen es) = SY a (hz, Kp) Vk» (rp), 


Kp 


(4) 


where a(r > : 
£5 k,) are certain functions of the co- 


ordinates of the neutron and wave vector of the 


492 


STRIPPING REACTION 


outgoing proton. Obviously, a(r,, k, ) is the wave 
function of the neutron formed by the disintegra- 
tion of a deuteron and corresponds to a proton with 
wave vector k . 


Substituting (4) in (1), and making use of the 
orthogonality of the Y, functions in (3), we ob- 


: P. ; 
tain the following equations for the functions 


a(r, k, >: 
{An + (2M/n?) (E — Ep —Vn)} (5) 
xa (i Kp) —— i (£2); 


(tn) = (2M/h2) \ oe, (tp) Vap E (tas tp) dtp. (6) 


Equation (5) is exact. To obtain an approximate 
solution of this equation we substitute the approxi- 
mate function Y for Y, where 


Po (tas Tay OCF) Vea (Fz), (7) 


g(r) is the wave function of the ground state of 
the deuteron and Wy, , (ry) is the wave function of 
the deuteron moving as a unit in the nuclear field. 
At infinity, the function %, ,(1,) is composed of 
the impinging plane wave and a scattered diverg- 


ing spherical wave. 
Because of the short range of the nuclear forces, 
one can use the relation 


Vane (r) = — (4eh2/M)Vaj2n6(r) (8) 


in the integral in (6). In this way we obtain 


i (fn) = —8s V «/2 OK, (fn) Ye, (Tn). 


Henceforth, we shall disregard the possibility of 
the occurrence of a deuteron as a unit inside the 
nucleus, and therefore f(r, ) will differ from zero 


only when r, > R(R=R,+R,), where R, is the 
radius of the nucleus and Ry the radius of the 
deuteron. 


Expanding a(r, k,) in spherical functions 


a (fn; k,) = >; Aim (7a) Yip (Mn; SiN (9) 


l,m 


(6°) 


we obtain the following equations for the coeffi- 


cients a), Ge ): 


(a? ed es) (10) 
Var ere de le 
a oe (E —E,— Vn)! aim (Tn) == fim (Tn) 
J 
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ies (72) == \ Nee (On, On) if (fn) do,,. (11) 


The required solution for Eq. (10) must be finite 
as r 0 and must represent a diverging spherical 
wave when T7089. 

Let RO be the solution of Eq. (10) with the 
right side zero which satisfies the bounded condi- 
tion forr, +0. In the region beyond the action of 


nuclear forces ie > R) this solution is clearly 
of the form 


(1) . 
Ri == fh (Rat n) + bhi? Geol ays (12) 


rn > R, kn = V (2M/h)(E— Ep), 


where 6 is a coefficient determined by the condi- 
tions of continuity and boundedness of the solu- 
tion. Let RY designate the second independent 
homogeneous solution of Eq. (10), which represents 
the divergent spherical wave at infinity. In the 
outside region this solution has the form 


Re hy (ete ee (13) 


Knowing Rand R ie one Can construct a solu- 


tion of the inhomogeneous equation [i.e., Eq. 
(10) ] which satisfies the given boundary condi- 
tions, Viz., 


lone 
‘ 


Aim (Tn) = AR}? (Tn) \ Ry) (r) fim (r) radr (14) 
0 
+ ARP (rn) \ RP (Pr) fim (7) Par, 


where the coefficient A is determined fromthe con- 
dition 
FARO RY = Ro Rey dA: (15) 


Substituting solutions (12) and (13) into (15), we 
find that A =—ik 


n 
Since f,, (7) =0 ifr <i, then with the use of 


figs. (11) and (6), we finally obtain a solution for 
points r, < it; thus, 


Aim (fn) = 18% V af2m kaRP (ta) lt, ta<<R, 16) 


IP = \ AP Rar) Yim (92 Yap (1) Yq (F) ae. (17) 
r>R 
3. We now develop the general formula for the 
(d, p) stripping reaction cross section. For this 
purpose we compute the neutron flux S through the 
nuclearsurface in the normal direction, 
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k_) (18) 


da* (r,, k,) 
—a(tn Kp) | a, 


n 


rn=R 
Substituting a(r,, k, ) as given by (9) and using 

(16), we obtain 
SI a 82x | ky i 
ih . dR) n iF 
Kea ee rare Vii ey | ‘ 


l m 


(19) 
ae 


Since the proton wave function W,, 1s normalized 
to a 6-function in wave vector space, then by mul- 
tiplying S by the element of solid angle do. we ob- 
tain the number of neutrons absorbed per unit of 
time that are associated with the protons emitted 
within do. Dividing this figure into the flux . 
density of impinging deuterons, which is 

vk ,/2M, we obtain the following equation for the 
stripping reaction cross section: 


(1) dR” m |2 
x3 ees We derrG Sle [dop. 
m : 
Thus, i problem of determining the angular dis- 
tribution of the freed protons is reduced to the 
computation of the integral, Eq. (17), in which the 
deuteron and proton wave functions are given by 


ikgr ae rr 


UK (r) =e (21) 
i (87 —1) pe (kur) a (Dias or mG Uren (2, ¢), 
I,m 
3 
= pet nik pt (22) 


Oa 


i m 


it ( Lilet | ) hy (2) (Rf) sats (92 5» Crp) Yim(9, @)}: 


Complex coefficients Ce and B? characterize the 
scattering of deutcron and proton waves in the 
nuclear field !} 
Inclusion of the scattering of deuteron and pro- 
ton waves leads to partial polarization of the 
freed protons*, which is fully determined by the 
integrals /"', that is, 


capital ca Para P) 


\ m7 


(23) 


wa 1 
j=l+41/>. 
* The proton polarization caused by proton wave 
scattering has been investigated by Horowitz and 
Messiah??. 


Far from resonance, the deuteron and proton ex- 
perience almost complete reflection at the edge of 
the nucleus, and consequently, nuclear wave scat- 
tering can be regarded approximately as BE atten: 
ing by an impenetrable Aye of radius R*3. For 
this case coefficients ay and ee (if we disregard 


Coulomb interaction ) are determined by the equa- 


tion’? 
gf"? = 1—2jr (ha.pR) Liul bar) ae 
— ins (Ra, pR)VWUii (RupR) + ni (Ra,pR)). 
Near energy resonance, resonance scattering 
plays a major role, in which case 
gi? = 1—at? ((E—Br +511), 08) 


where EL, is the resonance energy, I, the total 
width of the resonance level, and 4 and I’? are 


partial widths. However, near resonance the 
deuteron penetrates into the nucleus with appreci- 


able probability, and therefore, compound nucleus formation 
will play an important part in the (d, p) process. 
Interference between the two processes will lead 
to considerable change in the angular distribution 
of the reaction products. 

In the limiting case of high energies, potential 
scattering, Eq. (24), becomes diffraction scatter- 
ing, in which case we may set approximately?! 


cir |" L<kipR %6 
vt led eer a 
flowever, even in the simplest cases, i.e. , kgs. 


(24) and (26), the integration of Kg. (7) is foiae 
ble only numerically. (In this connection, compare 
iief. 14.) [owever, the integral can be easily cal- 
enlated it denteron’ and proton wave scattering in 
the nuclear field is og wail 


n Pa ik is 
as Ve ai (27) 
dj (RR) ¥y 
— Ay) (RaR)- : lene Yim (9k,9h) 
k = [ky —k,|. 
For this case we obtain Butler’s result for the 
angular distribution of the protons, viz., 
: 160 RE | k, 2 


a {(k, —k,)? — Rey? 


«dR dRy)* 

ai ea aah Be 
dened yi {RY i “dR Ry” “ar | 
dh\)(k,R) dj, due 2 


a (2R) —aa— — AI (aR) 


Op 
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Inclusion of the spins causes an additional 
factor to appear in Kg. (28) in the sum, viz., 


2 (2j + 1)/3(2i + 1) (20 + 1), 


where ¢ and j are the spins of the initial and final 
nucleus and / is the orbital moment transferred by 
the neutron to the nucleus. 

In deriving ig. (28) we neglected the possibility 
of the occurrence of a deuteron as a unit inside the 
nucleus. This assumption is justified for deuter- 
ons with impact parameters in excess of the ef- 
fective nuclear radius R; therefore, the angular 
distribution found for the products of the stripping 
reaction will be quite exact for small angles. 

4. If the energy of the impinging deuteron is 
great enough (E, >>), a neutron will be captured 
by the nucleus on the virtual level (k_ real). In 
this case it is convenient to express the cross 
section Eq. (28) in terms of the partial width ey 
which corresponds to an emission of a neutron with 
an orbital moment of J by the final nucleus. QOb- 
viously, the probability of neutron emission per 
unit time, ee , 18 equal to the neutron flux 
through the surface of a sphere with radius R in the 
normal direction?3, i.e., 


Tt /h = — (ih/2M) R? (29) 
x {RY"dR)Y/dR paces RYdR}" /dR} 


et) is the radial wave function of the neutron in- 
side the nucleus). 

The energy of the residual nucleus lies in the 
region of the continuous spectrum. In this case, 
the stripping reaction cross section, with a proton 
emitted in an element of solid angle do, and with 
energy of the nucleus in the interval dé, will be 


hee — (S/va) 0d E ;dop, 


where P, is the density of the final states of the 
nucleus. Noting that dE, =~ dE, and that 


ie m }: 
S = —32nokt = DUTP, 
1 m 


we finally obtain 
320M? R4 


C= 3 (30) 
ehh (ik? ke)? 
ty pe ee oes) 
XDH(2E+ VTE i @R) Ge 
dj, (RR) |? 
— A (eR) aoe oydE pdop. 


Since there is alarge number of levels with dif- 
ferent J, angles for which the difference hk? — he? 


is quite small play the main role in Eq. (30), in 
which case 


{jr (RR) dh}? (kaR)/dR — h\ (RaR) dj, (2R)/dR} 
~ i/hnR® 


The cross section will now be 
ds +4 M 3270 ~~ >) Re aie 
== PRR, (ie = ip >; (21 ++ 1) T; mF pop (31) 


n l 


Availing ourselves of the principle of detailed 
balance, we can connect the partial width of the 
disintegration of the residual nucleus, 5, to the 
sticking probability of the neutron to the nucleus, 
¢), and to the density of the final nuclear states, 
p, 2: 


1 = 61/2cp,. (32) 


Substituting ( 32) into (31) and noting that kh? — ke 
2a? (4k, ~k,)*3, we have 


tyes M fc Sra y (33) 
Ie mR, (a Clsky — k,)*}? 


>) (214 1) Gd E pdoy. 
l 
We see that the deuteron energy is about equally 
divided between the neutron and proton. 

In the case of fast neutrons, they may be con- 
sidered to be absorbed by the nucleus, provided 
only that the collision parameter is less than the 
radius of the nucleus. Inasmuch as we are in- 
terested in the stripping process, we need consider 
only neutrons bound with protons which do not 
interact withthe nucleus. If the average distance 
between the neutron and proton is Ry then, ob- 
viously, these neutrons will have impact para- 
meters of JA(A = 2/k ,) included in the interval 
between R—R, and Rk. Because the effective 
value of J is considerably greater than unity, the 
sum in (33) may be replaced by the integral 

*J2kqR 


D)(2l + 1) =) 2ldl = YokGRRa Ra KR. 
I 


*Jekg(R—-Raq) 


(34) 


Substituting (34) in (33), we have 
2RR Mk g& ; 
tle = neh? jo? + Alok, — k 7] 


Integrating (35) over the energies and angles of 
the outgoing protons, we obtain Serber’s formula 


3 dE pop. (35). 


BRB Mir alt~ay pen ¥ 


a? @> a! i a 


GRE @ 


a 
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for the total stripping reaction cross section* 


6 = 1/aRRa. (36) 
The distributions of outgoing protons as toangles 
and energies are also in accord with Serber’s 
“transparent model’’?, viz., 


Se as 

ds (9,) = AO Ees et ae 
o( p) i] Ey (c/Eg +92)" (37) 

cE, dE 

ds(Eq) = = V aa 


\(E, oa VigE ,)* ali cE a) : 


In conclusion, I wish to Stas my deep grati- 
tude to Prof. A. I. Akhiezer for his valuable ad- 


vice and for reviewing the results of this investi- 
gation. 
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Relaxation processes are analyzed for a system of lattice electrons. The equations de- 
rived in a previous paper~ to take account of the heating of an electron gas in Strong elec- 
tric fields are made more precise. The form of these equations is given for various condi- 
tions and the resulting transfer processes are investigated, 


| fee a previous work! we obtained kinetic equations 
allowing for the possible heating of an electron 
gas relative to the lattice. In contrast with the 
equations of Davydov”, our equations took the 
quantum statistics of the electrons into considera- 
tion, and could therefore be applied to conductors 
whose electrons exist in a degenerate state. It is 
necessary to take the degeneracy of the electron 
gas into consideration at low temperatures for 
semimetals and for semiconductors with metallic- 
type conductivity (excepting the typical metals). 


The heating of an electron gas for good metals wtih 
attainable current densities first shows up in ef- 


fects strongly depending on the temperature of the 
electrons, such as emission’, for example, as ap- 
parently is confirmed by experiment*. 

For “‘good’’ metals at high temperatures, current 
densities for which it is possible to expect devia- 
tions from Ohm’s law” and nonlinearities in other 
effects, on account of the heating of the electrons, 
are not yet attainable. For “‘poor’’ metals with a 
smaller number of charge carriers, however, current 
densities of the required magnitude are perfectly 
attainable, and corresponding departures have been 
observed, for example, in bismuth®. It is desirable 


therefore to investigate all combinations of transfer 
processes in conductors with regard to the heating 


of the electrons. 


1. RELAXATION PROCESSES IN A METAL 


Changes in the electron distribution function f as 
a result of electron-phonon, electron-electron and 
electron-impurity collisions, and changes in the 
phonon distribution function N,, as a result of 
phonon-electron, phonon-phonon and phonon- . 
impurity collisions are designated in the following 


mannef: 


Of AOL Er (ing Na) (1) 


BS yee 


aN. fét] (1.2) 


coll — 


BI°(Mo, f) 


to BN) NB) een en 


If we look for solutions of the form f = f, + f% 
Ni =N G+ NG where f, =7, (Pp), 0, 0 (E) ares 


the symmetric parts of the distribution functions, 
depending only on the absolute values of the elec- 
tron and phonon momenta and not on their direc- 
tions, then the expressions (1.1) and (1.2) take the 
form 

LOPE aie 


Ee (fo, Ne) (1.3) 


t 


hi yin 0 ef 
+ (fF, NS) + Be (fy No) 


FD" (fo fol 2 Es fo) a F), 


[ONo /Ot] 


coll 
+ B® (No, fo)-+ By (Ne FY 


10 
+ EAMG, NQ) +2 LN (No, No) + B?(No) - 


00 


ze (Ne, fo) (1.4) 


Here we have neglected the terms 255 (f% f), 


sift wef y fe 


lige ieee lig 
Sep vs fpy yO : 
and also the terms & » (has Xo CN i) since when 


since it is presumed that f’<<f), 


electrons and phonons collide with impurities 
their energies are not changed. 
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If the usual assumption is made that the distri- 


bution functions f, and Ne are equilibrium distri- 


butions, with the same temperature, then operators 


of the form aa 


A change in the directed motion of the electrons 


reduce to zero. 


at the expense of a different oud of transition is 


Berea Ser: 


0" 10’ 
fluence of the latter on the temperature depend- 


expressed by the operators set the in- 


ence of the electrical conductivity has been ana- 
lyzed by Landau and Pomeranchuk’ end also by 
Ginzburg and Silin®. The operator Ds 1 takes ac- 


count of the ‘‘ 


trapping’’ of electrons i: phonons”. 
We will not consider it here. 

As aresult of the influence of external fields 
and gradients, the symmetric part of the distribu- 
tion functions will depart from equilibrium. The 
form it will take is determined in part by the ex- 
ternal field and Bence niss and in part by the 


operators es A lg aon son loatgie Panelist 


term plays the feabals role in determining the 
change in the average energy or the effective 
temperature of the disordered motion of the elec- 
trons, since electron-electron interactions cannot 
change the average electron energy. 

There are substantial changesin the average 
energy of the random motion of the electrons if 
the time required for the transfer of the energy ob- 
tained by the electron from the field is greater than 
the time required for the transfer of momentum. In 
order to ascertain the conditions under which it is 
possible to observe evidence of this effect in 
metals, we will estimate the order of magnitude of 
the different terms in (1.3) and (1.4), which are in- 
versely proportional to the time or to the mean free 
path for the corresponding type of interaction. In 
making this estimate we will everywhere use the 
following values for the physical constants of a 
metal: number of free electrons n ~ 3 x 1077, 
limiting energy «, ~ 5 x 10° 12 erg ~ 3 ev or a de- 
generacy feiipetatnce Ty) =€o/k™ 3x 104 °K (the 
corresponding velocity ~ 10° cm/sec), a Debye 
temperature ©, ~ 10? °K, velocity of sound v, 
~5~x 10° ee. 

The second term in (1.3) is determined by the 
mean free path over which an electron, interacting 
with a phonon, loses its momentum. For T’ >> ©, 


Lee ~Lee9a | T~ of [Ont ie 


~ (ho / RO.) G4 Hep ~ TOn964 i: es 1073 / Tp 
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Near 300°K the electrical conductivity corre- 

sponding to the value chosen for the constant in 
[ene 
ef 


o = nl /mu~5x10!8 cgs =5x10! | /Q em. 


At low temperatures (ek 0,) 


(1.6) 
leg ~(U/A®m) (Og /T)* 


~ 1077(94 /T)® ~ 1077 (102/ T)>. 


The numerical coefficient a can be determined 
fromthe ratio of the ideal electrical conductivities 


at high (T’>> ©, ) and at low (T <©,) tempera- 


tures, 
lee [lop =O (1) OP) = a (ORD eg 


The value of a can amount to 500. For definite- 
ness we assume a ~ 100. 

The mean free path for the scattering of phonons 
by electrons? is, for J’ >> 0, 


Lie —~Ust,, ~ (Us /m) 2 /RAq ~ 1078, (1.8) 
and for T << OF 
te ad (Us : @») Saitek: ~ 107 / sie (1.9) 


At low temperatures this value is less than be and 
essentially determines the temperature part of the 
thermal resistance of the lattice. In order of mag- 
nitude it agrees with the value of 1, obtained from 
the expression for the thermal conductivity, the 
experimental value of which, for T < 50°K, is! 


DX 10°? T? watt / cm-deg 


~ 2x 104 T* erg/cm-sec-deg. 


Noting that the specific heat c, ~~ nk (T/@)%, 
where the number of atoms is ny ~n, we obtain 


Pata opie Oates i 


At high temperatures, the phonon distribution 
function is established principally by way of 
phonon-phonon interactions. For 7 >> ©, the 
mean free path for phonon collisions is 
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lee = (Us [ Om) Sq | RT (1.10) 


~ (A/ mos) (Oq /T)~ lee 4 /T ~ 100, /T 


(here noting that hie ae f 2n ~ h?a* /2mv? 
e (KO ,)?/2mv?). 

For this value of the mean free path, the thermal 
conductivity at 300°K is 


Zany 1/3Col ¢¢ Us ~~ "/aMakl ¢¢ Us 
~ 10° erg/cm-sec-deg, 


which agrees with the experimental value for the 
thermal conductivity of insulators. 

If one considers that equilibrium in the lattice 
can be established only by way of transfer proces- 
ses, then at low temperatures the mean free path 
l,, increases exponentially, in accordance with 


the fact that there are only a very small number of 
the larger phonons taking part in this process. If 
however, one evaluates the operator dif without 
regard for this circumstance, which can only de- 
crease the mean free path, then the estimate gives 


9 


9 


le ~ Ue (O/T) ~10°Oa7T). (1.11) 


The rate at which equilibrium is established with 
respect to the energies of the disordered motion 
among electrons and phonons, which is determined 
by the operator 2 is inversely proportional to 
the mean free path over which an energy AT’ is 
transferred. For high temperatures 7’ >> ©, this 


path length is 


(1.12) 
PLT) Oe 10eT sf 8,. 


leg Boo (U ; im) fh / Og ~ ye ip / Gy 


Here it is clear that for T >> @,, /£, is greater 
than 1 oy, by a factor (T/6,)? ~ (kT )?/mve,. 
For 1) << O35: 


[5p ~ (2 /n) (8a / TY ap 


~a(T /Ag)le¢ ~ 1073 (Ba /TY°. 
At low temperatures this quantity becomes de- 


pendent on the electronic part of the thermal con- 
ductivity. The coefficient a is taken as ~ 100, as 
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before, to agree with the experimental value of the 
thermal conductivity for these temperatures: 


3 RT 42 
2 Oey ee BUM EST 
%eg ~ Cel pU ~ AR = BNE 
a 10t: i 4 2 erg/cm-sec-deg ‘ 


Here, in particular, it is clear that it is possible 


to estimate a from measurements of He of ug since 


A~%, O°NS Us | 3o4Ce (RT )?v. 


It follows from (1.13) that Ce actually remains 
greater than J, , down to a rather low temperature, 
Los a*~ 10°K. At still lower temperatures 
l 


. * . € 
eo; increases much more rapidly than are 


The rate at which the equilibrium distribution of 
electrons is established, at some given tempera- 
ture, as aresult of electron-electron interactions 
is determined by the operator pa ~ Vier where 


1, is the mean free path over which the electrons 


redistribute their energy, as well as their mo- 
mentum. Taking account of the statistics we ob- 
tain, in order of magnitude? | 


lee 1 f.ggert (RT j eq)? ~3x103 (1027/7), (14) 


2 is taken for the colli- 


where a value of 10°15 em 
Sion cross section q,,. 


For completely free electrons,the term 3) o(f,.f) 


has to reduce to zero, since interelectronic inter- 
actions cannot change the average momentum of the 
electrons. However, because of the electronic 


transfer processes which are possible in lattices, 
there exists a limiting mean free path for such an 
interaction. As it turns out, its order of magnitude 


is the same as that of (1.14)8. 
Finally, the mean free path for scattering by 


impurities and lattice defects is 


lap ty oe oe (1.15) 
for g~ 10°'° and an impurity concentration n, 
Pt”, thats, no/n,~ 310. 


For convenience in comparing the role of the 
processes by which equilibrium is established at 
various temperatures, we write the approximate 
values of the mean free paths given by Eqs. (1.5) = 
(1.15) in tabular form. (The relaxation times cor- 
responding to these are 7, ~ 1,v, 7 ~ l.v..) 
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T ert lite Leg ve lee len 
{04 40-? 40-5 HOm 10-8 3xX10-*7 {0-4 
408 40-6 40-5 1Oze 10-4 3K1L0-5 40-4 
300 ‘3X10-5 40-5 310-6 3xL0-5 3X10-4 10-4 
100 3x10-3 10-4 

30 3x10-5 3x10-5 3X10-38 310-4 3X1 0-2 40-4 

10 10-2 10-4 f 40-2 10-2 16-4 

i 108 {0-3 405 10 3 40-4 
O.4 > 103 10-2 40-4 


From the table it is clear that at T ~ 10° °K and 
above, energy equilibrium is achieved at the ex- 
pense of interelectronic interactions, since in this 
temperature region 1,, << SR For lower tempera- 


tures (7' < 300°) the electron energy distribution 
is determined principally by electron-phonon inter- 
actions ee eK WS ) with the exception of 


only very low temperatures of the order of a few 
degrees, where hae again becomes larger than /, .. 


However, because the corresponding relaxation 
times are so large, the process of establishing 
electronic energy equilibrium will be quite slow 

if the electrons are not able to exchange energy with 


the boundaries of the sample or of the individual 
crystals. 

Regarding the establishment of the phonon dis- 
tribution, it is clear from a comparison of the 
tabulated values of Lee and /,, that at 300° K and 


above, phonon equilibrium is established at the 
expense of phonon-phonon interactions, and for 


lower temperatures is determined principally by the 
interaction with electrons. 

The heating of an electron gas relative to the 
lattice is sufficient to bring about changes inthe 
kinetic coefficients before the velocity of the di- 


rected motion has become equal to that of the dis- 
ordered motion, if the frequency of collisions of 
electrons with phonons with the exchange of energy 


VkT (1£ = 1/ T= Dyer) is less than the fre- 


quency of all possible collisions in which momentum 
is transferred*: 


COL Ol eral i rl tase Cac) 


* As is clear fromthe Table, bs begins to compete 
with J. ,, from Eq, (1.16), and can influence the tempera- 
ture part of the resistance of metals, only for tempera- 
tures T < 10°; that is, in the region where impurity 


scattering predominates, 


that is, if the inequality L << Se is satisfied. For 
high temperatures ee >> Le Pe for the Debye tempera- 


tures ise O29 are for temperatures still lower than the 
Debye temperature, and down to-10-20° K, 1 can 
again be considered larger than /,, [on account of 


the coefficient a in Eq. (1.13)]. For the very 
lowest temperatures, again If, << L.,- However, 


at low temperatures 1_,>>L ~ 1, for the impurity 
ef ep 


concentrations which we selected for 7 < 30°; 
consequently, fromthis point of view the heating 
of an electron gas is possible both at high and at 
low temperatures, excluding the region of the 
Debye temperature. 


2. ELEMENTARY CALCULATION OF THE 
TEMPERATURE OF THE ELECTRONS IN AN 
ELECTRIC FIELD 


It is possible to obtain an estimate of the 
temperature difference between the electrons and 
the lattice in the precence of a single external 
electric field from qualitative considerations. Per 
unit volume and per unit time, the electrons ac- 
quire an energy 


cE? = (e2nL / mv) E2 ~ (CEL )Pn pee 23 
(where €) is the limiting energy of the electrons, 
go is the conductivity and EF is the electric field). 


The emission of phonons by electrons is propor- 
tional to A + 1, the absorption to N»: Therefore, 
on the whole the electron gives energy to the 
lattice in WAR. of all the collisions. In unit time 
it gives up an energy ho/N 7) where T, is the 
time between separate discrete collisions, in 
which a phonon of energy hw is emitted or ab- 
sorbed. For high temperatures, Vig Hey Nake eal 
and the induced phonon emission predominates 


TRANSFER 


over spontaneous emission. Therefore, the trans- 
fer of energy from electrons to phonons and the 
mean free path of the electrons regardless of their 


temperature are completely determined by the 
distribution of phonons whose equilibrium is es- 
tablished at the expense of phonon-phonon inter- 
actions, as we have seen. The momentum of a 
phonon at high temperatures is comparable with 
that of the electrons, hw/v.™~ p. Therefore, the 
time 7, between separate collisions posmondes with 
Te To summarize, if we designate the average 
energy lost by an electron in the time ¢ by AZ, 

we obtain for the energy transferred by an elec- 
tron to the lattice per unit time 


Az/t ~ho/ Net, (2.2) 


9 
~ (hw)? | RT ce ~ soils / RT %e¢ - 


Moreover, if once considers that, for heating which 
still does not remove the degeneracy (k G/e, <1), 
according to the Pauli principle only nk(G— re 
of the total number n of electrons can transfer this 
energy, where @ is the temperature of the elec- 
trons and 7 is that of the lattice, 
with (2.1) gives 


then comparison 


=(9—T)/T ~ (cEL)? 1,5 /mv2,2,L. (2.3) 
For low temperatures (kT << kO, = ha) the 
picture changes. Whenever electrons and phonons 
exist in equilibrium, practically the only excita- 
tions are phonons with energies hw < kT, as can 

be seen from the expression for the number of 


phonons 
No = [exp (-~ ha / kT) — 1] 4 


Therefore, electrons cannot absorb phonons of 
large frequency. But electrons at the temperature 
T also cannot emit phonons of large frequency, 
since transitions of electrons with the emission 
of a phonon take place in the zoneofdiffusion “AT. 
This fact also makes it possible to calculate 
the mean free path /,, for the momentum changes 
at low temperatures. However, in order for elec- 
trons to be heated, it is necessary that phonons 
with energy hw > kT be emitted. The absence of 
such phonons in the spectrum of the equilibrium dis- 
tribution at the temperature 7 and the long relaxa- 
tion time for the phonon-phonon interactions will 
lead to a disturbance of the phonon equilibriuni 
distribution. Nevertheless, in problems connected 
with the rapid transfer of energy from the electrons 
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to the lattice, the energy of the lattice oscillations 
can be characterized by a temperature 7’, with 
suitable reservations. On the other hand, the 
possibility of investigating marked heating of the 
electrons relative to the lattice at low temperatures 
is limited by the fact that the electron mean free 
path is still not only determined by the lattice 
temperature 7’, but also depends on the temperature 
of the electrons, and, consequently, also on the 
field. Therefore, it is possible to investigate 
transition processes by introducing a mean free 
path for the electrons, but the results are correct 
only with the assumption that 0/7 < 1. In this 
case the electron loses energy KO ~ kT in the time 


cf, ~a(T/0,)24, ~ a (RT) 4, / moe, 


Per unit time, a fraction nk(G — (ICR of the 
electrons give up an energy 
pa Cee 2) kT @— T nmv? 


ey oe 7 GV ef 


Comparison with (2.1) leads to an expression dif- 
fering from (2.2) only in the numerical factor a. 


3. THE KINETIC EQUATION FOR DETERMINING THE 
HEATING OF AN ELECTRON GAS 


The heating of electrons in transfer processes 
can be calculated Se the aid of the kinetic equa- 
tions ore earlier! by transforming the integral 
operator & ps NCE: ie ) in (1.3) to a differential one. 


The system: of equations for the symmetric part of 
the distribution function f,, with respect to the 
velocity, and for the nonsymmetric part fe 


=(1/o)v: a has the form 


- + “y Vip aa oes (NS;) (3.1) 
(fo: lo) == 0, 

os 
+ 0Vf, + eEv 2 (3.2) 


“me. 
where in energy space the energy flow density is 


S; = 1/;eE-fy —S= 1/,€K-£p (3.3) 


— (Qmvssv jal) [f)(1 — f.) {AT + Of) / Oe]. 


Here ¢ is the energy, v = de/dp is the velocity, m is 
the effective mass, e is the charge of the electrons, 
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v_ is the velocity of sound, 7’ is the temperature 
of the lattice, 1 =/,, is the mean free path over 


which the electron loses momentum through inter- 
action with a phonon, and L is the mean free path* 
with respect to all interactions [ see Eq. Cielo): 

E and H are the external electric and magnetic 


fields, C is the velocity of light, N is twice the 
density of the electron levels (doubled because of 


the spin degeneracy; for a free electron gas, 
Nde =(27%)>? 8xp7dp ), and a is the numerical co- 
efficient discussed above (for 7 >> Ca 1): 
Together with the normalization requirement 

[ Nde (3.4) 


the system of equations totally determines the elec- 
tronic distribution function f = f) + (1/v) v-f,. 


Equation (3.1) with S, taken from (3.3) differs 
from the corresponding expression obtained previ- 
ously! by a factor 1/a in front of the square brack- 
ets, which was not considered in the system of 
equations used in that paper, and also in the last 
term, which determines the influence of the elec- 
tron-electron interaction onthe rate of change of the 
energy flow density in energy space. Furthermore, 
the third term of (3.1) is written in a form which 
does not assume any concrete form for the depend- 
ence of the density of electronic energy levels N 
on the energy «, or of the energy ¢ on the momentum 
p; we can easily convince ourselves of this by 
De ee the equations in the earlier paper by ex- 
panding > WR NS ) in Ac/e? instead of in Ap/p*. 


* Instead os C6510; a derived earlier! we obtain in 
this case. 


wef 
(4—6) fp =%,, Oe Noy=A ite ae Asfy 22 
(1—fo) x 2 ae 
0? ae 
where Be tes 0) “Oe2 (NAofo)= Koos (NS), 


S=—(1— Ff.) [A nee 


the equality S=0 for fy) = fy, =[Lexp(e—p) /AT 
ella 


gives 


A, = (vA) ] . 


into the expression for S, we obtain 


1 1 
his [4: ae x 
Substituting 4, 


S=— Ag {fo ( (1— fo) / RT + Of) / de}. 


As in our earlier Eqs. (14) and (17) . A, is 


2mv2vu_e 
9) dAcdQ = 


, 


al 
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The essential assumptions made in obtaining this 
system of equations were the following: 1) the 
conductor is isotropic; 2) f,; << fy. This is 
equivalent to the condition Hate << 1. The 
formal solution shows that this condition is realized 
for any amount of heating (or for any field) if only 
the quantity 6 = 2mv2L/kT al << 1 [see (2.36) and 
the first footnote appearing on the bottom of p. 504 
of this article], which is satisfied for high, as 
well as for sufficiently low temperatures; 3) the 
phonon distribution is assumed to be an equilibrium 
distribution, and the electron mean free path does 
not depend on © (or on the field). As we have 
seen, this assumption is justified for any © at high 
temperatures; at low temperatures it is approxi- 
mately correct but only in the region a = (@-T)/T 
ped: 

Integrating (3.1) over phase space, we obtain the 
equation of conservation of charge: 


(On / Ot) +. div (j/é) =0, (3.5) 


and integrating over «Nde, the equation of conserva- 
tion of energy 


(de, / Ot) + div W. —E-j+ Q =0. (3.6) 

Here the electric current 
j= \ofNae, (3.7) 

the electronic heat flow 
W. = 5 \ cut, Nde, (3.8) 


the energy transferred per unit volume per unit time 
from the electrons to the lattice 


Q=\swae, (3.9) 
and the average energy of the n electrons 
ce = nie = \ ef Nae; (3.10) 


S has to he substituted from (1.22), 

Equations (3.5) and (3.6) have to be comple- 
mented by the equation of conservation of energy 
for the lattice, which can be obtained by integrating 
the equation for phonons over phase space, 


e-/0t + divW,—G=0, Gal 
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and from the boundary conditions. This makes it 
possible to determine the temperature of the lattice 
uniquely for different processes. 


4. SOLUTION OF THE KINETIC EQUATIONS. 
CONSERVATION AND TRANSFER EQUATIONS 


Disregarding the term of F/ dt, it is possible to 
solve Hq. (3.2) with respect to 


(4.1) 


es oy. G+ (eL /cemv)GxH-+ (el / cmv)? H(G-H) 
—_ 4+ (eL,/ cmv)? H? , 


where G7! = e !V —Ed/de is an operator which 
acts on the function f). The equation obtained by 
substitution of Eq. (4.1) for f, into (3.1) can be 
solved for ip if the first two terms in (3.1) are ig- 
nored in comparison with the last in the first ap- 
proximation. This means that the processes being 
considered are sufficiently slow and the gradients 
sufficiently small, that is, the field changes in- 
significantly along either the electron-electron 
mean free path, or along the mean free path for the 
transfer of energy fromthe electron to the lattice. 
Concerning the relation between the last two pos- 
sibilities we can consider two extreme cases: the 
third term is noticeably smaller than the fourth 

( strong interelectronic interactions), or the re- 
verse. 


In the first case the equation 266 (f), fy) = 0 


gives the Fermi distribution 

fo = (e(e —p)/kO +4 1)2 (4.2) 
with a chemical potential » and an undetermined 
parameter ©. The connection between these two 
quantities and the number n of electrons and the 


temperature 7’ of the lattice is established with the 
aid of the normalization condition (3.4), but their 


dependence on the coordinates and on the fields is 
found in thenext approximation by substituting Eq. 
(4.2) for if; into Eq. (3.6). 

For the reverse case of interelectronic interac- 
tions which are small in comparison with those 
between electrons and phonons, we substitute Eq. 


(4.1) for f; into Eq. (3.3) for S, and obtain 


Sy te E‘f,)v-S = — (2mvscv jal) (4.3) 


X {fo a= fight Wdigts (Of, /Os)(1 + or)}; 


503 
where 
Ne allan (eEL)? al 1+ By? 
OO Ss 
‘ 1+ 6? 6Bmvre Lo Ape 82? (4.4) 
el 
deg cmvu H, = cos(E-H). 


The solution of the equation S, = 0 has the form 


€ 


fo =(e AAD langt ope =|de/(1 + ay),4.5) 


( (2—O)|RT 


where ¢ is a constant of integration, whose con- 
nection with the number n of electrons and the 
temperature 7’ of the lattice is established with the 
aid of the normalization condition (as is easily 
seen, the possibility of normalization is guaranteed 
by the requirement that u goes to infinity no 

faster thane). The dependence of € and n on the 
coordinates and on the fields can be established 
in the next approximation with the aid of the 
conservation equation (3.6). Knowledge of the 
function f,) makes it possible to evaluate the trans- 
fer equations (3.3) and (3.8), which together with 
the conservation equations (3.6) for electrons and 
(3.11) for phonons completely determine all 
galvanomagnetic, thermomagnetic and thermoelec- 
tric phenomena. 

1. We assumethatthe distribution function has 
the Fermi form (4.2), and that it is possible to 
speak of a temperature for the electrons. It is a 
particularly simple matter to establish the second 
assumption in general form for the following situa- 
tions: 

a) There is a single stationary field (div W, 
= 0, de, /ot =0). Substituting (4.2) into (4.3), we 


obtain 


Q—Ej=—|NSde= "Fs a 
e108 1 
{ 2mv2 ¢ evN Of, ie (4.7) 
| ie a liahs ale 
vi tine “ 2mve \ cuN As OF o de. 
B (%z) a nae 


Here for the temperature of the electrons we ob- 
tain 


(Q9—T)/T=B/B(a,). (4.8) 
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In the first approximation, for the case kO/p 
Ce Me 


Cer e in Oe (4.9) 
It H Sy 

ey al 1+ Boy" 

= 6 (Go / IL): MUZE, Ie 4 al B? ’ 


where the index 0 denotes that the corresponding 
expression is taken at the limit of the Fermi dis- 
tribution. 


For small magnetic fields or for E perpendicular 
to H, j = cE and the expression for the temperature 


can be written in the form 
52.2 
sear eEL)2 al 1+ Boy 
0 wah 0, = ( ) i oe (4.10) 
18 6mve Pa ae bag os 


For |k@/e,| >> 1 (classical statistics ) 


(9—T)/T =s0u,,/1/e0/! (4.11) 
(where the line denotes average value ). 

For small magnetic fields and for / = const, L 
= const, and also for ¢ = p2/2m, N ~ «? 
from the considerations Oe 1/e and ¢ = 3/2kO@ 


, we obtain 


O—T _ 2u = ot 


i < mvs Oe 


(4.12) 


Te M(eE by 
12mvzRO L 


When / ~ €4( Oy = const ) the temperature 
(O-T)/T=34,/2. 

Solving (4.12) for k®, we obtain for the tempera- 
ture of the electrons an equation which, when writ- 
ten in the form* 


RO = 1, (RT + V (AT)? + 2 (CEL) / 35) 


(4.13) 


agrees with the old results for classical statistics, 
without accounting for additional scattering by im- 
purities, however. (In the above equation 6 

= 2mv2L /kTal is the ratio of the energy given up 

by the electron to the total energy during the 

time required for the total loss of momentum; for a 

plasma 6 = 2m/M, where M is the mass of the 

atom. ) 


* Here it is clear that even for strong fields which 
totally remove the degeneracy and make © >> T, the 
inequality eEL/€ © eEL/kO~ \/5 << 1 is satisfied 
if only 8 << 1. 
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b) The magnetic field is absent. With the aid 


of Eq. (3.7) for j, we eliminate the field E from the 
Kq. (3.8) for the electronic heat flow in coordinate 
space We and obtain the equation of conservation 


of energy in the form 


Raa 


Fi > Ov7 + Hey), 414) 


where Q = {SNde = (@ —T)/BT is the energy 


given to the phonons by the electrons, o is the 
electrical conductivity, y is the thermal electro- 


motive force, and x, is the electronic thermal 


conductivity *. The coefficients o, x, x, are 


expressed in terms of f, in the usual way, except 
with T replaced by ©. For G@ = T, Eq. (4.14) co- 
incides with the standard equation in the theory 
of metals. The energy lost fromthe conductor be- 
cause of the current passing through it is Q 

= {CW + W,, }dS, where the integral is taken over 


the surface of the conductor. 

With the help of Eqs. (4.14) and (3.11), and the 
transfer equations (3.7) and (3.8), we can derive 
all the thermoelectric effects related to the heat- 
ing of the electron gas. : 

The expression for the temperature of the elec- 
trons in the stationary case in the absence of 
spatial gradients, which is obtained from Eq. (4.14), 
agrees with kq. (4.8), in which it is necessary to 
set the magnetic field equal to zero (a, =o). 

2. If the distribution function has the form (4.5), 
then from the normalization condition (3.4) we can 
find ¢, which, as simple transformations will show, 
is equal to the following expression in the second 
approximation for the case kT (l+.a)/e << 1: 


(4.15) 
[V(t + aI} 


Cae eee ee 


(ckT)24 1 a 
6 iw ds 


* The electronic thermal conductivity is determined 
here, as well as at low temperatures, hy the mean free 
path for momentum transfer (and not by the mean free 
path for energy transfer, asis usual), since in trans- 
forming the term ae Cis Ne) in our earlier paper! we 
did not take energy transfer into account, and conse- 
quently ignored the temperature part of the thermal re- 


sistance at low temperatures, a procedure which is 
justifiable only in the vicinity ofthe residual resistance. 
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We are now in a position to calculate the kinetic 
coefficients in the transfer equations. The cal- 


culations show that, in the absence of spatial 
gradients, the results obtained in the first ap- 
proximation in kT (1+ a)/e with the aid of the 
nonequilibrium distribution function (4.5) agree 
exactly with the results of the first approximation 
in k@/p, obtained with the aid of a distribution 
function similar to the equilibrium function (4. 2) 
with a temperature ©, determined from (4.9). Con- 
sequently, in this approximation for the galvano- 
magnetic phenomena, one is unable to say anything 
about the dependence of Oy Lin Eq. (4.5)] on 
energy. The form of the electron distribution, 
which depends on the relation between electron- 
electron and electron-phonon interactions, plays 
a secondary role in comparison with the primary 
effect of the heating of the electrons, which is 


determined by the field and by the electron-phonon 
interaction. Therefore, even for large heating, say 
for kT (1+ .0)/e >> 1 (obviously, this case cannot 
be realized for metals), the results obtained 

with the help of the functions (4.2) and (4.5) differ 


little. 
In the presence of spatial gradients, the differ- 


ence in the forms of the distribution functions 
(4.2) and (4.5) can be told in advance from the 
magnitude of the thermoelectric coefficients. This 
becomes apparent if one considers that thermo- 
electric phenomena are rather minute effects in the 
theory of metals, which appear only in the absence 
of total degeneracy. Here also the difference did 
not amount to enough that it was necessary to com- 
pute it for a qualitative study of the primary effect 
of the influence of the heating on the magnitude of 
the thermoelectric coefficients. For example, the 
equation for the thermal electromotive force, de- 
termined as the coefficient of VT [in gq. (4.14) 
the coefficient was derived with reference to the 
electronic temperature ©] takes the form, for the 


case (4.2), 


4.16) 
Xr = 7 + 2°) 


mee (li aye fe d 


raw ae (EON)| 


I 
[© =7(1+ 0%) is the temperature of the elec- 


trons], and for the case (4.5) 


(4.17) 


1 mee? (1 +09)? e 
| Cie Lun (i -+-«) dz 


£9 


- [LoN (1 + @)] \ 
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From the above it is clear that for understanding 
the principal characteristics of most of the ef- 
fects, it is quite possible to use a distribution 
function of the form (4.2), even though the 
equilibrium distribution may not in fact be realized. 


At the same time, calculations carried out with the 
function (4.2) are made considerably easier. 


5. GALVANOMAGNETIC AND THERMOELECTRIC 
PHENOMENA 


Before proceeding with an investigation of these 
phenomena, let us say a few words about the char- 
acter of the hypotheses which have been made and 
the experimental conditions which they presuppose. 

For the determination of the temperature of the 
electrons in the case of a single stationary field 
[ Eq. (4.8)] we implicitly assumed that the tempera- 
ture of the lattice, 7, was given, and did not con- 
sider iq. (3.11) at that time, since it follows from 
this equation that 


(Opad)( BL = div Wie —G Oy), 


that is, the total flow of energy given up by the 
electrons to the lattice has to be able to be re- 
moved by thermal conduction in the lattice. On the 
other hand, in throwing away the term div W, in 
Eq. (3.6) we actually assumed that the inequality 
V(x, V Py SS ye x, V@) was satisfied. With the 


weakening of this inequality, the relative heating 
of the electrons decreases, and in the case of the 


reverse inequality there is no noticeable heating. A 
similar relation can be satisfied either in the case 


V@ = 0, that is, when the transfer of energy by 
electrons to an external medium at the boundaries 
of the conductor is somehow hampered, or in the 


case % it i 
p> %-- For good conductors, it is known 


that the latter inequality is not satisfied, not only 
for high, but also for low temperatures in the region 
of residual resistance, because in this region 


Xp ~ Coley) ~ NR (RT | 29) lepd 


> Xp ~ Cplp, Us ~ Ma (T / Oy)? ley Vs. 


Furthermore, the current density for which the 
relative heating of electrons (@ — 7)/T remains 
appreciable is so large, in the case of metals, that 
the heat evolved simply cannot be removed from 
the surface of the conductor. The latter difficulty 
can to some extent be ameliorated by placing the 
conductor in liquid helium, which possesses a very 
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large thermal conductivity. However, this does not 
save the situation, in view of the inequality x, 

<< x, in the region of residual resistance. Con- 
sequently, it is impossible to obtain noticeable 
related heating of electrons in the stationary case 
for metals. For semiconductors with classical 
statistics the inequality x, << x, leads to the re- 
quirement n <<njl,u./l,,~ vn,/v and is realized 


for many semiconductors. 

In the nonstationary case the equation for the 
temperature © (4.8) is somewhat changed. The 
temperatures © and T are determined from Eqs. 
(3.6) or (4.14) and (3.11), which, considering that 
e,=¢,0, «= cf, take the following form in the 
absence of heat exchange with the surroundings: 


c.08 / dt + (9 —T)/ BT = j?/o, (5.1) 


6,0F fot — (8 —T)\/ BT = 0. 


For squared current impulses lasting for a length 
of time t >> Tr = cc, FB/(c, +¢,) (for metals 


Tr ~ 10°18 sec), along with the assumption that 
Coes fe and BT do not depend on the tempera- 


ture, the solution of the system of iq. (5.1) gives 


5.2) 
feet Perea Rett) (ence). 
6—T >= Rf / (P+ ce), (5.3) 
@ —T = TBR)j*cy | (Cp + e); (5.4) 


where 7, is the initial temperature, and R = 1/o. 


Equation (5.4) remains valid also if Ci, C,, etc., 


e 
do depend on temperature, provided only that c 
>> e¢,. This formula differs from Eq. (4.8) only in 
the factor e /(c, +c, ), which for metals can be 


markedly less than unity only at low temperatures. 
Thus for the momentum process the relation c 

>> c, is the most advantageous one for realizing 
electron heating. 

We will state some final results for the effects 
mentioned in the heading of this Sec: 

1. Electrical conductivity. If we calculate the 
temperature correction for k @/p << 1 in the usual 
way, and recall that the results obtained for the 
galvanomagnetic effects, obtained using Eqs. (4.2) 
and (4.5), are identical here, we obtain 
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(5 — 39) /o = (20 / <9)? Axo (5.5) 


= (AT)? (1 + a)? Ayo / £0, 


where dy is the electrical conductivity for weak 
currents, a? is determined from (4.9) with H = 0, 
and 


(5.6) 


2 2 
AG & 
yee 
6 LuNet—l 


qd2 
{as (LoN2") 


—— (Lover) 
is a coefficient of order of magnitude unity under 
ordinary conditions. 

As already discussed in previous papers”’°, de- 
viations from Ohm’s law, according to Eq. (5.5), 
can be approached for experimentally attainable 
current densities only for poor metals like bismuth. 

2. Resistance changes in a magnetic field. We 
can obtain a relation siniilar to (5.5): 


ae eee + o,,)2 AL triers] (5.7) 
ae Pia 9 GE a) te ie i 
where the coefficients A” differ from Eq. (5.6) for 
A by a factor 1/8™~* outside the curly brackets 
and a factor B”” LAC Ve B7) in the parentheses 

(B =eLH/cmv). 


For small currents, 


Oo 


= 0, the result agrees 
with the well-known result obtained for the iso- 
tropic model of a metal in the usual theory, which 
predicts a change in the electrical conductivity in 
a magnetic field fork7B/e ~ 1. An accurate esti- 
mate, which answers to experimental fact, is cb- 
tainable only from an anisotropic model (non- 
spherical Fermi distribution in momentum space ) 
and indicates a magnetc field dependence for 

(6 ~ 1. Our original equations were not applicable 
to the anisotropic model, and consequently we 
Cannot say whether ornot Kq. (5.7) is changed in 
this case. However, the fact that a, and 6 in 
iq. (5.7) correlate suggests that in an anisotropic 
model in a magnetic field, deviations from Ohm’s 
law might set in sooner than the isotropic model 
would predict; namely, for a,, ~ 1 instead of for 
uykT/e~ 1. Furthermore, for those metals for 
which the change of electrical conductivity in a 
magnetic field does not undergo saturation, the 
factor in (5.7) depending on the magnetic field 
can become large enough to reduce the magnitude 
of the current, so that we might expect a depend- 
ence of the electrical conductivity on the current. 
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For strong currents, changes in the Hall constant 
are determined by a formula similar to (5.7), 
For thermoelectric phenomena the temperature 


of the electrons for weak currents is determined 
from the equation [ see (4.14) and (4.16) ] 


Be aeirl ed 5.8) 


= Bj? /s—(Bj0/e)dbO0/dx =a, + epi 
where the thermal electromotive force x = 6© and 


b= lew] ae LoM)], 


for the case kO/p << 1. 

Since the thermoelectric phenomena appear as 
second order effects in the theory of metals, 
vanishing for complete degeneracy, their devia- 
tions from linearity have already set in for u ~ 1, 
instead of for .kT'/e,) ~ 1, as in the case of the 
electrical conductivity. 

3. The Thomson coefficient | b = const, © 
= @(x)]. 


6=—Qr/ j= 010 /e 


(5.9) 
will depend on the current for u ~ 1. However, for 
such a value of o the required currents are already 
so large that in Eq. (5.8) « >>up. This circum- 
stance makes it impossible for us to detect the in- 
fluence of changes in the direction of the current 
on the temperature. 


4. The Peltier coefficient [@ = const, b = b(x)]. 
(2) 5 
= \ @, x= <Ab, (5.10) 
i (1) 
where Ab = 6, — 6, is the change in the quantity 
b over the region Ax in going from one metal to the 
other. The temperature of the electrons in this 
region is determined from Kq. (5.8), in which it is 
necessary to set /db@/dx ~~ @OAb / Ax. In con- 
trast with the Thomson effect, in the Peltier ef- 
fect the coefficient «, can approach unity for 
currents for which «,_ is still small compared with 
1. This occurs because of the smallness of the 
transition region Ax. However, the impossibility 
of controlling the temperature in the momentum 
system over such a small region as Ax apparently 
deprives the Peltier effect of this advantage in 
practice. 


Ty. = 
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5. The resistance of a polycrystal. It appears 
that there is a medium, nevertheless, in which elec- 
tron heating at the expense of thermoelectric heat 
can still be observed. This medium is a semi- 
conductor, between whose individual grains a con- 
tact potential difference can exist. Ry a simple 
analog, this structure can serve as a closed circuit, 
consisting of fragments of two dissimilar metals. 

If the contacts exist at the same temperature, then 
the contact resistance of such a circuit will be 
zero, in accordance with the fact that the thermo- 
electric effects at different junctions have opposite 
sign. However, precisely because of this differ- 
ence, the temperature of the electrons in the region 
of contact will, depending on the sign of o.,,, either 
be greater or less than the average temperature of 
the electrons in the conductor. Determining the 
potential difference over the region h, inside of 
which there are two contacts, 


ee \ Edx = \ (ils + (z/e)dA/dx) dx 
h h 
[for a closed circuit fAydx =0 and, consequently, 
f(Ab) dx =0] we obtain, fora _<lta 
7, tr 
2B 


Fahy (Tlie) (1 + a2), OUD 


Vn = jhRy| 1+ 
In = [T,, (T). 


Applied to a polycrystal, (5.11) gives 


(5.12) 


Oyiet Ss R . R, AR 


o eee 2 
2B (IT),)*6, 


PRT Ny (1 + BPR»), 


where Ay is the linear dimension of an individual 
grain, Ax is the width of the transition region be- 
tween them. Actually, on account of the thermal 
conductivity , which we did not take into considera- 
tion, this region will expand, although it will not 


exceed the dimensions of Ay. 
For a,, < 1 the additional resistance will not 


depend on the current density. If we take ss 
ei ET PV eb ye: then for low temperatures (for ©, 
<1 1G the effect is insignificant) we obtain in 


order of magnitude 


(5.13) 
Ye GT TNS al S Lpvh 04 2% 
R ~ ne e) AxAy  AxAymv? Ge r 
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[noting that =1_,~ (vh/ak®,/T)}. The quantity 
1, vh/ Ax Ayniv? ~ 10°' [for 1, ~ 10°, »~ LOes 
v2 ~ 1011, Ax ~ Ay ~ 1073), so that AR/R ~ 1 
for T/®, ~ (@,/ Lee 

This region of temperature is attainable only for 
conductors with low degeneracy temperatures (i.e., 
with small numbers of free electrons). Thus, for 
poor conductors, in the momentum regime, one can 
attempt to observe a reversal of the temperature de- 
pendence of the resistance in the low temperature 
region. 

The theory which has been developed is entirely 
applicable to semiconductors, which in a series of 
cases have a region of temperatures in which the 


conduction electrons are degenerate, and for which 
it is impossible to use classical statistics. Re- 
cently, more and more evidence has appeared for 
the existence of these regions at low temperatures, 
even for pure semiconductors!?. For such semi- 
conductors an increase in resistance with decrease 
in temperature can also arise in the stationary 


case at low temperatures, in accordance with Eqs. 
(2.12) and (2.13) (x, <x, at low temperatures 


because of the small number of electrons), in 

spite of the fact that the conductor ought to possess 
metallic-type conductivity in the region of degener- 
acy. 

An investigation of the electrical properties of 
semiconductors in strong fields in the region of de- 
generacy has an advantage over an investigation 
in the region where classical statistics apply, in 
that in the first case it is much simpler to solve 
the problem of the number of free carriers of charge, 
whose increase with field apparently sets in long 
after the field has removed the degeneracy. This 
situation contrasts with that for the high temperature 
region, where classical statistics are obeyed, where 
it is impossible to be absolutely certain that the 
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increase in the number of free electrons with field 
shows up in the electrical conductivity and in other 
effects later than in the relative increase of the 
temperature of the electrons. On the contrary, there 
is reason to believe that the hypothesis, on which 
other work has been based?’!?, concerning the in- 
variability of the number of charge carriers with 
field down to the critical fields where Ohm’s law 
sets in, is in general wrong”. 

In conclusion, I express my profound gratitude 
to V. L. Ginzburg for his interest in the work and 
for his valuable comments. 
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The cross section for capture of two electrons by a fast a-particle colliding with a 
helium atom is calculated in the Born approximation. 


4 ees effect of charge exchange, which occurs 
when positive ions pass through matter, has 
been studied thoroughly, both experimentally and 
theoretically. But in most cases, only collisions 
with single electron charge exchange have been 
considered. Recently, Fogel’, Krupnik and Safranov!, 
in the study of the processes of charge exchange 
of protons in gases, have observed the capture of 
two electrons in a single elementary process. They 
found a value of o = 2.3 x 10-18 cm ? for the cross 
section of a 2] kev proton transformed into a nega- 
tive H” ion in the collision with a hydrogen mole- 
cule. 

The theory of multiple charge exchange can be 
treated by the same approximation methods as those 
used forthe theory of atomic collisions;” 
these permitted the computation of single electron 
processes. For instance,? we used the method of 
perturbing the stationary states to determine the 
cross section for the simplest two-electron process 
Bete File" in tle case where.the velocity 
of the proton is much smallerthan the velocity of 
the electrons in the atom. In the present paper, the 
opposite limiting case of fast collisions is con- 
sidered, and the Born approximation is applied. 

Let us consider the case of the collision of a 
two-electron atom containing nucleus 1 (atomic 


number Z, mass number A ,) with a nucleus 2 
Zs »A, ); as a result of the collision, both 


electrons are captured by 2. If we separate the 
center-of-mass motion, the Hamiltonian of the 
problem can be written in the form* 


H = —(1/2py) Ap + He 4) 
—Z, Ofer + Yr’) + ZZ.) |r — 81; 


where r and r’(s, s’) are the radius vectors of the 
electrons with respect to the nucleus | (2); p is 
the radius vector of the center of mass of the 
two-electron atom 1 with respect to the nucleus 2; 


ly = MA, (A, 4 2e}(A, tA, + 2¢)! is the reduced 


*All the magnitudes are expressed in the system 
where 7 =e =me= 1. 


mass (€ = M7! is the ratig of the electron mass and 


the nucleon mass); and H, is the Hamiltonian of 
the two-electron atom 2 


Ay =—5(1+ z=) (ds + ds) (2) 


€ - 1 | iI 
sar a\veVs') t,(= oe rea 
We denote by Nel s, s”) the orthonormal eigen- 
A 
functions ofthe operator //, 


ae 2 
Hoye =e ye 


The function eee describes the ground state 
of the atom 2, and We 


the electrons in this state. 
We seek a solution of the Schrédinger equation 


HY = WY in the form 


Y = >) Fn (p) x2)(s, 8’). (3) 


is the binding energy of 


We have the following equation for F 9(p) 


(Ao + kz) Fo (p) 
=— Qe \\ dsds’' x2” (8, 8’) V (p,s, 8‘) ¥ (p, 5, S'), 


V=Z,(\frtifr’—Z/|r—s), © 


Ry = 2u,(W—-W9))= 2ueBsi 6) 


where E, is the kinetic energy of the outgoing 


particles in the center-of-mass system. We are 
interested in the solutions of (4) which behave, 
at large p , as Fy (p) ~ ptet*oP f( 9). Obviously, 
Ug : p 
j(o) = 2 (\\apasas | 
; % 7) 
eee ya" (s,s) V (p, S,S') ¥(0,.S, S) 


and the cross section for the capture of the two 
electrons into the ground state of atom 2 is equal 


as da = (hs/k,)|f (9) P- dQ. (8) 
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The above equations are exact; later we make 
the following approximations: 
Born approximation: the wave function in (7) 
is replaced by the expression 


Ss Atlas DONG Gt ub) (9) 


where @ is the radius vector of the incoming nucleus 
1 with respect to the center of mass of the two- 
electron atom 2. 

2. The following approximate expressions are 
used forthe ground state wave functions of the 
atoms | and 2 


AAs Spe \ ee CTP! 

XD = (a3 / x) e—ertr), 

: (10) 
12) = (08 |) emeaet, 


The criterion for the validity of the 3orn approxi- 
mation is usually given by the inequality Z,Z,/v 
os 1 but the study of the single electron ee 
Hi* +H -H +H* has shown? that the Born approxi- 
mation gives results in good agreement with the 
experimental data for smaller velocities, down to 
v~ 1. Apparently this is related to the fact that 
in the initial state as well as in the final one, one 
of the colliding particles is neutral, and the Coulomb 
interaction practically vanishes for distances some- 
what larger than the atomic radius. Therefore a 
plane wave is a sufficiently good description of the 
motion of the atom and of the ion, even for not very 
high energies. 

The same situation takes place inthe case of a 
two-electron capture by the process 


He** + He-> He + He** (11) 


In this case, the criterion for the validity of the 
Born approximation is not obvious. 
4v < 1, then E,,, 


the condition to One 2 (where v 


If one requires 
2 1.5 mev; but if one relaxes 


o=& is the mean 


velocity ofthe electrons in the helium atom), the 
condition on the energy becomes weaker: E, ,, 
> 0.3 mev,(Note that in the case of proton charge 
exchange in hydrogen, both criteria coincide: 
v~1,) Notwithstanding the fact that the nuclei 1 
and 2 are identical in the process (11), the sym- 
metrization ofthe wave function is not necessary 
because, for high energies, the nuclei are practi- 
cally distinguishable. 

Fort he sake of simplicity, all the following for- 
nulas refer to the process (11); their generalization 
to the case of arbitrary Z and A does not present 


GERASIMENKO AND L. N. ROSENTSVEIG 


any difficulty. 

After an obvious change of integration variables, 
the amplitude f (v ) for a double charge exchange 
of o-particles in helium is equal to 


f (9) ~ 4 (Jy — Je) /nSe02; 


(12) 
J,=(aReer\ = eaixr—r—(r—RI 
Soe = nee (13) 
x\dr'e ivr’ —r'—|r Ri 
jp =[4Reiee (dee merie-aijt, 10 
- vd el ky _ _¢ (ky + ks) 
e= (bk reg) *= pene 5) 
Re = ky = k? = (2/e) Elab; 
(16) 


~ cosd = (k,k,)/k?, « = 1.69. 


Let us express the integrals ‘I and a in a form 


suitable for numerical ite gia tont We Beh 


Q(R) =\ dr exp(—ixr—r—|r—R) 
in a Fourier integral 
Q(R) = 5 \dgetR (I ey + E+ HT, 
using the identity® 
an =| 
; 


1 DES b 


6x (1 — x) dx 
[ax + b(1—x)]* ’ 


, 2 
letting a = =1+€& ;we denote 


pax — dF I, geo — 9) = as 


We then have 


Q(R) = (48/5) Jara — 2 


xe—ixxR 
0 


x\ (a? + pryta nei 
1 

= QV 2xR° el dx (1 — Xx) im Sl2e—ixexR Ks), (pR); 
0 

the integral J, is equal to 


J, = 4853 


oes 


ze 
\ dx dy xy (1 — x) 
0 (18) 


SCS yp eo) 


TWO ELECTRON CHARGE EXCHANGE 


Fy=3 + 2 (2p? + 3pq + 2q?)d 
+ 8 (p* + 2p°q + 3p*q? + 2pq? + gt)? 
++ 48pq (p? + q?) (p + 4)? 23 + 128p%q? (p + gq)! 04, 


(19) 


l/k=(p +9)? + [g—(x+y)x]}?. (20) 
Similar manipulations yield 
J, = 38453 
ts 
x \\ dx dy xy (1 — x) pq 8F, (x, y), OD 
00 


F, = 4° + 2p(p + q)? (p? — 2pq + 3g?) (22) 


+ 16p?q (p + gtk, 


It ts easy to see that for energies Pye, ob me, 


when the Born approximation begins to be valid, each 
of the magnitudes p, q and x” does not exceed a 
few units, and k? ~ 108 ; therefore, for 9 >>1/k 
~ 10-4: 


At = 2(1 + pq) + (l—x—y + 2xy) 2? 


+ (4k?/a2) sin? (9/2) 
~ (2k/a)? sin? (9/2) > 1, 


Formula (18) becomes 


i 

367302 /( 

a= Sasa (\ 
0 


and since, forh<<] J, << J, , the amplitude f ( ) 


is equal to 


and F, = 3. 


dx (1— x) x 2 
[x2x(1—x)-+apley ’ 


i (3) =— zea |! - (jz) cos? s|-. (23) 


The contribution to the charge exchange cross 
section o from angles J > J. ~ 10™ to 10° 


amounts to 
1—(%/2)? 
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dll 


For angles J < Jy the integrals J, and J, 
were obtained by numerical integration. 

The results of our calculations of the cross 
section for the process (11), as a function of the 
energy of the incoming o-particle in the Laboratory 
system, are plotted in the graph. When comparing 
with experiment, one should remember that the 


capture into excited states of the helium atom has 
not been taken into account. 


We are indebted to Ia. M. Fogel’ who brought 
our attention to the experimental data on double 
charge exchange. 
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The kinetic theory of the oscillations of an electron 


lasma in a constant magnetic field 


is examined, An investigation is made of plasma oscillations of frequencies which are in- 


tegral multiples of the gyromagnetic frequency. The indices of refraction are determined 
for the ordinary, the extraordinary and the plasma waves which are propagated at an arbi- 
trary angle @ with respect to the magnetic field. It is shown that at frequencies which are 
integral multiples of the gyromagnetic frequency the plasma wave is highly damped if 


0 <7/2. If 6 ~ 7/2 then the plasma waves corresponding to these frequencies cannot be 


propagated at all. In this paper the width of the 


plasma oscillations is determined. 


‘saps’? in the frequency spectrum of the 


Tue study of electromagnetic processes in elec- 

tron plasmain anexternal magnetic field is of in- 
terest for a number of problems in radiophysics 
and in astrophysics. 

In the absence of external fields the oscillatory 
properties of the plasma have been studied in the 
papers of Vlasov! and Landau”. A characteristic 
feature which distinguishes plasma from other 
media from the point of view of the propagation of 
electromagnetic waves is the possibility of the ex- 
istence in the plasma of weakly damped longi- 
tudinal electromagnetic waves (plasma oscillations). 

The presence of a magnetic field leads to an an- 
isotropy of the properties of the plasma and also 
gives rise to a number of characteristic resonance 
effects. The properties of an electron plasma situ- 
ated in a magnetic field have been investigated on 
the basis of the kinetic theory first of all by 
Akhiezer and Pargamanik3, and later by Gross 
who showed the existence of bands of forbidden 
frequencies, which are integral multiples of the 
gyromagnetic frequency, when the plasma wave is 
propagated in a direction perpendicular to the di- 
rection of the magnetic field. Subsequently, the 
properties of plasma in a magnetic field have been 
studies in Refs. 5-7. In particular, Gershman® 
investigated the influence of thermal motion on the 
propagation of electromagnetic waves in the plasma. 
The theory of the propagation of electromagnetic 
waves in plasma is given in the hydrodynamic ap- 
proxiniation in the monograph by Al’pert, Ginzburg 
and Feinberg®. 

The present article is devoted to the investiga- 
tion of the oscillations of an electron plasma in a 
magnetic field on the basis of kinetic theory. 


a 


1. THE DISPERSION EQUATION 


We shall examine the free oscillations of a 
plasma in a constant and uniform magnetic field 


H. Small oscillations of such a plasma are de- 
scribed by the linearized kinetic equation 


Of 
Ot 


Of aie e Ct en 
“aM or tern E ayo ghame Nth ae =U 


where f(r, v, ¢) is a small deviation of the elec- 


tron distribution function from the Maxwellian func- 
tion 


fo = Mo (m/QxT)%2 e-mv3/27 


1, is the equilibrium electron density, e and m are 
the charge and mass of the electron, J is the 


plasma temperature, EF. is the self-consistent elec- 
tric field, determined by the equation 


AE — grad div E — c0°E /dt? = 4nc~°0j / ot, (2) 


where j is the electron current density 


j=e \ vidv. (3) 
The properties of electromagnetic oscillations 
propagated in an unbounded electron plasma after a 

sufficiently long interval of time after the intro- 
duction of the initial disturbance are described by 
the dispersion equation which relates the frequency 
of the oscillations w to the propagation vecior k. In 
order to find the dispersion equation we shall 

look for the solutions of Eqs. (1) and (2) of the 


forn; 


y(t V, t) — Tiwe ke «) el(kr 2/9 


E(t, t) = E(k, «)etkron, 4) 


i) 
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Substituting (4) into (1) and (2) we shall obtain a 


system of equations for the amplitudes f(v, k, w) 


and E(k, w): 
i (kv —) f +- e (Ev) f’) — oy Of /03 =0, (5) 
— RE +k (kE) + (o/c?) E = — iF o\ vidv.(6) 


Here is = Of,/ oe, €= mv2/2, Oy = ell/mc is the 
gyromagnetic frequency of the electrons and J is 
the polar angle in the velocity space (the Z axis 
is directed along the magnetic field H, and the 


angle J is measured fromthe plane containing the 
vectors H and k). 


The integration of Eq. (5) yields 
S 
e@ : ae 
i (v) age tot=P ee \ «) do} 


0 


S v 
a aed eh 
vexp{—— | (kv —a ay} di +c}, (7) 
xi) Oe \\ )dy} dy 
where the constant of integration C is determined 
from the condition of periodicity f( v¥ + 27) 
afd ): 
an oe 
i 
i q — k == av} 
C eal v—wo) dt 


0 


x di/ E —exp = \ (kv — o)d9}| 


Substituting (7) into (6) we shall obtain a system of 


equations which determines the electric field of 


the plasma waves 


3 
3} (2 (%2e — Fin) a 
k=1 


eer) oar =11)29). 


Here n = kc/w is the index of refraction for the 
wave of frequency w, *; = =k. j/k and ey is the di- 


electric permittivity tensor of the Be in the 
magnetic field which is determined by the expres- 
sion (see Ref. 7), 


(9) 
Sey COR eae a pelle - No foexp (da sin 9 4- 180) 


O® 


x ie exp (-— ia sin» — (8b) db + Cah dv, 


where 


: 


x= R,vU; [oy > == = (k,0; a @) [Op . 


The dielectric ates tensor introduced 
above depends not only on the frequency w, but 
also on the propagation vector k, i.e., the plasma 
is a medium in which the dispersion Hoven both 
on space and time®. In such media the value of 
the vector of the electric displacement D(r, t) at 
the point r and at the instant of time ¢ is determined 


by the values of the field E(r’, ¢’) over all space 
and at all instants of time. 
Taking into ey the fact that 


ewe sin dy — y J aXe 


n=—oo 


et: 


on 
\ eixsin Y—indgh = InJ, (a), 


0 


(10) 


and also using the well known recurrence relations 
for the Bessel functions J (a), we shall write the 


components of the tensor ¢,, in the following form: 


Q2 42 4 


@2 (11) 
= —7272 1/9 ev" ; 
x) Ff tee at) aty | Fay; 
n=—oo 0 C 
OQ? 42, 
Sip o V5 
x y 2A pets (st) J, (at) at\ 2 dy; 
x n nl : 2 ay 3 
n=—o is) 
Q? 4z, 
Sr ate 
Xe Ss 2 ( te-2p (nt) at | dy; 
> WN mn ~ Zn,—J ? 
n=—o 0 é 
Meera Oy \ fe “Fe 0d) de| 
n=—oo 0 
. QO? 4z5 
B= Ot Va 
Se at\ 2 
i Vices In (nt) Jy (AE) p= ; 
n=—o 0 ce 
Oe te See 
a= lay 2 Sac P| it) YO 5 4: 
—oo 0 
Sse a eien  §8i — 182) oe ee 


s=V3T/m, a=YVT /4xnge 


(a is the Debye radius, Q is the Langmuir fre- 
quency ). Integration over y in (11) is carried out 
along the contour C along the real axis going around 
the singular pointy = z, on the lower side. : 
The systen: of equations (8) has a solution dif- 
ferent from zero provided its determinant is equal 
to zero. This dispersion equation, which connects 
the frequency w and the propagation vector k ofthe 
electromagnetic wavesin the plasma, can be writ- 
ten in the form 


An*+ Bn?+C=0, (12) 


A = 2,, sin? @ + ¢5, cos? 8 + 2s,,cos@sin@, (13) 
B = 2 (£98 3— £9213) COS 8 sin 8 


2 2 brea 
— (99233 + £23) COS” 0 + S13 — £41 S20 


(Seas 3) Siri). Css be], 


@ is the angle between the directions of H and k 
(%,=sin@, x, =0,%,= cos@). 

In the general case, the dispersion equation (12) 
is quite complicated, and therefore we shall re- 
strict ourselves to the examination of the limiting 
cases of a weak magnetic field (@, <<) and 
““low’’ temperatures (oy Sp he). 


ee ee EE ee 


2 


2¢,—uv(2e,+sin?0)+ {[2e>—uv(2e)+sin26)]?—4(e,—uvsin?0)[e8—eyuu(1-+e)]}'? 
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2. WEAK MAGNETIC FIELD 


In the case of a weak magnetic field (oy <<) 
it is convenient for the calculation of €,,, to start 
not with Eq. (11), but directly with Eq. (9). In- 
tegrating over w in (9) by parts and noting that for 


|z| = (3/2)|(@/ks)| >> land |Imz| <1 


we obtain for the components of the dielectric per- 
mittivity tensor the following expressions 


£41 = 9 — kav? (cos? § + dsin? 6) — uv; (15) 
. VEER 
Sig = — Sq) = —i VY UY; 
S13 = $3, = — 2k?a*® cos O sin 602; 


== €, — ha20*? — uv; 
£33 == 9 — k?a*v? (3cos? 6 + sin? 0); 


£39 


Here 6.2 1— Q7/w? is the dielectric permittivity 
of the plasma in the absence of a magnetic field, 
v207/ ou = on / a”. Using (15) we write the 
dispersion equation (12) in the form 


2 
2, unt —(2 — uv sin? 6 + 5 00) nt (16) 
2 
4- [2:2 — uv (22) + sin? 6) + 2 za0e8 |p. 


— ep + equu(1 + ¢) =0. 
Neglecting terms in (16) which are proportional 
to $7/c* << 1, we find the indices of refraction for 
the ordinary and the extraordinary waves 


(17) 


Nhhe= 


For the index of refraction of the plasma wave 
n, we obtain the following expression in the case 
Gee: 


ny = (e9 — usin? 8) c? / s?. (18) 
If Ey = 1, then the third solution of (16) does not 
satisfy the condition |z| >> 1, under which Eq. (16) 
itself has been obtained. 


2 (€9 — wv Sin? 9) 


Expressions (17) and (18) hold if the terms in 
(16) neglected in obtaining (17) and (18) are small 
compared to the terms which have been retained. 
For this to hold it is necessary that the following 
inequalities should be satisfied 


|e) — usin? | > (s/c)s0, 


(s/-c)Vuz, (s/c)Vu|sin 9}. 
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In the opposite case, when 
3. STRONG MAGNETIC FIELD (LOW TEMPERATURES) 
(eo — usin? 0)<< (s/c) Vu|sino| 


We shall now investigate the dispersion equa- 


ee ov tion in the case of low temperatures (A << 1). Far 
from the resonance frequencies (|Z, | >> 1) we 
ne i. (19) may use the asymptotic expression (14) for the 
7 ate a ap ee J ok integrals along the contour C in (11). Expanding 
nz =Vusin§|c/s (|sin 0| >> s/c Vu). the functions J, (At) and J,(At) in series in 
f bt t . 
In the case 6 = 0 and «, = 0 all three solutions of ped ie ohrsiiishe aeen eres 


for the components ; 
(16) reduce to zero. 


oy = 1 —0/(1—u) — are? [TEE cost + 3 (1 —u) (1 — 4u) sin? 6]; 


ep = —iv Vu/ (1 —u) — ik’a’v? Vu [(3 + u) (1 — nu) cos? 9 
+6(1 —u)1(1 — 4u)? sin? 6]; 
S33 = — 2k?a®v? (1 — u) sin Ocos 6; 


299 = | —v/(1 —u) — A?a?v? [(1 + 3u) (1 — uu) cos? 6 
+ (1 + 8u) (1 —u)1(1 — 4u) 1 sin? 6]; 
E93 = ik?a®v? VY u(3 — u) (1 — u) ? sin 9 cos 6; 
33 = | — v — k?a?v? [3cos? 8 + (1 — u) 1sin? 6), (20) 


The terms in (20) which are proportional to 
(ka)? take into account the thermal motion of the 4—u—v-+uvcos?8 (22) 


electrons in the plasma which determines the see 1—u 
Geena ga Bade tone, 
fon, C, of Bq. (12) 

A=A,+ Ayn’; (21) ee 

Pee Br C= CC. 
A,=— $50 {3costb + “SSE cost G sin? + ayy sit} 
Eee = {- Gea Y) cos? 6 sin? 6 
iy eis cee — [ad —u—v ) (3cos* 6 aah pil = + (1—v) (a cos? 6 + | 
rear bee a ae = cos? 6 + sin? 4 = a ——— }}; 
6, = — So Pe te oH ng Um A) aint 
ate eileen a —— ( 8cos?6 + “ = (23) 


Se eee 
The coefficients A a? B 1” C) Beate Gre Prepor Thus the dispersion equation (12) takes on the 
tional to s?/c2, represent corrections to the hydro- form: 


dynamic approximation A =~ A), 8B = By), C= Cy. 
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(24) 
A,n® + (Ay + By) n* + (By + C)) 0? + Cy = 0. 
The three roots of this equation ae ne and Be de- 


termine, respectively, the indices of refraction of 
the ordinary, the extraordinary and the plasma 
waves. 

Neglecting the terms in (24) proportional to 
s?/c*, we obtain the indices of refraction of the 
ordinary and the extraordinary waves in the hydro- 
dynamic approximation 8 


fa Wa (— Bye BP 4A,C,)\/ 2A). ©) 


Taking into account the thermal motion of the elec- 
trons we obtain 


rh = (1+ es) Me, ee 
©, = — (Ayn + Bint, + C,) / (2A on’. + By), 
| o4 | ee Ils 


Since under the usual conditions s”/c” << 1, the 
thermal corrections to nt 9 are very small. 


If the absolute value of A, go = wo?) 


sun = wo?) /@@*~a7) is small compared to 


2 2 


unity, i.e., if w” is close to @, tow, 


2 = 1, (QO? + w2, (27) 


+ Va (Q2 + @2,)? —40?w2, cos? 9), 


then from (25) we obtain approximately, 


i = Cy Bi p= Be AS (28) 


Since B) (@)> 0 for w” = 4, then ne > +00 as 


2 : ; 
Bee cot ( or w_) from the direction Ae wo? (or 


ae <a) and ns OO aS Oo a; ( or Oa) from the 


direction w” > oo, ( or @* >w2). However, for 
very small values of Ae the expression (28) for 
ns no longer holds, since it was obtained under the 
condition 

S* | O <= | Ag (os) |< 1. (29) 
The condition (29) means that the ternis which were 
discarded in (24) in order to obtain (28) are small 


A.G.SITENKO AND K.N. STEPANOV 


compared tothe terms which were retained. 
For the index of refraction of the plasma wave 
we obtain by the condition (29) 


ng = —A),/ A). (30) 
Expression (30) coincides with the expression for 
cre which was obtained by Gershman.°® If 

|A,| 21, then the third solution of the cubic equa- 
tion (24) for n? does not satisfy the condition 
sn/c << 1, which must hold if the expressions 

(20) for «,, are to be valid. 

Let us now find the solution of (24) for |4,| Pee |. 
The index of refraction for the ordinary wave is de- 
termined as before by (29). We obtain the indices 
of refraction for the extraordinary and the plasma 
waves by assuming that for |A)| << 1 n2 ok 


Retaining the largest terms in (24) we obtain 


(31) 
Re 4s?A\B Pete 
Tg = Ao e =| ee) | eae 


In the limiting case Ap | >> s/c (31) leads to 
(28) and (30). For Ae | << s/c we obtain* from 
(31) 


n? = (c/s) V- Bo EA. (32) 


The second solution given by (31) will be negative 
in this case. 


4. THE CASE OF RESONANCE 


Let us now examine the case of resonance 
@ ~q@,- Assuming that in the integrals occurring 
in the expressions for €;, in (10) 


ule l4;=V%4lo—ay)/ ese 1 


and consequently that 


Sat 
é : 
( dy = = (i. 
Cc 


we obtain, neglecting terms proportional to (ka)2 


or to Zz, 


* For 6 = 7/2, (32) gives Gershman’s result®. 
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(33) 


eat 


es 3x ra 
V xs (as /c) cos 0” 33 = | -——v; 


mene AN 
i 


a) 


1s—= AUS 


We now substitute these expressions into the 
dispersion Kq. (12) under the assumption that n is 


5 [1A—(/asin?@-++-cos*6) v]n4, —[(1—v)(1—1/4v)(1+-cos?0) + (1—4/20) sin20 Jn 
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small,and retain terms proportional to c/s >> 1. We 
then obtain 


ae (34) 
Ny — Ne = sin 26 [1 -+- ae sin? § res Ub 


+V (1 +4/, sin? 6 — v)? — sin? 6(1 —v)(2—v)]. 


In the next approximation we find 


Thus, the electromagnetic waves are damped when 
@~@,- The order of magnitude of the damping 


Des — (1 + Ne) ie (35) 
So S cos 8 
3T cn, v (36) 
+ +(—v)(1—"/20) 
2sin? On®_ + 2u — 2 — sin? 6 : 
(37) 


coefficient is equal to s/c, i.e., it is appreciably 
larger than the usual thermal corrections to the 
indices of refraction of the ordinary and the extra- 
ordinary waves which are proportional to s2/c2. 


As the angle 0 is decreased n, ~ n, increases 
(n> eo ( 1») 6°" |; however, for small values of 


@ one cannot use expression (34) for n2 


1D since it 


was obtained under the condition 


oe lea ACY 


which means that the terms in the dispersion equa- 
tion which are proportional to c/s are the largest 
ones. 


5. LONGITUDINAL PLASMA OSCILLATIONS 


Let us now consider in greater detail the prob- 
lem of the longitudinal plasma oscillations. Asis 
well known‘, in the presence of a magnetic field 
the electromagnetic waves in a plasma cannot be 
separated into strictly longitudinal and transverse 
ones. However, in the limiting case n >> | we can 
distinguish a longitudinal plasma wave, the dis- 
persion equation for which may be written approxi- 
mately in the form: A(a@, k) =0. 

Substituting (9) into (13) we reduce this equation 
to the form*: 


* We note that (37) may be obtained directly by start- 
ing with the kinetic equation and with the equation 


divE = 47e f{ fdv. 


Ra? | —i2\4 fo els see 


—ix sin vied dh 
On 


nee 


or 
serie yt \ eix sin vrievdyl do = 0, 


0 


where 


a=k,vz,/04, B= (R202 —o')/o7, oO =o—71, 
@’ is the complex frequency [ we have replaced w 
by w’ in (9)]. In the future we shall take the propa- 
gation vector k to be real. Equation (37) then de- 
termines the frequency w and the damping y as 
functions of k. 

Making use of relation (10), and carrying out the 
integration over the angles in (37), and then over 
u, we finally obtain !° 


Oe are aes > lini (ye 


n=—o 


> (38) 
w= kis? (30H, Zn = V23/,-(@’ — nox) / eS, 


where / aC) is the modified Bessel function. 


For ke =0 (n= 0) the dispersion equation (38) 


has the same form as in the absence of magnetic 
field5, i.e., the magnetic field has no effect on 
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plasma oscillations being propagated parallel to 
iii 

In the case of ‘‘low’’ temperatures of the plasma, 
when p << 1 by expanding the functions /, (n) 
and e~H in powers of p and by using the asymptotic 
expansion of the integral 


(39) 


—iV re, (|z|>>1, |Imz|<1), 


we obtain 

eerste cat ) (40) 

eae One| 
ee | 


eee ale eeeray 
ue Le =e 
+ $a om) 
2 are. ae 
+3 = (e By ge) ae = 0. 
If we neglect the thermal motion of the electrons 


then (40) reduces to the dispersion equation of the 
hydrodynamic approximation 


from which we obtain the characteristic frequency 
of plasma oscillations in the hydrodynamic approxi- 
mation®: 


@? = 8 = 1/2 (OQ? + oF (41) 


EY, V (Q? + 02)? — 40202, cos? 6. 


Taking into account that ka << 1, we look for the 


solution of the dispersion equation (40) in the 
form 


For the corrections ¢, to the characteristic fre- 
quencies @, 4, we obtain the expression 
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as Rs? U4. (43) 
= ot [1+v,u, (l—u,)? sin? 0 


; eat 
Cos, ay 1, )cos® 8 sin? 0 
(ee 


sin’ 0 ii 
(i—u,) T—4u,) J’ 


U4 = 02/0, 


< {cos* 6 + 


LE 


20 ee 
Uy = Wy / Wy. 


Thus, in the case of low plasma temperatures 
(oy >> ks, ‘*strong’’ magnetic field), there ex- 
ist two characteristic frequencies of plasma os- 
cillation, which are determined by Eqs. (41)-(43). 
We obtain the damping which corresponds to these 
frequencies by taking into account in Eq. (40) 
terms which are exponentially small: 


(44) 


y= oF t 
Acris oe 8 Q (ka)? cos 0 (140202, sin20 / (0% — o?,)?] 


Xfexp {— 7 o/2Q2k%a? cos?6} 


p2a2Q? 
207, 


X sin? 6 [exp {— (@,2 — @g)? / 202k?%a? cos? 0} 


+ exp{— (0,3 + op)? / 202k2a? cos? 6}] +...}. 
[°xpression (42) was obtained under the condi- 
tion |z, | >> 1Cle,| << 1). Th OS 0, then ae 
=@,? @, (for Q <a, ), and, = @_ > w, (for 
@ > w, ). In this case the inequality |z,| >> lis 


not fulfilled, and the expressions (42) no longer 
hold. From the condition | Za >> 1 (or from the 
condition |«+4|<< 1), we find that the applicability 
of the Eq. (42) for @, with @, > Q and for @, with 


Ons G is restricted by the condition 


O52 Y 2ka | Q? — 03, | / Qo. (45) 


A unique solution w ~ exists, as may be seen 


from the exact dispersion equation (38) for 6 = 0 
and ka << 1. 


If Oy, < Q, then for certain @, and Q there 


exists an angle 0 = Om for which the frequency 
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w,, determined by (41), turns out to be an in- 
tegral multiple of Oy? 


@O, = May (m= 2, 3, ...). (46) 


However, the dispersion equation (40) was itself 
obtained under the assumption | z,|>> 1. There- 
fore, one cannot use expression (42) at angles 
close to 0, if (46) holds for these angles. In 
order to obtain a dispersion equation which is 
valid for = 6, one should retain the mth in- 
tegral in (38), and one should use for the other 


integrals the asymptotic expansion (39), as was 
done earlier: 


eras [2(2+5)-]] (47) 
+. (5) ate) gaa? 


If 7 is not close to 7/2, then assuming that 


et? 


|2m|<<1, \; eT ae 
Cc m 
we find w’= MO, — bY,» where 
(48) 
V xm? sin?’6 
Be 73a! cos? 84 4 m* Gn — 4) 7 tg? 6) 
Rs \2m—4 
x { — | ks 
- 
Gi DeBite. 2): 


Thus the waves with frequencies which are in- 
tegral multiples of w, are strongly damped for @ 
not close to 7/2. The damping coefficient y, is 
proportional to (ks/oy )2m—4 and decreases as m 
increases. For m = 2 the damping exceeds in order 
of magnitude by a factor (ka)! the usual thermal 


corrections to the frequency. 
If 6 =~ 7/2, then assuming that 
m 


—y? = 
\ eet age hep lesa t 
Zm 


mnie 
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we obtain 


© = Moy Lem, Em a2) 


= (m? — 1) (2"+13"—1!)—h (fg / cop,)™—2fs, 


Thus, for 6 = 7/2 and for a given magnetic field, 
longitudinal waves with frequencies inthe range 
MO —€, <@ <mw, +€, cannot be propagated in 
the plasma. The width of the ‘‘gap”’ 2«, decreases 
as m increases. Gross‘ has pointed out the ex- 
istence of such ‘‘gaps’’ and has computedthe value 
of er 

Finally, if @, ~ Q, Eqs. (42) are not applicable 
for small 6, since in such a case the condition 
|z,| >> lis not fulfilled. In this case the exact 
dispersion equation (38) takes on the form 


03 620 ene (50) 
1 — —{ —- —__—_. \ dy = 0. 
 2V2keOVe J ay ae 
Assuming that | z,| << 1 we find that 


T= MaV = /2 (6 /ka)Q; 0<2V ka, 


i.e., for a, ~ © the plasma wave of frequency 
wo = 0 ~ w, is strongly damped. 

In the case of a weak magnetic field (a, << 2) 
Eq. (37) can be brought to the form 


RNG et oF (52) 
war— A. \ 4 
Va dz—y sf 
Cc 
w2, sin? 23 —y? fom 
— Ny —...=0, 22 2% 
402V x pe y) 2 ks 


by means of integration by parts. 

Solving this equation by successive approxima- 
tions (|z|>> 1), we find the frequency w and the 
damping y of the plasma oscillations in a weak 
magnetic field 


= Q+ Fs? /20 + wf sin? 6/20, (53) 
ee 2 atin? 
ae. @ ( eye 0 —w?2|2k2a2Q2 
1=V egal! + arm) - (4) 


Expressions (53) and (54) agree with the results 
obtained by Gordeev?. For oy = 0 we obtain from 
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this Vlasov’s formula for the frequency 1 and Landau’s 


formula for the damping* 


y= Vx /8Q (ka) Fete. 


In conclusion we express our sincere thanks to 
Prof. A. I. Akhiezer for his attention, for his as- 
sistance, and for the detailed discussion of the re- 
sults of this work. 


* We note that in the expression for y obtained by 


Byres 2 ie 
Landau” the factor e"9/? is missing. 
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An investigation is carried out onthe reaction between the nucleus of beryllium and a 
deuteron in which the latter is captured by the nucleus and the unpaired neutron is ejected. 
The effective cross section of the process and the angular distribution of the freed neutrons 


were found. The comparison of the angular distribution with experimental data results in a 
satisfactory agreement for small angles up to 70°. 


l THE model of the Be? nucleus,according to 
*which the unpaired meutron moves in the field 
of the nuclear remainder Be®, was applied by many 
investigators to the problem of the electron and 
photoelectric disintegration of this nucleus!~*, The 
success of this model is determined first by the 
weak binding of the unpaired neutron in the Be? 
nucleus, considerably smaller than the mean bind- 
ing energy per particle , and second, by the rela- 
tively long life of the Be® nuclear remainder rela- 
tive to the decay into two u-particles. The current 
research is dedicated to the investigation of the 
Be?(dn)B!° reaction on the basis of this model!. 

It is customarily assumed that the (dn ) reaction 


can proceed by the formation of a compound nucleus 


and stripping of a proton by a nucleus from a deu- 
teron passing nearby. Calculations on the basis 
of the compound nucleus model are often not feasi- 
ble in actual cases because the line widths of the 
corresponding processes are unknown; therefore, 
most of the theoretical investigations of the (dn) 
reaction are made from the point of view of the 
stripping process. The corresponding angular dis- 
tributions of neutrons are then determined on the 
basis of Butler’s theory*. When there is no agree- 
ment between this theory and experiment it is 
pointed out that in such cases the reaction does 
not proceed by stripping, but by the formation of 
a compound nucleus, which then undergoes various 
cascade transitions. 
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The probability of the stripping processis more 
or less apparent because the deuteron binding 
energy is considerably smaller than the binding 
energy of each particle in the nucleus with which 
the deuteron collides. However, this specific 
condition does not hold for the case of the beryl- 
lium nucleus. As is known, the binding energy of 
the unpaired neutron in the Be” nucleus amounts 
to only 1.66 mev, while the binding energy of the 
deuteron equals 2.23 mev. The low binding energy 
of the neutron in the Be” nucleus points to the as- 
sumption that the mean distance of the neutron 
from the nuclear remainder is relatively large. It 
is natural, therefore, to assume thatthe deuteron 
flying nearby will interact primarily with the un- 
paired neutron only, without causing any observa- 
ble excitations in the nuclear remainder Be®. The 
method proposed by us for calculating the (dn ) re- 
action in the Be® nucleus is in a sense intermedi- 


ary between the stripping and the compound nucleus 


methods. We are assuming that in the (dn) reac- 
tion the Be? nucleus interacts not only with one of 
the particles in the deuteron, as allowed by the 
stripping theory, but with both particles,the 
neutron and proton, whereupon the deuteron does 
not interact with the entire nucleus but only with 
its unpaired neutron. 
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3. For the interaction energy between the deu- 

teron and the Be? nucleus we take the expression 

Ve [8 (0, et) et eye (3) 

where r, and r, are the radius vectors of the deuter- 
on’s neutron and proton; r is the radius vector of 
the neutron in the Be? nucleus; g = (4r%/M )2a, 

where Mf is the mass of the proton and neutron, and 
a is the scattering length associated with the ef- 


fective cross section of neutron scattering on free 
protons by the formula 


co = 4xa?. 


Equation (1) for the interaction energy is correct 
so long as the wavelength of incident particles is 
greater than the effective radius of nuclear forces; 


therefore, we restrict ourselves to those incident 
deuterons whose energies do not exceed ]-2 mev. 
The wave functions for the initial and final states 
are 


o; = og OTP @, (ry — Tol) ¥1 (1), (4) 


v= (2h) een be (12) Ys (F), 


Since the binding energy of the neutron in the Be” 
nucleus is smaller than the deuteron binding energy, 
there is a definite probability that before the inter- 


where k is the wave vector of the incident deuteron, 
acting deuteron decays into a proton and a neutron, 


k“is the wave vector of the ejected neutron, vy is 


_ the unpaired neutron in the Be? nucleus will be 
ejected out of it. In this paper we are considering 
this very case. 

It is known that the unpaired neutron in the 


Be’ nucleus is found in the p-state. It follows from 


the shell model that the proton and the neutron in 
the B19 nucleus are also found in the p-state. 
Furthermore, it is not difficult to see that the 


binding energy of the last proton in the B!° nucleus 


is equal to 


Ae = ¢(B!°) —¢(Be*®) = 6.62 mev. (1) 


Furthermore, taking into account that the binding 
energy of the deuteron €, = 2.23 mev, we obtain for 
the energy liberated in the reaction under con- 
sideration (on the assumption that B?° is found 


in the ground state ) 


@ (bed, Bun) — Ne cy = 4,29 -mev. 


the velocity of the incident deuteron,y, (r) is the 
wave function of the bound neutron in the Be? 
nucleus, y, and w, are wave functions of the pro- 
ton and neutron in the B?° nucleus, G, is the wave 
function of the deuteron’s inner state. 

Inasmuch as we are assuming that in the reaction 


under consideration the ejected neutron belongs to 
the Be” nucleus, and the incident neutron, decay- 


ing into a neutron and proton, is bound in the 
nucleus forming B!°, then we can consider that 
the proton-neutron distance is on the average the 
same in both the deuteron and in the B?° nucleus 
and, therefore, in calculating the matrix element in 
the deuteron function ®, (|r, —r, |) the value 

lees —T, | can be equated to the more probable 
neutron-proton distance in the deuteron, equal to 


rg =h/ Vey. 


4, As noted above, the unpaired neutron in the 
Be? nucleus, as well as the proton in the B!°, are 
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found in the p-state. Therefore, in the matrix ele- 
ment of transition W,, Wy and w, are replaced by 
the corresponding equations for p-waves, with the 
radial wave functions determined fromthe assump- 
tion that the graphs of the neutron-proton interac- 
tion in the B!° nucleus and for the interaction be- 
tween the neutron in the Be? nucleus and the Be!° 
nuclear remainder have the shape of a square well. 
If one transforms into spherical waves the plane 


ikr|2 at bEME 


waves e corresponding to the inci- 
dent deuterons and the neutrons ejected from the 
nucleus, and restricts the transformation to the 
values of orbital momentum / = 0 and / = 1(so as 
to exclude as far as possible the stripping effect) 
then one finally gets after calculation of the differ- 
ential section for the process under study, 


do =5120°(u/MPae@V%s(1+Q/Ea 


x (ro/ra®e2(1 + 1ro/ ra)? 


F2F2 § 


(kro)? 1a Shae 
(Aro)? (RK'To)? (Rao)? £182 Ss pa} Pi BOE 


where p is the effective mass of the neutron and the 
proton relative to the nuclear remainder Bet ekg 

is the energy of the incident deuteron, r, is the 
radius of the potential well for the Be? and Be!® 
nuclei, 75 


k= (6/h)V MEq/11, 


is the neutron-proton interaction radius, 


(6) 


hk’ =h1Y QW (Eg + Gy Poll yeah als ree 


(7) 
Raf o 
anes Jue x) Jy = x) ‘& (Zt x) Ju, (x) de 
poaeaeas 
Co) ae 


« Ju), (x) e—(4i+ %2) (x—Rero)!Rad x: 


V. 1. MOMASAKHLISOV 


Rsfo 


F,= \ 
0 
— ae (=) Sin Rsfo 


y C (1 + ax/hs) Js), (Rx/2ks) 
Vx . 


abn ( oa x) Js, (x) dx 


e—%s (X—Rare)| Raq x 


Rafo 


(8) 


? 


(9) 


Bp = Rulo 


Rs ke in? 
+ [C+ apr) EE + ar) hese 


b 2 ful 
(u= 1, 2, 3); 
dy = (3/16) Boo + (81/200) Bir + (3/8)Boe 


++ (3927/9800) B?s + (567/700) B,,B, 3; 


a, = (15/16) By) By, — (9/10) BooBuy 
+ (27/20) BosBis: 
a, = (513/400) Bi, + (3/s)Bos +-(5/16) B2, 
+L (14/23) B®, — (567/175) By,Bys; 
a3 = (3/4) BysBy, + (189/112) Biebi3; 
dy, = (65/96) Boa; ag = — (8663/4200) ByoBis; 


a, = (21/196) Bis, 
with 


Bw =\ni(S) fr NR Reeder; 


kj =R1V 2p Vi — 2), 


a = V2Quei/h, (i =1, 2, 3). 
In the last equations ¢, represents the binding 
energy of the neutron in the Be? nucleus, €, and, 
are the binding energies of the corresponding proton 
and neutron in the B!° nucleus, and Pee V, and 
V, are the corresponding values of the potential 
well depth, with the assumption that the radius of 


the well re has the same value for the Be? and B!9 
nuclei. 


In Eq. (10), KR) and eee) are the radial 


wave functions of the p-state, i.e., 


Ri (r) = 6; (Rit) bday, (Rit) for T<To, 


(11) 


(12) 
Ri (rn) =e 2 Pane, tor ee 


> 
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ie (Z) = (m/22)"2Jn 43), (Z), (13) 
where J (n) is a Bessel function of order m. The 
coefficients b and c, are determined from the con- 
ditions of continuity and normalization, namely, 
C= — V2 / T ba, ? sin hits: b? => wk / gi, (14) 
and the values of ky, ky and k. are the roots of the 
transcendental equation 
R-To 


tg Rito — ee ee 3 
1+ (t+ a,ry) 2/2 
The radius of the potential well for the interaction 
of Be” is well known fromthe investigations on 
electron and photoelectric disintegrations of beryl- 
lium. It is equal to 5 x 10°13 cm. Taking this 
value for Fg and requiring that the well depth be in 
the 10-30 mev range, one can uniquely determine 
the coefficients k, from Eq. (15). As a result of 
solving Eq. (15), kyr) = 3.35, kor) = 3.63, kar, 
= 3.64, with & 17) = 1.33, ary = 2.66 and Kalo 
= 5.02. 
After integrating Eg. (5) over the angles, we 


(15) 


obtain the complete effective cross section for the 


reaction under study: 
Gy Sets 
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(16) 
5 =4.512-n7(u / M)2a? (ro / ta)? 


Xe? (1 + 19/12)? V/s (1 + @/ Ea) 


5 (Filo)? 
(Ro)? (R’To)? (Rat o)* 
ar 


1 B 3 
Xe (P+ ates gear) 


5. In Ref. 5 the experimental investigation was 
carried out on the angular distribution of neutrons 
produced in the reaction Be?(dn)B!°. The writers 
of this paper give the following function of neutron 
intensity versus the scattering angle for the case 
in which the B!° nucleus remains in the unexcited 
state: 


f (9) = 0.87 — 0.28 cos # + 0.42 cos? 7) 


The graph of (17) is plotted with six experi- 
mental points and E, = 0.945 mev and with the 
unit intensity taken as the intensity corresponding 
to J=0. The second line of the Table gives 
values calculated fromthe empirical formula (17). 


TABLE 
a OU S452 40° 65° 90° Asie 140° 130° 
F(9) 1 0.99 0°90" 0282" “0.87 1.06 al sears) ce 
fo) A 4.00 ORO SOR85?) “0272 0.62 0.49 0.27 


Using Eqs. (5)-(9) one can easily obtain an equa- 

tion for the angular distribution of the neutrons for 

incident deuterons with energies of 0.945 mev. 
Ifthe intensity corresponding to J = 0 is taken as 


unity, then we have 


S'8; cos! § = 0.347 f’ (9), (18) 
f’ (3) = 0.715 + 0.256 cos $ + 0.176 cos?d 
+ 0.121 cos? 4 — 0.251 cost 3 — 0.017 cos® $, 


with the cos® term rejected because of the small 
value of the coefficient. 

The comparison of the fC ) values for various 
scattering angles obtained by using Eq. (18) with 
the experimental values found from Eq. (17) shows 
that there is agreement between theory and experi- 
ment for small scattering angles in the range 
0-70°. The discrepancies in numerical values are 


found for angles in the range 70-180°. The 


theoretical curve for small scattering angles on the 
whole describes correctly the dependence of the 
distribution function on the scattering angle. 

In the third line of the Table are given the 
theoretical values of the neutron distribution as a 
function of the scattering angle. The discrepancy 
between theory and experiment for relatively large 
angles can be ascribed to the fact that the binding 
energy of the deuteron is comparable after all to 
the binding energy of the neutron in the Be” 
nucleus, so that those cases are also possible, not 
calculated by us, in which there is an ejection of 
the neutron belonging to the deuteron and not of the 
neutron from the Be® nucleus. For a complete 
description of neutron scattering with medium and 
large angles this fact requires the calculation of 
the exchange effect between the neutrons of the 
deuteron and those the Be” of nucleus. It is known 
that the calculation of the exchange resultsin an 
increase of the scattering probability for large 


angles. 
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As to the value of the complete effective cross 
section for the (dn) reaction with the Be? nucleus, 
there are no experimental datain the literature, and 
therefore, for the time being, Eq. (16) cannot be 
verified for the complete effective cross section. 
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Dielectric Properties of Bismuth Titanate 


G. I. SKANAVI AND A. I. DEMESHINA 
P. N. Lebedev Physical Institute, Academy of Sciences, USSR 
(Submitted to JETP editor February 4, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 565-568 (October, 1956 ) 


It is shown that the titanates of bismuth possess high dielectric constants (¢€ = 70-120) 
and comparatively large positive temperature coefficients (TCe = 130-550 x 10°”) which 
are evidently brought about by a combination of a favorable internal field and a high ionic 
polarizability. The formation process of one of the barium titanates is investigated, and 
the temperature and frequency dependencies of € and tan}6 of various bismuth polytitanates 


have been measured. 


HE titanates of metals of the second group of 

the periodic table have an elevated dielectric 
constant which increases upon increase in the 
atomic weight ofthe metall. In this case, for non- 
piezoelectric titanates, as well as for many other 
ceramic dielectrics, this rule holds: the higher the 
dielectric constant, the more negative the tempera- 
ture coefficient (1/e)(de/dT )?. For small dielec- 
(1/c)(de/dT ) has 


For most dielectric con- 


tric constants the quantity 
a positive sign. 
stants,(1/e)(de/dT ) has a comparatively large nega- 
tive value. As shown earlier’, the high dielectric 
constant of nonpiezoelectric titanates of bariuni 
and rutile (TiO, ) is brought about by a 
combination of high electronic polarization and a 
favorable polarization of the internal field pro- 


duced by the ionic displacement. The ionic polariz- 
ability in this case is not large. The electronic 


polarizability does not depend on the temperature 
but the electronic polarizability per unit volume 
decreases with increase in temperature at the ex- 
pense of a decrease in the number of polarized par- 
ticles per unit volume in thermal expansion. The 
ionic polarizability increases with increase in 
temperature, since the elastic coupling is weakened. 
In dielectrics with high dielectric constant, the 


electronic polarizability appreciably exceeds the 
ionic; therefore, the dielectric constant decreases 
with increase in temperature [ ( 1/e)(de/dT) < 0 |. 
The positive temperature coefficient of € points 
to the predominance of the ionic polarizability. 

In the present work, an attempt was made to real- 
ize, in a polycrystalline, nonpiezoelectric dielec- 
rtic, such conditions under which a high dielec- 
tric constant would be combined with a compara- 
tively large positive temperature coefficient. An 
appreciable ionic polarization takes place in 
glasses, the dielectric constant of which increases 
sufficiently rapidly with increase in temperature; 
therefore, the presence of glassy layers in a poly- 
crystalline dielectric ought to facilitate an increase 
of « with temperature. Qn the other hand, it is 
necessary that relaxation processes connected with 
inelastic dislocations of the ions not take place in 
this glassy layer and in defective places in the 
crystalline lattice, for this would, in turn, lead to 
greater loss. In this connection, the glassy layer 
must contain only heavy ions, possessing small 
mobility. 

Starting from these considerations, we investi- 
gated the possibility of the formation of a combina- 
tion of titanium dioxide and bismuth trioxide. Bis- 
muth trioxide possesses weakly basic properties 


TABLE | 
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which appear both in solutions and at high tempera- 
ture. Therefore, it can probably enter into a reac- 
tion at high temperature with titanium dioxide, 
which possesses weakly acidic properties, giving 
a compound of a type of bismuth polytitanate. Bis- 
muth trioxide has a comparatively low melting 
point (about 900°). At this temperature, titanium 
dioxide undergoes a transition from the crystalline 
form of anatase into a crystalline modification of 
rutile and has an increased reaction capability. 
Therefore, we can expect that, at a temperature 

of about 900°, a reaction begins between LiOe 
present in the solid phase, and Bi,O,, present in 
the liquid phase. As aresult of this reaction, 
polycrystals could be formed with appreciable glassy 
layers which contain the heavy bismuth ions and 
also defects in the lattice. 

Thermographic analysis of the process of the 
formation of the titanates of bismuth confirms the 
assumptions made above. At 7 = 900° an endo- 
thermic peak occurs, corresponding to the lique- 
faction of bismuth trioxide. A sharp endothermic 
peak in the differential temperature curve at 1230° 
shows the intense reaction which leads to the for- 
mation of one of the bismuth titanates correspond- 
ing to a given ratio of components. X-rays of the 
bismuth titanates also point totheir chemical indi- 
viduality. 

Measurement of the dielectric constant and the 
power factor at high frequencies and for different 
polytitanates of bismuth showsthat for an appreci- 
able change in the ratio of components, the dielec- 


tric constant changes slightly and lies within the 
limits 70-120. The power factor hasa higher value 
(tan 8 ~ 0.002-0.006 ). The temperature coefficient 
of the dielectric constant, in agreement with 
theoretical assumptions, was shown to be positive 
for many bismuth titanates. The results of the 
measurements of ¢, tand and TCe=( 1/e)(de/dT) 
are plotted in Table I.for a number of bismuth 
titanates. 

Figures ] and 2 show curves for the dependence 
of « and tand on temperature and frequency for one 
of the bismuth titanates. It is seen that ¢ in- 
creases appreciably and almost linearly with tempera- 
ture. For certain ratios of Tid, /Bi,O, (of those 
plotted in Table [) the temperature coefficient of 
€ undergoes a transition from positive to negative 
values. As specially arranged experiments have 
shown, in this region of concentration, TCe always 
depends on the annealing history. The thermogram 
of Fig. 3 bears witness to this fact. Itis evident 
therein that at a temperature of 1230° a sharp 
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Fic. 1. Dependence of ¢ and tan6 on the tempera- 
ture for f = 700 kc for one of the bismuth titanates. 


Fic. 3. Thermogram of the sintering of one of the 
bismuth titanates; 


= difference in temperature of 
the specimen and the etalon; 2 = temperature of the 
furnace; 3 = shrinkage of the specimen. 


change in the structure takes place. This is ac- 
companied by an emission of heat (a phase change 
of first order) over a very narrow range of tempera- 
tures. If the temperature is ]1-2° less than the 
transition temperature (1230°), then TCe has a 
large positive value; for the temperature 1230° 


47 gh 85 


9 6 6 U@ @ logf 


Fic. 2. Dependence of € and tand on the frequency for 
one of the bismuth titanates. 


and higher, TCe has a large negative value. 

In this transition, an appreciable increase takes 
place in the dielectric constant, and there is some 
decrease in the power factor. The experimental 
data which characterize the effect of the tempera- 
ture annealing onthe dielectric properties of one 
of the bismuth titanates are shown in Table II. 

In conclusion, it is interesting to note that the 
discovery of such a sharp change in TCe and the 
dielectric constant is connected with the structure 
change which is noted in the thermogram (a sharp 
endothermic peak), but at the same time thereis 
no effect on the Debye-gram. It is possible that in 
this transition a crystallization ofthe glass layer 
takes place. The problem of the change of the 
crystallographic structure in this case requires 
further x-ray investigation. 


TABLE I]. Change of dielectric properties of one of the 
bismuth titanates under the action of temperature anneal- 


ing. 
SS ee 
. ; ; ee >(Beex 10° 
emper ature o ad: ano, orf = 2 me, 
annealing, OG vi ps 50° Lanne inthe interval 
a t = 20-80 
1210 83 0.0032 +360 
1220 78 0.0038 +360 
1225 81 0.0045 +160 
1230 83 0.0027 —430 
1245 94 0.0022 —480 
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Cn Quasiclassical Quantization 


V.S. KUDRIAVTSEV 
(Submitted to JETP editor August 31, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 688-692 (October, 1956) 


A method of calculating the energy levels in a quasiclassical quantization is presented 
for the one-dimensional case. The value of the levels is obtained in the form of in expansion 


fn. Under certain assumptions on the form of the potential energy U(x 
obtained in a general form. Computations are carried out for a potent 


), this expansion can be 
ial energy having a mini- 


mum and rising on either side of the minimum, i.e., of an oscillator type. 


S is well known, in the quasiclassical method 

for the solution of the problems of quantum 
mechanics, the wave equation y is written in the 
form 


b — eislh 
eae (1) 
Making this formal substitution in the Schrédinger 
equation 
Ab + (2u/a) (E—U) =0, x 
we obtain an equation for the function o: 
(vs)? + (a/i) Ac = Qn (E —U). (3) 


The formal solution of Eq. (3) is written in the form 
of a power series in ir: 


g = 6) + (h/i) 9, + (h/i)?og+... (4) 


Substituting (4) in (3), we ultimately get, for the 
one-dimensional case, 


3 = p; 0, = —p'/2p; 0, = p"/4p* — 3p'/8p; ©) 


two components which define the phase and modu- 
lus of the wave function: 


b = exp {9, — ha, + ito, —...} (6) 


x exp {i (o/h — ho, + h3ay—. ..)}. 


Another linearly independent solution of the 
Schrédinger equation is obtained by substituting 
i+-—i in Kq. (6). For imaginary p, all the expres- 
sions in the exponent are real. 

Let x = a be a turning point, i.e., U(a) =E. Let 
us find the phase of the wave function for x > a, 
considering that, in this region, E > U(«), and in 
the region x <a, E < U(x), and the modulus of the 
wave function decreases with decreasing x. Solving 
the Schrodinger equation exactly in the neighborhood 
of the turning point, where the potential energy can 
be approximated by a linear function of the coordin- 
ate x, and joining the exact solution with the 
quasiclassical one, we obtain an expression for the 
phase, as isusually done. The exact solution of 
the Schrédinger equation with a linear potential 
which satisfies the conditions set forth above has 
the form (except for a constant multiplier ) 


' Wid Tes | , 5 Wan 2 - 13 2D Pay E 
a, = — p"/8p* + 3p"p'/4p* — 3p'*/4p?: (Viel Un (Z EV") + tn(Zlele)], #<0s 
f rire 0 =a aoe ‘ wes 
5, = plVi/16p* — 5p” p’/8p* \V é [J_, (5 zn) Pegi (5 ri 20 
— 13p"?/32p® + 99p"p"?/32p* 
—297p'4/128p",..., ¢=ax/i'h, «= VY Qu (—OU/Ox),. 
where p = V/ 2p(E — U) is the classical momentum. 
Forreal p, the quantitieso),0), -..ando,,0,,-- .arereal, 


and the quantity o can be uniquely divided into 
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Its asymptotic expansion for 7 > 0 can be written 
for x > 0 in the form* 


(7) 
art 5 4. 565 4 erry 
ee fee ey 7008 EF sin(3 a 
™ Sy atl 1105 14 
+ — Beh tT Rb eh .). 
2 ax'le T By Te 1105 h3 
The phase of 3G + 7 — 7 Gh T 9216 gax"h 
must be joined with the phase of the function 
(8 
exp {o, — h®o, + hta,—.. .} ) 
x TU ee hs, + ho,—... + const] 


close to x =a, determining the unknown constant 
in this case. 

At the point x = a, the momentum p vanishes; if 
x is considered as a complex variable, then for 
p(x), the point x = a is a branch point in which 
p(x) is a double-valued function. The functions 
To» Ta: o,, ... are also double-valued from the 
branch point for x = a, as is evident from Eq. (5). 

To obtain the functions Oo: Gor O42--2, itis 
appropriate to carry out the transformation from 


ordinary to contour integration, since the func- 
ABeee 
make a cut in the complex plane x, going to the 


right from the point x = a; on the bottom side of the 
cut, let the square root take the positive sign, and 
on the upper side, the negative sign. Then the 
integral over x reduces to one-half the integral over 
the loop in which we go around fromthe point x on 


tions o,,0 go to infinity forx=a. We 


the upper side of the cut surrounding the point 


x =a and proceed to the point x on the lower side 
of the cut. 


T=Z Zz 
ee 
y 
ies Wl 


* The series in the exponent and in the sine argument 
are determined identically. Upon expansion of the ex- 
ponent and the sine in powers of €3/2, we obtain an 
asymptotic expansion in a seriesin the usual form, 
keeping all successive terms of the expansion up to 


terms of that order which they have in the exponent and 
in the sine argument. 
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For such a determination of the functions 09, 


Ons O4r-2+s We have 


(9) 


Comparing (6), (7) and (9), for x close to a, we ob- 
tain for the phase the value 


o/n+r/4—ho, + h3a,—..., (10) 


where the O yr Cin Ogee gee determined by Eqs. 


(9). 

We now consider a forn of the potential energy 
U(x) in which there are two turning points, x = a, 
x = b, where fora <x <b, U(x) <E, and in the 
rest of the region, U(x)> E. The wave function 
which vanishes for x < a has (for x > a) the form 
(it can be considered real ), except for a constant 
multiplier, 


EXD \are ho) seese ee a (11) 


. oO Tw 
x sin (3 + Zo hy h3o,—. . ae 


where the o_, O5,0,,--. are determined by Eqs. 
(9). The wave function which vanishes for x > b 


has (for x <b) the form 


exp {o, — h?o, + hts, —...} (12) 
x sin (52 + 7— hs, +t —...), 

where the sy, So, S,,-.. are determined by 

So = 1/_\ 89 dx; (13) 


Cz 


Soe va oy dx; re ‘J, \ o, dx, ca 
Ce Co 
The contour C, is a loop surrounding the point 
x = b in a counter-clockwise direction, in which 
the cut is taken from the point x = b to the left; on 
the lower side of the cut the Square root is positive 
on the upper side it is negative. 
L 


LG 
Ee 
2 
Bic, 2 
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The wave function of the energy level must vanish ' — aE. 

ray E 
for x <a and x > b; the decompositions (11) and = iV 22U V1 peel ial ine) 
(12) represent one and the same function; there- 


fore, the phases determined by Eqs.(11) and (12) = iV 2unU {I — as ead iy Gal ils oa f= Y 
must in total give an integral multiple of 7, which Sa Nee 2-4-6 Ge, 
leads to the condition ee a a ia 
f ; rea o cali 
pdx — 12) 04 dx (14) ee a od 923657 Bye 
y , ~ Wao tea te(S ae 
Pee D482 5B 5 2 
+e QD odr—... = 1 eae | DN OAT (ENB 
J 4 (nF 4/5) 2th, 32 V 2uu"!2 1+ BW) se a ie 
glee GUI ay tos Titi Ll Obi conte Ou aties 
where the oj, 05, 0;,... are determined by Eqs. 82 (2u) "Ut 82 (24) yh 128 (2u)'2y7h 
(5), =0, 1, 2,..., and the closed integration con- wre 
tour C surrounds the points x = a and x = b in the = ae BSS a as 
counter-clockwise direction. The condition (14) is Ce aes 
the exact quantization rule of Bohr. 
r-@ 2-4 Substituting (16) in (14), we obtain an equation for 
2 ——<———————— 
: a the Sn ie which is to be sought in the forni 
of a series in 
Fic. 3 
The quantities ae 5, On ... entering into (14) Biss bEs ct ME hE oe 
are equal, according to Eq. (5), to the following: Then the equation takes the form 
oy = V 29 (E— UV) —U); (15) iDdx {V 220 +h - 5 mee 
iar 2 
— € 
= —U"/8Y 2u(E — UY 2 | Sn aes y" 
— 5U"?/32 V Qu (E — U)'*; ee eee 
ez = (UY 1/32 (Qu)"! 2(E — [ye - ou! )4n(— V2uEs V 2uE\E> 
» 7U''U' /32 ( (Qu.)'l2 (E ae U)'le 39 V 2nu"? ‘ 2u 2 AU’ 2 
— 19U"2/128 (Qu) (E — U)'2 VopE? = -3u"E, 25U2Ey 
— 221U"U 7/256 (2u)"2 (E — U)*e 16" — 16V2nu" ~ 64V Quu"h 
— 1105U’4/2048 (2u)°2 (E -—— U)"h, . ae Ee 
+a (28 ee, 
QU’ 2 4U' le 


We carry out the integration in Eq. (14) in the 
general form under the supposition that the potential ViuE2 3V 2uB%Es 5 V 2pEt 


energy U(x) at a certain point has a minimum, and a, aa: TIA 
at points x = a andx = 6, U(a) = U(b) =E. We 8U BEE 16U (erres U 
locate the origin of the coordinates at U(x) so that — = 
: 16V2uU"2 © 64V Quy" 
U(0) =0, U’(0) =0. We displace the contour of O5L/2E {75U2E2 
integration C which surrounds the points x = a and ee ee 
; ie 64V 2uU"l2 256 V 2uU'?2 
x = b in the complex plane x so that the condition ee 
UY”) TU"U' 


E <|U(<«)| is satisfied on it, which permits us to 

expand the function (15) in a series in E. This 

can be accomplished in each case if the singular ae 
points of the function / E — U(x) are sufficiently 


far from the points x = a, x = 6. 1105U"4 ry 4 
Thus, over the entire path of integration, cut = TENT . | = (n a 2) 2th . 
longitudinally by the method described above, we 


have 


32(2u)2U72 32 (2u)"2U"2 
19U"2 2c1UT 0"? 
128 (2u) ?U"? + 956 (24) UF 
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Equating terms with equal powers of 7, we can, 
term by term, find the coefficients of the series 
(17). The term without # is identically equal to 
zero, since the integrand +\/ U(x) is a single- 
valued function which has no singularities inside 
the contour C [ we recall that U(0) =0, U’(0)=0]. 

The terms for 7 give 
Vi2eE A dx oy { 
waa 
The function under the integral, 1/+/U(x),is a 
single-valued function having one pole within the 
contour C (at x = 0) with residue 


= 
dee 


—1 


V 2U= ©); 
therefore, 


Ey =VU'@/e(n +3). eS) 


Equating to zero the terms in 2 we take it into 
consideration that each of the components in the 
integrand is single-valued inside the contour C and 
has a single pole at x = 0 with a corresponding 
residue. Computing these residues and using 1 
from (18), we obtain 


oe (19) 


[46 U” (0) 


ic aes oe ele 2) 
3U"2(0) 7 64\ _U"(0) gu”? (0) / 1 
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Additional coefficients in the expansion (17) are 
computed in similar fashion. Thus, 


fre} umm 


ie epee 2 
a RV OT | 288 \ U7) 


17U EV’ (0) 
8U"2 (0) 


7UY) (0) U0) 


U"? (0) 


75U OV) (0) U’”? (0) 
4U"3 (0) 


__ 235U""4(0) | 
2404 (0) 


5 4\/u%D (0) — g7yV)?(0) 
+ re(" + 3) (orap — 


40U"? (0) 
__ 19) (0) U” (0) 
5U"2 (0) 


__ 15307) (0) U2 (0) 


Tis oy 
20U"? (0) ; 


~~ "240" (0) 


The term E , corresponds to a harmonic oscilla- 
tor, while the subsequent terms are determined by 
the departure from: harmonicity . 

Equations (17)-(20) give a better approximation 
for small n, i.e., for the lower levels. 


1 
L. Landau and E, Lifshitz, Quantum Mechanics, 
GITTL, 1948. 
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Magnetic Properties of Cobalt and Manganese 
Carbonates 
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All-Union Institute of Physicotechnical and Radiotechnical 
Measurements 
(Submitted to JETP editor July 4,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 579-582(October, 1956) 


The magnetic properties of MnCO, and CoCO, have been investigated in the tempera- 


ture range 14 to 300° K. 


It was discovered that below Tc (Te =31.5° K for MnCOz3 ; 


T= 17.5° K for CoCO, ) the magnetic susceptibility increases abruptly and varies 
greatly with the field. To explain the observed anomalies, it is postulated that below 
T, the carbonates go over toanantiferromagnetic state in which the moments of the sub- 


latticesdo not fully compensate each other. 


IZETTE? discovered antiferromagnetism in 

siderite containing 78% FeCO, . 
of interest to investigate the magnetic properties 
of other carbonates of elements of the iron group. 
We have investigated the temperature variation of 
the magnetic susceptibility of MnCO, and of an 
anhydrous sample of CoCO, in the range 14 to 
300°K. 

The magnetic properties of manganese carbonate 
were studied on three specimens. The first speci- 
men used was a commercial sample of ‘‘ch.d.a.”’ 
brand; it was not subjected to drying, because we 
feared partial dissociation upon drying. The sec- 
ond specimen was the same sample subjected to 
drying at 160° C, in an ampoule hermetically joined 
to a vessel containing an absorber(CaCl, ). Fin- 


It seemed 


ally, for the manufacture ofthe third specimen we 
used a sample we ourselves had prepared. This 
sample was obtained by heating for 20 hours at 
160° C, in a closed test tube, a mixture of a satura- 
ted solution of MnC], with CaCO, -? The values 

of susceptibility obtained for the first and third 
specimens lay systematically lower (by 15 and 
18%); this was caused by the presence of sorbed 
water in the first specimen and of residues of 
CaCO, in the third. After introduction of correc- 


TABLE 


tions according to weight, the susceptibility values 
of all three specimens agreed over the whole tem- 
perature range within the limits of experimental 
error. 

Two specimens of anhydrous CoCOQ, were inves- 


tigated. We obtained them by the same method as 
the MnCO, ——by heating, in a closed ampoule, a 
mixture of a saturated solution of CoCl, with 
CaCO, . The results obtained for the two samples 
likewise agreed, within the limits of experimental 
error, after correction according to weight (13%). 
The susceptibility measurements were made by 
the Faraday method, on apparatus similar to that 
developed earlier?. This apparatus permitted con- 
tinuous coverage of the wide range of temperatures 
from 14 to 300°K. The accuracy of the tempera- 
ture measurement was not worse than +0.5° at 
hydrogen temperatures, and better than +0.1° at 
higher temperatures. The error inthe absolute 
measurement of susceptibility was not greater than 
5%; in the relative measurement, less than + 2%. 
The temperature variation of the magnetic sus- 
ceptibility of both carbonates at high temperatures 
satisfied the Curie-Weiss law y,, =C,y/(T + ®). 
The values of the constants C, and © are given in 


the table. 


LLL 


Range a D eff 
validity o HSK 
ieee Curie-Weiss cM s Theor. Exptl. 
law 
MnCO 75—300°K 4.78 64.5 Ty 6.26 31.5 
CoCOs 50—300°K 4.24 65 3.87 4.34 To) 
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In the same Table are given the values of 1... 
calculated from our measurements of C,, , and the 
theoretical values of j.,,, calculated onthe assump- 
tion of complete ‘‘quenching’’ of the orbital mo- 
ments.’ The results of the susceptibility measure- 
ment below 100° K are given in Fig. 1 for MnCQ, 
and in Fig. 2 for CoCO,. 


200 
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FIG. 1. Temperature dependence of the molar mag- 
netic susceptibility x, of manganese carbonate: 
1—H = 490 oersteds; 2—H = 920 oersteds; 3—H 
= 1790 oersteds; 4—H = 2650 oersteds. 


Below some criticaltemperature JT, , the sus- 
ceptibility increases abruptly and exhibits a strong 
dependence on the field. Also observed is a slight 
hysteresis, which we did not investigate in detail. 
Figure 3 shows the dependence of the magnetic 
moment / on the field intensity H for manganese 
carbonate at temperatures 15 to 40° K. We see 
that at temperatures below 7, (for fields above 
about 600 oe), this variation can be represented 
as the sum of two terms, M=M, +x “H. Similar 
isotherms were obtained for CoCO, . A fielddepend- 
ence of this type was also observed earlier on 
a series of other compounds, °’° but so far no 
complete explanation has been found. 

From the plotted isotherms M (7), we determined 
the temperature dependence of My for MnCQ, 
(Fig. 4) and for CoCO, (Fig.5). It has the form 
characteristic of an ordering curve. For JT 0, 
however, My approaches a value considerably 
smaller than the value of magnetic moment to be 


expected at ferromagnetic saturation (M,,, =NBy, 45) 


For MnCO,: My = 68, M,,. = 32000. 
For CoCO, : My = 400 to 1000, West = UHIY, 
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FG. 2. Temperature dependence .of the molar 
magnetic susceptibility y of cobalt carbonate: 
1—H =490 oersteds; 2—H = 1790 oersteds; 
3— H = 2650 oersteds. 
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Fic. 3. Dependence of the magnetic moment M on 
field H at various temperatures, for MnCO,. 


MAGNETIC PROPERTIES 


Fic. 4, Temperature dependence of My 
for MnCO,. 
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Fic. 5. Temperature dependence of M, 
for CoCO,. 


We do not think that it is possible to explain the 
observed constant moment M, by the presence of 
ferromagnetic impurities. The agreement of the 
results obtained on different specimens is evidence 
against such an explanation. 

Also plotted in Fig. 6 are the values of 1/y ” 
calculated from our experimental data. We see that, 
in contrast to the usual antiferromagnetics, the 
susceptibility does not decrease below T,, . 

It is possible to explain the results qualita- 
tively by assuming that below 7, , in manganese 


and copalt carbonates, an antiferromagnetic ordering 


develops. In contrast to the usual antiferromag- 
netics, however, the magnetization vectors of the 


sublattices in the present case are not exactly anti- 


parallel to each other, but are inclined at a small 
angle. A similar picture of nonparallel directions 
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Fic. 6. Temperature dependence of the paramagnetic 
part of the susceptibility, ee 1 —MnCO,; 2—CoCO,. 
of spontaneous magnetization of the sublattices 
has been established by neutron diffraction for 
Mike... In the body-centered rhombohedral lattice 
of the carbonates, antiferromagnetic superexchange 
interaction must occur along the trigonal axis. On 
this axis the CO, groups are distributed be- 
tween the metallic ions.® A small inclination (of 
the order of a few tens of minutes) of the direction 
of spontaneous magnetization with respect to the 
trigonal axis can be explained by the fact that 
the triangles of the CO,” groups are turned 
through 180° in each successive layer. This 
must lead to the appearance of an uncompensated 
moment M, , directed perpendicular to the trigonal 
axis. The magnitude of this moment will decrease 
with temperature along with the magnetization 
of the sublattices. An alternative basis of ex- 
planation of uncompensated moments in anti- 
ferromagnetic carbonates might be a difference 
between the effective magnetic moments of the 
metallic ions located at the corners and at the 
center of rhombohedral cell . 

Which of these proposals is right might be deter- 
mined by investigating the magnetic properties of 
monocrystals. Regrettably, an investigation that 
we made with a monocrystal of natural MnCO, 
(rhodochrosite) showed a quite different behavior 
of the susceptibility, without noticeable anomalies. 
Evidently the isomorphic impurities unavoidably 
present in minerals produce changes of kind in 
their magnetic properties. In work of Bizette and 
Tsai,? the results of which came to our notice after 
we had finished our work, a purer mineral—dialo- 
ite inc, )—_-was investigated. Our results 
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agree qualitatively withthe data for dialogite. It 
follows from the data of Bizette and Tsai that an 
uncompensated moment is directed perpendicular 


to the trigonal axis; this supports our first pro- 
posal. 


In closing, the authors convey their profound 
thanks to Prof. P. G. Strelkov for his constant 
interest in the work. 
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Dispersion Relations for Scattering and Photoproduction 


B. L. lorre 
(Submitted to JETP editor May 28, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 583-595 (October, 1956 ) 


A derivation is given of the dispersion relations for the following problems: scattering of 
pions by nucleons (excluding the case of scattering at smal! but nonzero angles), photopro- 


duction of pions on nucleons, scaitering of nucleons and antinucleons by nucleons, The 

method of consideration is based on the general requirement of the impossibility of the propa- 
gation of signals with velocities exceeding that of light, and does not make use of the concept 
of the S matrix for demonstration of the analytical properties of the scattering amplitude. The 


issue is decided as to whether requirement of microcausality is a necessary condition for the 
validity of the dispersion relations and it is pointed out that for certain types of violation 


of causality, the dispersion relations are preserved. 


R ECENTLY, Goldberger and others!~4 obtained 
dispersion relations for the problem of the 
scattering of mesons from nucleons. In their deriva- 
tion of the dispersion relations, these authors re- 
lied on the concept of microcausality; they made 
use of a series of general situations of quantum 
field theory in its present-day formulation. In 
view of the great generality of the dispersion rela- 
tions, there is interest in giving another (and, as 
it appears to us, simpler) derivation of these rela- 
tions, relying essentially only on the requirement 
of the impossibility of the propagation of signals 
with velocities greater than the velocity of light. 
The method set forth allows us to draw several con- 
clusions on the problem of whether it is necessary, 
for the existence of dispersion relations, that the 
propagation velocity of the interaction be smaller 
than the velocity of light everywhere, even at micro- 
scopic distances (of the order of a nuclear dis- 
tance ), or whether it suffices to fulfill this condi- 
tion only for macroscopic distances. In this case 


it appears that the dispersion relations are pre- 
served if we assume that the interaction can propa- 
gate, not inside the light cone t? — r? > 0, but in- 
side the hyperboloid 27 pt L (1, is a dis- 
tance of the order of a nuclear distance ), i.e., 
when a condition which violates causality is im- 
posed in the interval. 

In the present paper, the dispersion relations 
are considered for the scattering and photoproduc- 
tion of pions on nucleons, and for the problem of 
scattering of nucleons and antinucleons by nucle- 
ons, 


1. SCATTERING OF PIONS BY NUCLEONS 


Let us consider the scattering amplitude ( with- 
out charge exchange ) of 7 -mesons by protons, 
f4(@, @), in which we first limit ourselves to the 
case of forward scattering*, 


* We shall neglect Coulomb scattering. 


DISPERSION RELATIONS 


Let f,(w, 0) = f4(@), given as a function of the 
frequency on the real axis for w > p (j= mass 
of meson, # = c = 1), analytically continued over 
the entire complex plane w. We shall show that 
f +(@) has no poles in the upper half plane of « 
and vanishes sufficiently rapidly on a semicircle 
of large radius © + ~ in this half plane. 

We shall carry out our analysis in the laboratory 


system of coordinates, where the nucleon is at rest 
before and after the collision. In this case, it is 


appropriate for us to represent the wave function of 
the nucleon in the form of a wave packet (natur- 
ally, of sufficiently large dimensions that the con- 
dition of finding the nucleon in a state of rest is 
satisfied with any degree of accuracy necessary 
for us). The wave function y4(r) of the 7--meson 
that is scattered forward is chosen (at large dis- 
tances from the scatterer) in the following fashion 
from the wave function of the incident meson 

perk a-tat (origin of the coordinates at the center of 
the wave packet ): 


(1) 


Dy (r) = iz (w) Bez tel ip 


—\K. Ltt ot, Fe rds dts 


Integration on the right side of (1) is carried out 
over the region inside the light cone (¢ — t’)? 
>(r—r’)?, where it suffices to carry out the spa- 
tial integration, in accordance with Huygen’s prin- 
ciple, over any closed surface surrounding the 
point r that does not penetrate the region where 
the wave function of the pion differs from that 
function free of the presence of the nucleon. As 
such a surface we shall choose a plane which is 
perpendicular to the direction of the momentum of 
the incident meson (the z axis) and which passes 
beyond the wave packet [the infinite semicircle 
closing it does not give a contribution to the in- 
tegral (1)]. The function K* depends on the co- 
ordinates of the wave packet, i.e., on the energy 
of the nucleon in addition to the coordinates r, r’ 
and the times t, t’ of the incident and scattered 


particles. 


* The function K is directly connected with the 
nucleus by a two-particle equation for the system meson- 
nucleon. Within the framework of the present formalism, 
Eq. (1) can be obtained from the properties of the two- 


ideration of the fact that the 


particle equation upon cons : 
no 


nucleon is centered in a small region near the origi 


the coordinates. 
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For forward scattering in the laboratory system, 
the initial and final energy of the nucleon is equal 
to M, the rest mass, and does not depend on w; 
therefore, the entire dependence of the right side 
on @ is determined by the factor e#@? +#*2 | Mul- 
tiplying (1) by e~**? +#@* and introducing the new 
variables T=t—t4, p=r—r’={6é,n, ¢}, we get 
(1) in the form 

= fa (o)= \ dedidnK. (c, o, x, tele, (9) 
T>P 


It is evident from (2) that when w is found in the 
upper half plane (Imw > 0), an exponentially de- 
caying (with increase in 7) factor appears under 
the integral of Eq. (2). This factor guarantees the 
convergence of the integral. It then follows that 
f,(@) cannot have poles in the upper half plane of 
@. In order to analyze the behavior of f4(w) on a 
large semicircle in the upper half plane of w, we 
note that for @ > 0, k ~ w — */2 and, conse- 
quently, Im(@7— k¢) > Ima(T-O) + O(p/o)pé. In- 
asmuch as T> ¢, then Im(@7—£€) > O,and tends 
Thus, f,(@) dis- 


appears, or at least does not increase, on the 


toward infinity for Imw > «. 


large semicircle in the upperhalf plane of a. 
Making use of two properties of f,(w) in the 
upper half plane of w given above (the absence of 

poles and the vanishing on a semicircle of large 
radius), it is easy to obtain a correction (with the 
help of the Cauchy theorem) between the real and 
imaginary parts of f,(w): 


I , 
ode z| i Pear oe 


oo 
Ref (0) = —P | 
——OO. 
where the integration on the right side of (3) in 
the neighborhood of the pole w= is taken in the 
sense of the principal value, and all the singulari- 
ties of the amplitude of f4(@) which lie on the 
real axis, are detoured above. Equation (3) is 
correct if f;(@) vanishes with sufficient rapidity 
as m > too. If this is not so, then the correct re- 
sult can be obtained by considering the difference 
f4(@) — f+ (@ ) in place of f4(@). Here w, is 
some fixed frequency. This is equivalent to a sub- 
traction from both sides of (3) of its value for 
© = Wo: 

We now turn our attention to a consideration of 
the scattering at an angle not equal to zero. In 
this case, as was shown by Salam’, it is apropri- 
ate to transform to a system of coordinates in which 
the sum of the initial p and the final p’ of the 
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momenta of the nucleon is equal to zero: p+ p’=0. 
It is easy to see that in this system of coordinates, 
@ =@’, k =k’, and in place of (1), we will have 


fa (@, 9)/r (4) 


& \K. (t, t’, x, x’) e1@ (tf) @—i (kr—Kr) ds df’, 


The integration in (4) is carried out over a plane 
which passes through p. Then the function K will 
depend on w only through the absolute value of the 
momentuni of the nucleon, p. We denote q=2|p| 

= 2k sin (0/2) and shall consider the scattering 
amplitude as a function of for fixed g. By the 
same arguments as in the case of forward scatter- 
ing, we can show that f4(@, q) has no poles in 
the upper half plane of w. For the investigation of 


its behavior on the large circle, we denote t — ¢” 
=7,¢—r’ =p, and make use of the fact that for 
large r(r‘~ p >>r’) we have r=p+nr’. Here nis 
a unit vector in the direction of the scattered 


meson. Then (4) can be written in the form 


4 jx (0, q) = | dedidnk (= e114) (5) 


T>P 


X exp {¢ [wt — kp] — i (knr’ — kr’)}. 


If tends toward infinity and q is fixed, then 
6+0. In this case we can consider 


(Anr’ — kr’) = ROY 24 Pa qVe+y, 


so that the second term in the exponent in (5) is 
dependent only on g. Inasmuch as K also depends 
only ong, then the entire dependence on w for large w 
is deterniined by the factor BOT SP) Bat 
Im(@7T-kp) > 0 and tends toward infinity for 

Im @ > 0. This permits us to draw the conclusion 
that f+ @, q) vanishes on the large semicircle in 
the upper half plane of w. Thus f4(@, q), con- 
sidered as a function of @ for fixed g, must satisfy 
the relation (3). 

Below we shall be interested in the small 
momenta q transferable to the nucleon, i.e., in 
small angle scattering. In this case we can con- 
sider the nucleon nonrelativisiically and describe 
the scattering amplitude in the form 


J.) =1P © ) + iIkk 1/2 (0, g), © 


where g is the spin vector of the nucleon. It is 
clear that the dispersion relations (3) will exist 


BAL 1OREE 


independently for the functions f‘!) and f (2). Upon 
substitution of (6) in (3), the integration over the 


region w < 0 reduces to integration over w > 0 with 
the help of the relations 


§) (=e, 9g) =f" (, 9), @) 


iP (—®, 9?) = — fe" (o, @). 


In order to prove (7) we can consider, as pro- 
portional to the scattering amplitude, the invariant 


matrix element te oe (p, p’; ky k’) which is 


characterized by a certain arbitrary Feynman 
diagram (a, B = spin indices). Consideration of 
the arbitrary diagram (on which we shall not 
linger) shows that* 


M+. ap (P’, p; —k, —k') = MY ga (p, p's k, F’). 


Actually M 4 depends (except tor spin factors ) 
only on the three invariants: pp % (p + p’)k, 
(p — p’)k which, in the system of coordinates for 
which p = —p’, are equal, respectively, to 


po = MP +g, (p+ p')kR=VM? + 37, «, 
(Diy) ee a 

It is seen that in the given coordinate system the 

substitution k > —k, p > p” is equivalent to the 

substitution w > —q for fixed q?. Then, consider- 

ing that [kk’], upon the substitution k > ~k, 


p >p% transforns into itself, we obtain (7). It is 
evident that for g2 = 0, the first of the relations in 


(7) transforms into a relation for the forward scat- 
tering amplitude in the laboratory system: 


aol ee ©) — f_(@). 
Substituting (6) and (7) into (3), we get 


(7a) 
2 Re [f() (@, q?) + f (@, 4?)] (8) 


w/2 — q?2 ? 


a EF, gy tm Uo 99 19 0% 0 
0 


* Here it is not necessary to pay any attention tothe 
sign of the infinitely small imaginary contribution i€, in- 
asmuch as the factor which arises from it upon inte gra- 
tion over the virtual states is compensated by a corre- 
sponding factor which appears in front of the matrix ele- 
ment, and the rule of detouring poles in the integration 
over @ is determined not by the imaginary contribution 


but by our requirement on detouring the poles on the 
upper side, 


DISPERSION RELATIONS Bed 


> Re Woke (@, q?) + i (c, @?)] (9) 


co 
a. FO dea! “Ya Lm [FP (0', g?) + £2 (o’, g?)] 

T™ (a) Care 
0 
The symbol <® > means that for the upper sign 
(plus ) in the square brackets, we must use w’ and 
for the lower sign (minus), @. On the right side of 
(8), (9), there appears an integration over the non- 
physical region 0<@’<@,, =(p? + q7/4)*. In 
the case of forward scattering (q?2 = 0, © min = LL), 
only the bound states of the meson-nucleon sys- 
tem make a contribution in this region. For compu- 
tation of this contribution we make use of an ex- 
pression for the forward scattering amplitude? 


f 10) 
f., (0) = iN dtxe!* Cp |T (i, (x), 1, (0)| p>. 
The imaginary part of the amplitude will be 
Im f., (#) (11) 


=a dxe—™ S (pI i", (a> Cali, O)|P> 


x 6 (Ep, — En, +o) 


— P| is, (0)|2> <n| 7°, (x) | p> 8 (Ep — E, —o)}, 


where the summation in (11) is carried out over all 
the states of the meson-nucleon system. The 
choice of signs in Eq. (11) is determined by the 
rule for detouring the poles. We make this choice, 
keeping in mind the substitution of (11) in (8), 
where the poles in the integration in w are de- 
toured on the upper side. 

The only bound state in the scattering of pions 
by protons is the neutron, and the matrix element 
is (operating in terms of meson theory ) the exact 
vertex part 


<n|j_(0)| p> = ig V2U (Pn) V's (Pas p; B) u (p) 12) 


where g is the renormalized charge. In the given 
case, be = ys, inasmuch as all the external 
momenta correspond to free particles. Further 
calculations repeat those of Ref. 2 and lead 
[ after subtraction from both parts of (8) of the 
real part of f(.)] to the same expressions for the 
dispersion relations. 

In the case of the scattering amplitude at angles 
not equal to zero, the minimum value of w, corre- 


sponding (for fixed q) to the scattering of areal 


meson , is @ in = he + q?7/4)?. On the other 
hand, determining the energy @,, beginning with 
which meson-nucleon states can be realized, from 
the equality (M + u2)< (k + pds; we find 


1 = (Mu — 9?/4)/(M? + q?/4yh, 


Thus in the interval @)<@<@,,,, on the right 
side of (8) and (9) there enters the contribution of 
the nonphysical states of the meson-nucleon sys- 
tem, and this contribution cannot be calculated on 
the basis of contemporary theory. Therefore, the 
consideration of the dispersion relations makes 
sense only for small q?, where the contribution of 
the nonphysical states is small. 

Let us first consider the spin-flip scattering 


amplitude aes (cw, q7), wherein we limit our- 
selves to the case q? = 0: pee (@,0)= ey (@). 


In the nonphysical region 0 < w < yp, the contribu- 
tion gives only a bound state of one neutron. In- 
asmuch as we are only interested in terms propor- 
tional to g, we can calculate this contribution, 
starting with its value for the forward scattering 


amplitude. Actually, the position of the pole, with 
accuracy up to terms linear in q, remains the same 
as in the case of the amplitude of forward scatter- 
ing (since all the invariants depend only on ge), 
The matrix element corresponding to the scattering 
amplitude can be written in the general case as 


M (p, p'; &, kh’) = (p') LF, + buya Fa} u (p), (13) 


where ie and F’, are functions of the invariants 
pp, (p+ pk, (p — p’)&, which we can take at the 
value q? = 0 in our approximation. Comparing (13) 
with the value of the matrix element for the case 

of scattering in the forward direction, we get 


Py [geo = Vet leo sed S410. 


Computing (13) for these values of is and 1a we 
find for the contribution from the bound state, with 


accuracy up to linear terms in 4, 


Im f+ (@, 9) (14) 
— (xg?/M) {w — (1/2 M) is [kk’]} 6(@ — Ep + E,). 
The dispersion relations for the scattering amp- 


litude file) have the form* [ f = (2/2) g] 


* Equations (15) coincide with the dispersion relations 
for the spin-flip scattering amplitude obtained in Ref, 3. 
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5 Re [f® (@) + f® (0)] we 
= f? 20/p? 
— (u?/2M)? : 1/M : 
i 1 ey (2) Ay (2) “ay! 
spent EEN 5 
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We now go on to the consideration of the non- 
spin-flip scattering amplitude f") (@, gq”). As in 
the earlier case, we shall consider g? small, and 
in the expansion in q” we limit ourselves to the 
zeroth and first terms. The zeroth term evidently 
gives the dispersion relations for the forward scat- 
tering amplitude. For computation of the first 
term, it is appropriate to expand the region of in- 
tegration on the right side of (8) to three intervals 
between the points a =@, andw=@, ,. For 
small q, the first of these integrals corresponds 
to the bound state of the system meson + proton , 

e., the neutron, the second to the nonphysical 
states of the system meson — nucleon and the 
third to the real states of the system meson — nu- 
cleon. 

It is easy to see that for small q” the integral 
over the regionw, <@<@_,, 1S proportional to 
q7Imf(p, 0) and contributes nothing in our approxi- 
mation [inasmuch as Imf(p, 0)=0]. For the com- 
putation of the contribution from the bound state 
we make use of the general expression for the 
scattering amplitude! and describe it first in the 
form which it has before the exclusion of the 5- 
function which describes the law of conservation 
of momentum: 


be i\dx dy dteiot—ikx+ ik’y (16) 


x <p’ | TL (% t),4, (y» 9)1| p> 
=\dxdye-assmy ¥ [<P'| fx @) | <n | 7, PD 
Ey es + @ + 1E re 


rit lj WIe> <al7%, | p>) 
Ep Bate | 
(The imaginary contribution was chosen from the 
condition for the detouring of the poles on the 
upper side.) Taking the complex conjugate of (16), 
it is not difficult to see that for these terms in the 
sum overn where the denominator does not vanish, 


[Lg (P. Ps, HY = 0, (0, wk’, by, 


and for the pole terms, 


L. IOFFE 


eas k, hi) fatal’; P; te k). 
Considering the nonspin-flip scattering amplitude 
(fe B sy 6,,g),and taking it into account that in 


the coordinate system we have chosen,f, depends 
5 (p+p)k, (p — p’ Vi, 


which do not change upon the substitution p > p % 


only on the invariants pp % 


k +k’, we come to the conclusion that the imagin- 
ary part of the amplitude ff? corresponds to the 
contribution from those terms in (16) where the 
denominator vanishes. This permits us to write it 


in the form 


Im fo) (w, g?) = =| dxe- ite (17) 
x Dyl<p’ (i, (X) | > <n] 1, (0) | > 
x 8(E, —E,, + ©) 
— <p'tj,, (0) |n> <nii', (8) | p> 8 (Ey — E, —0)] |. 


(The subscript 1 denotes that it is necessary to 
separate out the part which does not contain g. ) 
With the help of (17), the contribution from the 
neutron state can be computed in the same way as 
was done in the case of the forward scattering 
amplitude. The computations lead to the following 
expression for the imaginary part of the aniplitude 
[ with accuracy up to (p/M )? |: 


Im f{)) (@, q?) = — (2g?/4M?) (18) 


% [k* — 1/297] 8 (o — pa/2M — q?/4M). 


The expansion of the integral in the region 


® nin <@ <o% in powers of q” is elementary. In 


this case we must replace yp in the lower limit for 
the same reasons for which the integral over the 
1 <@’°<@,,, was omitted. Collecting 
the results, we obtain, after subtraction from both 


region @ 
sides of the equation of its value for w = p, the 


ee relations for ee pe 


ce: 7 Re oa [FP (@, g2)+F® (o, 7) (19) 


6erRe AF) (, @°) EF Pan 
1/Mu2 p2 2k? 
=}? “ Ay ara (u2/2M)2 ate) > doy’ 


yc fa Bm (0/097) FD (00", G2) + 70 (o q°)] | 


q*=0 
(@’? — w?) (w’? — 2) . 
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The equations (19) can also be obtained from the 
corresponding equations of Salam‘. 


2. PHOTOPRODUCTION OF PIONS ON NUCLEONS 


The dispersion relations for the photoproduction 
of pions on nucleons can be obtained by the method 


completely analogous to this, with the help of which 


the relations were found for the scattering of pions 
on nucleons. We shall consider the amplitudes 

of photoproduction of 7+-mesons on protons f,(@) 
and of 7 -mesons on neutrons f_(@) at an angle 
of 0°, as functions of the frequency of the quantum 
@. We shall carry out the analysis in a system of 
coordinates in which the sum of the momenta of the 
nucleon in the initial and final states is equal to 
zero: p+ p’=0. Here, of course, a proper system 
of coordinates corresponds to each value of the 
frequency of the quantum w. Such a choice of a 
coordinate system brings it about that the ampli- 
tude of photoproduction possesses simple proper- 
ties upon the replacement of w by —w. In this 
system of coordinates the energy of the quantum is 
equal to the energy of the meson and the initial 
momentum of the nucleon p is directed against the 
momentum of the quantum k and in absolute magni- 
tude is equal to 


p= 1/2 (@ — Vu® — p?). 


The threshold of photoproduction lies (in this 
system) at@ =p. Near the threshold, p reaches 


(20) 


its maximum value p,,, = »/2, and for large w 
(o> ps p = it Dia, i.e., it tends toward zero 
for @ > «©. Inasmuch as, even forp=p___, the 
Y ki ax 
kinetic energy of the nucleon E*"" = .*/8I1 ~ 3mev 
. max 
is very small, we can regard the nucleons non- 
relativistically with very high accuracy. 
Je note, moreover, one property of the function 

W te, ; property of the funct 

p(w) which follows from its analytic continuation 


in the region of negative w: 
Bi 0) re =P) (21) 


(the points of the loop are detoured above ). 

The analytical properties of the amplitude of 
photoproduction can be made clear by writing the 
expression analogous to (1): 


fs (o)/r i Ks (Z, HH, r, Be ~P) 
(¢—t) >e—3r')? 


(22) 


x e!® ({—2")—i (qz—kz’) dt'ds 
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(q = momentum of the meson), where the integra- 
tion over ds is carried out in a plane perpendicular 
to the momentum of the quantum. It follows from 


(22) that f+) does not have poles in the upper 
half plane. Actually, for Im@ > 0 there appears in 
the integrand an exponentially decaying factor 
(for t’+ -oo), which guarantees the convergence 
of the integral. The function K, by virtue of in- 
variance, can depend on @ only through the coni- 
binations Eig tt — te (p7/2M)(t —t’) or pz’, 
Inasmuch as the integration is not carried out over 
z’, the second of these combinations does not af- 
fect the convergence of the integral. So far 
as the first is concerned, it could change the con- 
vergence of the integral only if it were multiplied 
by a large factor (~ M/z) which is completely im- 
probable, becuase Ee niust enter on a par with Jf. 

For the investigation of the behavior of f4(@) on 
a large circle in the upper half plane of w, we must 
make use of the fact that as w > ~, p tends to 
zero andg>k. Thus, for sufficiently large w, the 
factor w[t — t’—(z— z’)] appears in the exponent. 
Its imaginary part is positve for Inw > 0 and tends 
toward infinity for im@ > . Since the dependence 
of K on w vanishes for sufficiently large w(p9), 
the conclusion as to the vanishing of the function 
f4(@) on the semicircle of large radius in the 
upper half plane follows directly. 

For the photoproduction of mesons at the angle 
of 0°, the amplitude of photoproduction must have 
the form 


fz (0) = oeF (0), ve 


where e is the vector of polarization of the quantum 
(since the amplitude must be pseudoscalar and 
must contain e linearly). The function F y(o) has 
the same analytical properties as the function 
f4(@) and consequently satisfies the relation (3). 
~The connection of F(@) with F(—a@) can be 
obtained, as in the case of the scattering of pions, 
with the help of a consideration of an arbitrary 
matrix element tee BP» p3k, q), which corre- 


sponds to a certain Feynman diagram. Such a con- 
sideration yields the fact that M4. 2 (p ps—k, -q) 
= Mg «(P> P 3%, q). M depends only on the in- 
variants pp, (p+ p’)k, (p — p”)k, which, in our 
system of coordinates are, respectively, pp“ 

= E* Por pp yrs 2E a, (pp Ji = cpa, 

It is evident fromthese equations that the substitu- 
tion p> p, k >—k is equivalent to the substitution 
@-+>-—@. Taking into account Eq. (23) and the 
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Hermitian character of the matrices a, we find 


F4() = F_(—). (24) 
Thus 4(F,+F_) and 4(F, —F_) satisfy Eq. 
(8). 

In order to remove from consideration in the 
integral of the imaginary part of the amplitude the 
region below the threshold of photoproduction 
(@ <p in the chosen coordinate system), we can 
make use of the phase equality pointed out by 
Fermi® for scattering and photoproduction of pions. 
Inasmuch as for scattering of pions, the phases are 
purely imaginary for w < py, then for photoproduction 
in the corresponding states of the nascent pions, 
the phases will also be purely imaginary for a<p. 
Consequently, the imaginary parts of the functions 
jaa which are obtained after exclusion (from the 
expression for the amplitude ) of the factor ge, 
must vanish for 0 <@ <x. 

The contribution of the bound state requires 
separate consideration. In the case of photopro- 
duction of pions, this could be a proton (or a 
neutron). The energy E,, of this bound state ought 
to be determined (in a way similar to what takes 
place in the scattering of pions by nucleons) by 
tw@-—E_ =0, where the 
momentum is p) =p’+k orp, =p—k. With the 


one of the equalities FE , 


help of these equalities, it is easy to find that the 
bound state corresponds to w = 0, i.e., to the elec- 
tromagnetic field with constant potential. Such a 
field, by virtue of gauge invariance, can contribute 
nothing to the amplitude of photoproductipn, so that 


the contribution from the bound state also vanishes. 


To sum up, the dispersion relations for the ampli- 
tude of photoproduction take the form 


+ Rel[F, (0) + F_(o)] (25) 


— 2 ia @! 1/.1m F ’ F u 
(ely Tam Rete) ¥en 
a 


where the integration on the right begins at the 
threshold of photoproduction (@ = 1). 

The amplitude of photoproduction of a single 
pion ought to tend to zero for high energies, as 
also each amplitude of a definite inelastic pro- 
cess°’’. Therefore, the integrals in (25) ought to 
converge. The dispersion relation for the ampli- 
tude of photoproduction of 7°-mesons has a form 
identical with the relation for AU ,. +f). 
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3. SCATTERING OF NUCLEONS AND ANTINUCLEONS 
BY NUCLEONS 


The dispersion relations for the scattering of 
nucleons by nucleons were considered in a paper 
by Fainberg and Fradkin®. Their method was an- 


alogous to the method of Goldberger’. We shall 
show how these relations can be obtained by means 


of our method. 
We limit ourselves to the case of forward scat- 


tering. We shall consider the scattering amplitude 
of protons by protons f, and antiprotons by pro- 
tons f_, in the laboratory system of coordinates, as 
functions of the energy of the incident particle, 


neglecting the Coulomb interaction. We shall con- 
sider both the incident particle and the particle at 
rest to be polarized in (or against) the direction 
of the momentum of the incident particle. We intro- 
duce the notation: r, s for the polarization of the 
incident and the second particle before the colli- 
sion, andr’, s’ after collision (7, s, r, s”°= £1). 
Proof of the fact that the scattering amplitude 
has no poles in the upper half plane of w, and vanishes 
(or at least does not increase ) on a semicircle of 
large radius, runs identically with that for the case 
of scattering of pions on nucleons and leads, on 
the basis of Cauchy’s theorem, to a relation similar 
to (3). In order to investigate the relation of the 
scattering amplitude of proton-proton for positive 
@ with the scattering amplitude of antiproton-pro- 
ton for negative w, we consider an arbitrary ma- 
trix element Bares Cpa PiePaaPes oes s’) 


(p pj are the 4-momenta of the incident particle, 
Po» Py of the second particle). The nonexchange 
matrix element can be written in the form 
nonex y , 
Mie (pepe Oy are Be ase} 


uf 


=u (p,)M,(p.. pu (P1) 
x w" (ps) My (Pa Pe) u (pe), 


where, for example, u”(p, ) is a spinor correspond- 
ing to the 4-momentum p, and polarization r. We 
make th ituti ~ “i ‘ 

e substitutions Py 2 ParP paSP Bs 


> P58 > sin Eq. (26), and take its complex con- 
jugate. We get 


“nonex , , 
Mas (=a Bis IPs Pa ae ee say am 


& tes 27) 
== U (= py) My (— pi ae (Py) 


x u"(p2) Mo (D2, Ps) u’ (py). 
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The right-hand side of Eq. (27) is the scattering 
matrix element for the antiproton (with momentum 
p,) by the proton (with momentum p, and polariza- 
tion s). Here wu’ (—p,) is the spinor correspond- 
ing to the negative energy —£, and polarization r. 
The spinor v(p), which represents the wave func- 
tion of the antiproton, is connected with u(—p) by 
means of the matrix of charge conjugation v(p) 
= u*(—p)C. Making use of the explicit form of the 
matrix C, it is not difficult to prove that in the 
case of nucleons polarized along (or against ) the 
direction of the momentum, the polarization r of the 
spinor with negative energy u(—p) corresponds to 
the polarization —r of the spinor with positive 
energy v(p). Thus 


ee Pi Pice Pee Paty I 5S 8) 
ie (P,P; P» Ps — 1, —T; S, 8’): 


(28) 


For the exchange matrix element there is an 
analogous relation with just this difference, that 
the right side corresponds to a diagram in which the 
nucleon and antinucleon lines exchange their 


roles. 


In the laboratory system of coordinates, Te =f 
=M, po= Ps = 0 and the vector p, = p; cannot 


enter linearly since the polarizations are pseudo- 


scalars. Therefore, the substitution p ,>—p.P]?—P p> 


Eo P5 is equivalent to the substitution o>—a, 
which permits us to write for the scattering ampli- 


tude [ on the basis of Eq. (28) |: 


(om GaSe Fist S S585) (29) 


= Rls 9) 
Below we shall be interested only in coherent 
scattering without change in the spin of each of the 
particles: r=r s=s’. We denote the aniplitude 
of such scattering by f%S(q@). Then, from (3), 


with the help of Eq. (29), we get the two relations 


5 Re ifs (o) + i-"s@)] (30) 


— 5 Relfs(M) + fr s (M)] 


_ * (9 - Af2y 

=—(o M?) 

Se , 1/, Im rao wo’) er w’) 

x9 E> dor lay ] 
G) (@’* — @?) (w’? — M?), 

(To assure convergence of the integrals, we sub- 

tract from each part of the equation its value for 


o=M.) 
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In order to make clear the properties of the 
imaginary part of the forward scattering amplitude 
in the interval 0 < w <M, we return to the general 
expressions for the amplitudes, which have the 
form: 


"8 (@) (31) 


=f = \ dtxe—ipx yy" (P,) <P,, 8 biol W x Cs) 
AO) CAE 


jt s(o) =ig\dtxe-ia ui (—p,) 31’) 


X Po, 5|T 1%. (0)s Xp (*)]| Py» S> US (—p,)- 


In (31), (31’), x (%) denotes the interaction oper- 
ator standing on the right-hand side of the equation 
for the nucleon W-function in the Heisenberg repre- 
sentation: 


TpOY (x)/0x,, — md (x) = x (x). 


In the case of a pseudoscalar symmetric theory, 


Ax) = ig Ts pla), (x). Considering that the 
interaction is carried out by pseudoscalar mesons, 
we omit, on the right side of (31), (31%), terms pro- 
portional tow "(p,)yu"(p,), which vanish for for- 
ward scattering. The imaginary part of the ampli- 
tude of scattering can be written in the formof a 
sum over the entire system |n > of intermediate 
states: 


Im f* (0) = 2 >) axe-ip us (p,) (32) 


X [<Pys 5 | %q (X) 12> <7 1x9 (0) 1 P,, S> 


x 6(M— E, +4) 
+ <Pyy $(%q (0) | > <7! x, (X) | Pe 
sy 6(M— E,, —)] uy (P,); 
Im f*(a) = 3 Sydnee ue (—p,) 
X [<p,, 81% (x) 12> <1 x, (0) |,» > 


x8(M — E,+o)+<p,, |x, (0) {n> <nl 7, (x) |p 
s>36(M— E, —e)] us (—p,). 


2? 


[The sign before the second terms in parentheses 
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in Eqs. (32) and (32’) are chosen from the condition 
of detouring the poles above.] By virtue of the 

law of conservation of momentum, the total momen- 
tum in the intermediate state is P, =+p. It is not 
difficult to see that the second term of (32”) is in 
fact equal to zero. Actually, in this term, only 
states with two or more nucleons can give a con- 
tribution in the sum over n. Since the momentum of 
such a state must be equal to p, then £ 


Socv Mt 2M)2 + p2 and Ee + @ is always larger than 


M (even for w < +). In the first term of iXq. (32), 
only states with two or more nucleons also can enter 
into the sumovern, i.e.,E >V/(2M)2+ p2. It then 
follows that the quantity M—E) +@<M 


— / (2M)? + p2 +o in the 5-function cannot van- 
ish for a <M. Thus, for w <M, only the second 
term of (32) and the first of (32%) can be different 
from zero. 

In the second term of (32), there can enter as 
intermediate states those of one, two and more 
mesons. The contribution of the state with a single 
meson can be calculated precisely, since the 
matrix element is an exact vertex part*. We have 


(33) 


s| g 0 (0) stall (Pi) ¢3 (0)| 2>/26(M 


out tpt = en) 
= — 5g*(1/2M)*(0/ My, a(o— M+ 3). 


It is of interest to note that the pole lies only 
‘iigpe 2M (~5 mev in the center-of-mass system ) 
lower than the zero of the kinetic energy. The 
contribution of intermediate states with two and 
more mesons cannot be computed on the basis of 
contemporary theory. It can only be pointed out 
that these states have especially high energy, so 
that, for example, the tern in the imaginary part, 
corresponding to a two-meson intermediate state, 
will differ from zero only for —(w@—M) < 4p? /2M 
and, naturally, will not have the character of a 6- 
function. 

The first tern: in (32%) corresponds to processes 
of annihilation of the antinucleon with the nucleon. 
It is not difficult to verify that in the intermediate 
state here there ought to be at least two pions, so 
that for @ < if, a term analogous to (33) does not 
arise. 

* There can be no intermediate state with a single A- 
meson because of the conservation of strangeness, 


Be lL. 1OR RE 


Besides the pole in the scattering amplitude 


which corresponds to a single-meson intermediate 
state, one needs to take into consideration another 
pole arising from the virtual level (with energy «) 
of a system of two protons in the 1S state. 


Finally, we get the following dispersion rela- 


tions for the scattering of protons by protons and 
antiprotons by protons*: 


Re [Fs (o)— 3(1 +i) <3(M) (34) 
I ae 
— ZF) re OM] 
ase ey Chie 6 
al U2 ate 2 = 
Bho he dl SNL es 
V Me, o—M-+e, « ae 
ma 
2M 
i ; : do Im f° (@’) 
ee (ere e) \ ( a’? — Me wo’ Fo 


sy @? — M2 o’ + 
a W 
w— MEF do’ 1 (4 8(@') | oS @)| 
i: Die \ V wo? — We 2|o0'Fo a5 oe f° 


As a consequence of the fact that in the first part 

of the dispersion relations there enter integrals 
from the imaginary parts in the energy region w <i, 
it is not clear whetherthey can be proved to be any 
sort of poles. Some interest attaches to the esti- 
mate of the first ‘‘pole’’ term in the right-hand side 
of (34) which arises from the single meson inter- 
mediate state. Since this term contains 5, . and is 
proportional to p* for small momenta, it must be 
related to the °P state. Estimating the remaining 
terms in the first part of (34), we can see that for 
small energies they all (except the third) are 
considerably smaller than the first (at least in the 
ratio p/M). The third term does not contain a small 
parameter in comparison with the first, but inas- 
much as integration over w’— MM is begun in it with 
an energy four times larger than the ‘‘kinetic’’ 
energy of the point of the pole in the first term, and 
extends to M/, a basis is provided for thinking that 


* For the scattering of protons and antiprotons by neu- 
trons, the same relations hold, only with this difference: 
the pole term from the single meson intermediate state 
will be twice as Jarge and a contribution is added from 
the bound state---the deuteron. 
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it also cannot in any appreciable degree compen- 
sate the “‘pole’’ term at low energies (@,, 

~ pos 2M). If we consider that the “pole” term 
cannot compensate the remaining terms at low ener- 
gies, then with its help we can determinc the P- 
phase in the proton-proton scattering. (It amounts 
to about 1° at an energy of 5 mev in the laboratory 
system.) Unfortunately, the experimental data 
presently available on this problem are sufficiently 
indeterminate, although they lend support to the 
idea that the P-phase at these energies is some- 
what smaller’. If making the experimental data 
more precise shows that the P-phase is actually 
significantly less than that value which is required 
by the ‘‘pole’’ terms, then this will mean that the 
role of the third and fourth terms in (34) (which 
could not be determined from experiment ) is sig- 
nificant even for small energies (except for the 


trivial case in which all the scattering is deter- 
mined by a virtual level). This possibly reduces 


to zero the value of the dispersion relations in the 
nucleon-nucleon scattering. 


4. CONCLUSION 


The method carried out above of obtaining the 
dispersion relations was actually based on only 
one assumption: the impossibility of the propaga- 
tion of signals with velocities exceeding that of 
light, inasmuch as all the other considerations 
(the replacement of w by —a, and the calculation 
of the contribution from the poles) possess only 
an auxiliary character and could be replaced by 
other considerations which do not make use of the 
concept of the S-matrix in its present-day form. 
Therefore, the question is of great interest as to 
whether it is necessary to require the validity of 
these conditions for microscopic distances or 
whether it is sufficient to limit oneself to the 
macroscopic where such an assumption raises no 


doubt. The conclusion set forth above permits us 
to bring forth some arguments in support of the 


following possibility*. Actually, we assume that 
the region of propagation of the interaction is not 
limited by the light cone but extends over some 
small region beyond it, i.e., for example, that the 
signals can reach a point r, ¢ from all points te 

t’ which satisfy the condition (¢ — 62 ie 235)? 
>-l es Lo 
nuclear distance. 


is some constant of the order of a 
We assume, and this is essential, 


* Our attention was called to this point by I. Ia. 


Pomeranchuk. 
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that the condition which violates causality is super- 
posed in the interval, because in the opposite 

case it would be difficult to represent that the 
violation of causality in a small region in one 
system of coordinates would not become a viola- 
tion of causality in a large region in another sys- 
tem. Then, for example, in the case of scattering 
of pions by nucleons, we would have for the ampli- 
tude of the forward scattering [in place of Eq. (2)] 


(0) /r= \ae didn K.(z, p, t, t)e@7-ik®, (35) 


e 2 
oe? — 72 +4 Io. 


The demonstration of the absence of poles in the 
upper half plane evidently remains without change. 
We consider the behavior of f,(@) on a large semi- 
circle. Let €=7 = 0 (this is the worst case ). 
Then it is evident that for large €(€ is a macro- 
scopic distance ), the lower limit of the integration 
over Tis equalto 7, =€-1 hac and conse- 
quently, for sufficiently large € the correction due 
to l 


0 
small. At first glance, it would seem that, from 


different from zero can be made arbitrarily 


the presence of a finite mass, it is impossible in 
Eq. (35) to extend ¢ to infinity, since in this case 
the exponent would be equal to exp{—4ilols/ €. 
— p2l/ wl} (if T= eee and w >> w) and, there- 
fore, for @ =i@ gives an exponentially increasing 
function. This difficulty could be avoided in the 
following fashion. We choose a sufficiently large 
(macroscopic) € and let w = Ne PAW ug/l. 
Then the exponent will be of the order wl) < 1. 
Along with this, multiplying f4(@) by a suffi- 
ciently rapidly decreasing function, we can become 
convinced that the integral of fo) over the large 
semicircle of radius © will be very small (in the 
ratio of some power of Led ¢) and the dispersion 
relations are preserved. In practice, the form of 
this function, by which it isnecessary to multiply 


f4(@) is determined by the behavior of f4(o@) 

on the real axis, i.e., by the behavior of the cross 
section for large w. Consequently, in the model 
considered, the violation of causality in the small 
region does not change in the course of the proof*. 
~* For the case of the scattering of gamma quanta, the 
conclusion that the dispersion relations do not change if 
the condition of causality is violated in the small, can 
be obtained also from the results of Ref. 10 if, in ob- 
taining Eq. (3.19) of this paper from (3.18), we intro- 
duce a condition imposed in the interval that violates 


causality. 
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However, we can choose the condition that violates 
causality in some fashion which does not impose 

it in the interval. Pere, generally speaking, one 
chould expect that the dispersion relations will no 


longer be maintained. 
We have therefore come tothe following conclu- 


sion: if the experimental data are in contradiction 
with the dispersion relations, then this will mean 


that at small distances, the propagation of signals 
with velocities exceeding that of light can go on; 
at the same time, in accord with experimental data 
with dispersion relations, we cannot exclude the 
violation of causality at small distances, in par- 
ticular the propagation of the reaction between two 
points lying not inside the light cone but inside the 
hyperboloid appears to be possible. 

The author expressed his gratitude to Acad. L..D. 
Landau, Prof. I. la. Pomeranchuk, H. A. Ter- 
Martirosian and L. B. Okun’ for a series of valu- 
able remarks and fruitful discussions. 
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NUMBER 4 WHALE WOR 7 


On a Singularity of the Field of an Electromagnetic Wave 
Propagated in an Inhomoneneous Plasma 


N. G. DENISOV 
Gorkov State University 
(Submitted to JETP editor July 11,1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 609-619 (October, 1956) 


The effect of field growth is investigated in a region where the plasma dielectric con- 
stant becomes zero. The problem of the absorption influence is fully explained. The 


relationship between this effect and plasma resonance is established. 


| solving the problem of propagation of electro- 

magnetic waves in an inhomogeneous plano- 
stratified medium the simplest case is that of\normal 
incidence. Under the conditions of complete re- 
flection it is most convenient to use the linear 
approximation of the dielectric constant ¢ (z) in the 
neighborhood of its zero (point of reflection). In 
fact, the consideration of this simplest case 
enables one to explain completely the field of a 
standing wave in the reflection region (see Ref. 1, 
Sec. 66). An analogous situation occurs for 
oblique incidence. 

Zhekulin” carried out a detailed investigation of 
solutions describing the oblique incidence of 


radio waves on a plano-stratified isotropic iono- 
sphere. In such a medium waves with different 
polarizations of the electric vector E (perpendicular 
and parallel to the incidence plane) are propagated 
independently of each other. It turns out that the 
reflection problem of the wave, with an electric 
vector perpendicular to the incidence plane, does 
not differ in principle from the well known case of 
normal incidence. They differ only in the displace- 
ment of the incident wave reflection level. How- 
ever, the equation describing the wave with a 
different polarization of the electric vector is of 

a more specific type; in this case, the point at 
which the dielectric constant of the medium é5 

« (z) becomes zero is a singularity. Zhekulin 
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showed that the condition for the solution to be- 
come zero at infinity (in the region of negative 
values for €) is not compatible with the require- 
ment that the field be finite at the zero of «. In 
trying to remove this solution singularity, the author 
replaces (without any basis) the function « (z), 
which changes sign at a definite point, by a posi- 
tive function which does not become zero anywhere. 

Forsterling and Wuster®’* discussed in ereater 
detail the singularities of the field for oblique 
incidence of the wave. From the analysis of ap- 
proximate solutions, valid in a relatively small 
neighborhood of the zero of the function e, it was 
established that the field component E, becomes 
infinite as 1/e at this point, while the component 
Fe, has a logarithmic singularity. The abrupt 
growth of field strength in the region where ¢ takes 
on infinitesimally small values leads to the con- 
clusion that the field description with the aid cf 
the usual dielectric constant becomes impossible. 
This is clear from the fact that the motion of the 
electrons cannot be harmonic under the influence 
of a field with an abrupt space innomogeneity. This 
case can be accounted for by the fact that the 
equations describing the field in the medium become 
nonlinear, and, during the propagation of a wave 
with a definite frequency, there waves arise in such 
a medium of other frequencies (higher harmonics). * 

However, in the above mentioned papers, there 
remained unexplained the problems of the ampli- 
tude in a growing field within an absorbing medium, 
and the physical nature of this singularity in a 
medium without absorption. 

This paper is devoted to a detailed discussion 
of these problems. 


1, SINGULARITIES OF THE ELECTROMAGNETIC 
WAVE FIELD WITH OBLIQUE INCIDENCE ON A 
LINEAR LAYER 


Let us consider the problem of the electromagnetic 
wave incidence on an inhomogeneous medium, the 
properties of which are a function of a single coordi- 
nate z only. We shall assume that the normal to 
the wave front of the plane wave lies in the y,z 
plane. In such a case the equation of interest to 
us, describing the wave with its components //, , 


FE E_, is written in the form (see, for instance, 
y Zz 


Refs. 1,2) 


Cw 4 
Giz e’ (2Z) 


The function w (z) is related to the He component 


t « “ue Abas 
by ihe relationship 


Te ween ee 


The remaining field components are determined from 
the equations 


Ey = 


In Eq. (1) and in formulas (2), (3) there are 
also found the following symbols: ky = w/c is the 
wave number in vacuum; q= sin Oy » where A, is 
the value of the incidence angle at the boundary 
of the inhomogeneous layer. The dielectric con- 
stant of the ionized gas ¢! (z) is expressed by 


the formula (see Ref. 1, Sec. 57) 
e’ (Zz) = 1 — 4ne?N (2) / mo? (1 — vet /), 
where e,m isthe charge and mass of an electron, 


Niselectron density, v.55 iseffective number of 


electron collisions with neutral molecules. As- 
suming a small absorption, that is Vett 1O.<< A) 


one can write the approximation 
pe ee 
3! (2) = © (2) — (io / 0%) vee /0. 


Here ae = 47e*N/m isthe natural frequency of the 


plasma oscillations. Furthermore, by assuming that 
the absorption varies little with altitude, one can 
take the imagniary part of ei} (z)as equal to its 
constant value at the point where @ = Oop. In such 


a case 


e’ (Zz) = ©(Z) — Ivete /, 


and for the linear dependence e (z) = la. 


iv, (4) 


y == Sn §O. 


The origin of coordinates is chosen so that with 
z> 0 e€(z)< 0; and with 2 <0«{z)> 0. 
The differential equation (1) is now written in 
the form 
aw 1 dw oe 


dz? 50 


where x= oz tiv, and p =k 0 / It is easy to 
observe that the form of Eq. (5) does not change 
when going through v= 0. 

‘The only difference for the problem in which 
absorption is taken into account is that here the 
‘‘mathematical’’ point of reflection x = ag? 


corresponds to complex values of the z-coordi- 
nate: in the complex plane x, the real values of z 
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lie on a straight line passing in the upper half- 
plane parallel to the real axis at a distance equal 
t : 
¥ ioedtierionet let us note that for a medium with 
slowly changing properties the parameter of Eq.(5) 
p >> 1. Thus, in the F-layer of the ionosphere 
(a~ 10°? )p ~ 3 x 10* for the frequencies w~ 10°. 
In Refs. 3,4 it is shown that the solution of 
Eq. (5), satisfying the necessary physical require- 
ments, takes on some value not equal to zero at a 
point where (e/ /z) becomes zero (x =0). There- 
fore, in accordance with (3), the vertical component 
of the electric field 


(6) 


Ee a (qw /9’) elotthoay) 


becomes infinite at this point. The nature of this 
singularity depends on the behavior of e! (x). Thus, 
for a linear layer, E, becomes infinite as 1/x and 


the Ey component has a logarithmic singularity.* 


This singularity is located on the real axis only 
for v= 0. In taking into account absorption the 
maximum value of E, will be equal to 


z—0 = 9|w(0)|/¥ 


and can be very large for sufficiently small values 
of v. With this, the magnitude of the field depends 
to a considerable extent on the values taken on by 
the function w (0). This function depends on the 
angle of incidence and thus determines the magni- 
tude (Ez),_,) in the entire interval of values for 
the parameter q = sin 6 . 


\E; 


First, let us attempt to determine the form of 
this function for large angles of incidence when 
the reflection point x = —q? and the particular 
point x = 0 are separated by a considerable dis- 
tance. For the sake of convenience we shall 
investigate [instead of Eq. (5)] the equation 


(d?u / dx?) — [p? (x + q?) + 3/4x2]u = 0, (7) 
which is satisfied by the function 


u(x) =w(x)/Vx. (8) 
We shall assume that the distance between the 
reflection point x = —q? and the special point 

x=0 of the Eq. (7) is much larger than a wave- 
length. For a medium with slowly changing prop- 
erties (p >> 1) this takes place for values of 

q? which are not too small. Then the approximate 
solution of Eq. (7) (valid everywhere except for 
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a small region around the point x= 0 and represent- 


ing a standing wave to the left of x= —q” ) can 
be written in the form® : 


u= Vx /2 eee Vics’ Hie (is), 


(9) 
s=p \ Vet Pas (10) 
—q? 
2 9\3 i ; 
ee =z 0 (x + gq?) hh, -s' =ds/ ax, 
where Ay 73 is Hankel’s function of order 1/3. The 


constant which appears in the solution of Kq. (9) 
is chosen so that the amplitude of the incident 
wave field at the boundary of the inhomogenesous 
layer [e! (z) = 1] is equal to unity. 

Another approximate solution, valid to the right 
of the reflection point, can be obtained by using 
the method proposed in Ref. 5. Let us introduce 
a new independent variable 


aS e\V3 Gx = “se (ecg?) 2 gal 
P 


It is easily shown that the function 


Ee Os 
u* = BY a7 HV (i8) (11) 
satisfies the equation 
d?*u* 6 aes 
err ge (x + q”) (12) 
S(t dys 
Te ( E dx) Opel 


For small x€ = pqx Eq.(12) also has the same 
singularity at the point x= 0 as the fundamental 
Eq. (7). Besides, for large values of the parameter 
p, Eqs. (12) and (7) differ very little from each 
other, if one excludes from consideration some 
region around the point x= —q” where the function 
(x +q* )-? begins to grow abruptly. Consequently, 
the solutions of these equations inthe region 

x > —q* will also differ little from each other. At 
the same time, Eq. (11) will approximate the solu- 
tion which approaches zero as x ~ + © [in the 
region of negative values of €(z) ]. We note that 
the solution which was obtained and investigated 
in Ref. 4 can be obtained from Eq. (11) by assuming 
that for small x, € = pqx. 
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We obtained the approximate solutions (9) and 
(10) giving the asymptotic behavior of the desired 
solution (for p ~) for the various regions of the 
variable x values: to the left of x= 0 [Eq. (9)] 
and to the right of x =~g? [Iq.(11)]. Inthe 
interval =—q? < x < 0 both approximations are 
correct, which enables one to combine these solu- 
tions so that they would yield the same particular 
solution of our problem. The necessary calcula- 
tions are materially simplified if one uses the fact 
that both approximate expressions have the same 
asymptotic behavior in the above mentioned in- 
terval. Actually, using the asymptotic repre- 
sentations for the functions 77, 3 ‘!) (is) in (9) 
and Ho) (¢€) in Eq. (11) we obtain for s >> 1 to 


the right of the point of x =—q? 


La Vo/ S’ e— Stina (13) 
and to the left of x—0 for || >> 1, 
u* os — BY 2] ae’ ell, (14) 


expressions accurately agreeing with each other up 
to the constant multiplier, because ds ’ = dé’ and 


2 
= pg? (15) 


in the interval —q?< x < 0. Comparing (13) and 
(14), we find the value of the constant 8 


B= V 70/2 een (16) 


Thus on the basis of (11) and (16) we can now 
write the final formula, which gives the behavior 
of function w (x) in the region x > —q”, in the 
following form: 


pd = V xul = V re/2 -V xe ee™* a (@).09 


The remaining components of the field can be cal- 
culated from formulas (2) and (3). 

Here we shall be interested primarily in the 
behavior of the E, component in the vicinity of 
the « ’(z) zero. Formula (17) shows that w (x) 
converges to a finite value for x ~0: 
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w (0) = V'2/mpe B47 g (18) 


and consequently, with | «| << 1, the behavior of 
|E , | according to (6) is given by the formula 


| Ez | = V fre e*/ |x| 


(19) 
with a maximum value (in a medium with an ab- 
sorption x = az tiv) 

[Ea ) ee. (20) 


It is to be remembered that the final formulas are 
applicable only for large angles of incidence; Eq. 
(18) for qg ~0 gives an obviously incorrect result. 
However, for the upper ionosphere layers (p >> 1) 
the approximation formulas are applicable up to 
angles of incidence 6, of the order 4—5°, and, as 
it can be easily verified, underthese conditions, 
the effect of field growth near the point z =0 
will be negligible (s, >> 1). The field will take 


on large values only for unrealistically small 
V op: At the same time, the presence of the singu- 
larity at the point where « = 0 does not affect the 
behavior of the field in the region below the re- 
flection point, that is, the reflection of the wave 
having an #, component, and under these condi- 
tions of oblique incidence takes place in the same 
manner as in the case of the wave with an elec- 
tric vector perpendicular to the plane of incidence. 
Furthermore, let us note that in the case of 
normal incidence (¢ =0)E_ =0. Consequently, for 
some small angle of incidencethe growth of the 
field will be a maximum. In connection with 
this, the behavior of the function w (0, q) for all 
incidence angles is of interest. Earlier we deter- 
mined the form of this function for values of q 
that were not too small [Eq. (18) ]. Besides, it 
is easy to obtain the value of this function for 
q=0. Actully, the solution of equation (5) con- 
verging to zero for x ~+ can be written in the 


form® 


w(x, 0) = 2Vp/ 3s xK+, P/aex), 20) 


where K, ;,isMacDonald’s function. The con- 
stant multiplier in the solution of (21) is chosen 
so that it includes the incident wave with an 
amplitude equal to unity at the boundary of the 
inhomogeneous layer. Using the derivative from 
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the Airy function and its relationship with Bessel’s 


functions’ let us write the solution of (21) in 
another form. 


w(x, 0) = —2p-*o’ (#); (tf = p*hx). 
Consequently, the value of the function w (0,q) 
for q = 0 (normal incidence) will be equal 


w (0, 0) = — 2o-"'v’ (0). (22) 


Let us look for the approximate expression of 
this function in the entire range of values of the 
parameter q. First we shall find the approximate 
expression w (x, q) for small values of x. 

In order to do this we shall make explicit the 
behavior of the function u satisfying Eq. (7). If 
one looks for its solution in the form 


u= Uy (s (x)) Us (x), s (x) Pas */5 9 (x -+ g?) ?, (23) 


then for uw and Uy We obtain the equation 


(24) 


in which we require that 


a ds \2 
aa) a 


(here the primes mean differentiation with respect 
to s). Using Eq. (23), we shall express the last 
in equation inthe form 


u's, ’ 
Wide ant OS oO 


du, 1 du, 
ease a SSS 


fe: 


The required particular solution converging to 
zero for s ~+ is 


Uy = SsKa (S). (25) 


Let us substitute this expression in Eq. (24). 
Then 

dt. dus 3 

Ge me Oder eg va es 


(26) 
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where f (x) denotes the function 
i (y= (dsj dx) Cite 
= — p(x + q?) 7K, (s) / Ky, (S). 


Limiting the investigation of the solution to a 
small region around the point x = 0, and using 

the fact that f (x) when compared to the solution 
itself is a slowly varying function we can consider 
it as a constant and equal to the value for x = 0. 
Then, denoting the positive constant by 


— } (9) = qeK, (89) / Kr, (So) = 8; (27) 


(So = */3 99°), 
we obtain the following approximate equation 
for wy (x): 


3 
du, | dx* — 2b du, / dx — zu, = 0. 


A x, 


Its solution can be written by means of known 
functions.© If one chooses the particular solution 


Us = VW xbK, (bx) e”* (28) 
(K ,is MacDonald’s function of the first order), 
which for bx << 1 approaches a constant value, 


then the final desired function w (x. q) is written 
thus: 


= AsKy,(s) V bx®e"'K, (bx), 


where the arbitrary constant A must be chosen 

so that approximation (29) would agree in the small 
region around the point x = 0 with the particular 
solution in which the amplitude of the incident 
wave is equal to unity at the boundary of the in- 
homogeneous layer. If Sq 7? I, then from (29) for 


w (0, q ) we get (18) accurate up to the constant. 
A simple calculation gives 


A = 2(?/50)'l¢fr (30) 
and finally for the function w (0,q) 
w (0, 9) = (2/7) P/sp)'* S0°Ku, (So) (31) 


X 1K), (89) / [9eK2), (So) ]} * 
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If the Airy function is used, 


u(t) =V t/seKy, (+ fs); (31) , 


@(t) = —t (8x) —8 Ka, (2/5 th) 


(see, for instance, Ref. 7) then w (q) can be written 
in the following form which is convenient for 
computations: 


W(q) = 2V 2/z phy (t)V'0 (t)/— 0" (f); (32) 


t — q?p'ls. 


From the calculations it can be seen first that 
function (32) must be a good approximation to the 
true value of w (q) for angles of incidence which 
are not close to zero. A relatively large error 
can be expected for gq ~0. However, a comparison 
of this function with its exact expression for 
q = 0(22) shows that formula (32) gives a rela- 
tively good description of the true behavior of 
w(q) even for very small incidence angles. In 
fact, the ratio of the limiting values is given by 


BOY 8! © ()epprox 
= V=x/2(—0' (0) /v(0))" = 0.8, 


and, consequently, one can be sure that the 

error from the approximate expression (32) does not 
exceed 20% in the interval of q values from zero to 
some small magnitude beyond which the error of 
this approximation is negligible. 

With Eq. (32) we can now describe the behavior 
of the field component £ , of interest to us in the 
neighborhood of the point where the dielectric con- 
stant of the medium become zero (x = 0). In accord- 
ance with (6), for small values of (x), 


t aw (q) | 


| «| 


| qe (q)| = 2V 2/xpV to (t) V 0 (t)/ — 0’ (2), 


ee 


’ 


(t= p?/3 q?) or, introducing a new parameter 


. Ave (t?) Wie a @ (t) 
BD) =e V Zo = Vag” 83) 
Consequently 
JE, | = O(=)/V2np( xj; (2 = a2 + iv) 34) 
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and takes on a maximum value for z= 0 equal to 


| Ee | c-o= D (t) / V Qroy. (35) 


The dependence of the maximum magnitude [EI 
on the angle of incidence is thus determined by 
the function ® (7), the graph of which is shown 
in [ig. 1; here we also introduce (parallel to 
the parameter Taxis) a scale in degrees for the 
incidence angle 0, for a= 10°? and w = 27 x10’. 
It is essential to note that ® (7) takes on a value of 
the order of unity for a very narrow interval of the 
incidence angle values, with the curve maximum 
equal to 1.2 corresponding to C= Lp aan 
when Ay =5°, © (7) ~ 1077 . 

Let us evaluate, by means of Eq. (35), the 
values reached by the field | E, | in an isotropic 
plasma.! For the data of the E layer in the iono- 
sphere one can take a= 107°, w = 67x 10° 
(A, = 100 m). The maximum magnitude |E ,.| for 
Ve 4¢ = 10° will be |E |,=o = 3 and for Spree’ 
| Eee 80. 


2.= 
Zz 


Po) 
iar 


10+ 


t 
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For the data of the F-layer (a =10°7, @ =27x10", 
A, = 30m) we get for v4, = LO* -ie | ad Te3 5 antl 
for v.¢¢= 10° : |E,| ~ 173. Let us recall that the 
boundary of the inhomogeneous layer |E |= 1 and 
IE, |=|E| sin @) =. 

Summarizing the investigation, it can be said that 
for an isotopic plasma with slowly changing prop- 
erties the growth, effect of the field in the region 
of small ¢ (z) values plays no role in the case of 
large incidence angles, but becomes appreciable 
for small angles 6) ~ 2—3° Coe = 20° ini the 


latter casethe presence of the point at which e=0 
materially changes the solution form beyond the 
reflection point, and the growth of the field intensity 
of the standing wave is not smoothed out by the 
existing absorption. 


2. THE APPROXIMATE CALCULATION OF THE 
EFFECT OF PLASMA WAVES 


We have limited ourselves heretofore to a dis- 
cussion of collision effects whose calculation leads 
naturally to a finite value for the field of the 
electromagnetic wave at the point where ¢€ = 0. 

Sut in a medium with a small absorption, there re- 
mains the anomalous behavior of corresponding solu- 
tions and the unexplained problem of the true 
behavior of the field, since in an inhomogeneous 
plasma an important role can be played by other 
factors; their calculations, like the calculation of 
collisions, will lead to the removal of the singul- 
arity discussed previously . The possibility of the 
existence of other factors (besides collisions and 
nonlinear phenomena) leading to a finite value of 
the field intensity at the zero of « (z) becomes 
apparent from the following considerations. 

The characteristic behavior of the vertical 
field component FE, of the electromagnetic wave 


propagated ina plano-stratified ionized medium 
suggests the idea of relating this phenomenon 
with definite resonance characteristics inherent 
in a quasineutral plasma. It is well known 

(Ref. 1, Sec. 63) that the frequency determined 
from the condition ¢ = 1—47e2N/mw? =0 is the 
frequency of the so-called plasma oscillations. 
It is completely clear that the singular behavior 
of the field E in the neighborhood of the point 
where ¢ = 0 is intimately connected with the exci- 
tation of these oscillations. In such a case, the 
function representing the change in |#, 2 as depen- 
dent on the coordinate x (Fig. 2) is a type of a 
‘resonance curve. The resonance takes place at 
the point x = 0 [«(0) =0], that is, where the fre- 
quency of the incident wave @ coincides with the 
natural frequency of the plasma @, - 


: 
7 QO ; & 


[Rie R 


Of course, such a dependence of |E, |? ona 
coordinate is characteristic for an idealized prob- 
lem in which we neglect all sorts of energy dissi- 
pation in the standing electromagnetic wave. Na- 
turally, the calculation of collisions results in the 
elimination of the infinite values for the field. At 
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the same time the behavior of the vertical compo- 
nent in the vicinity of the resonance point is 


civen by the function [see Eq. (34)]. 


he ee A = const. 


A [(a2)? + (vee /@)?] 75 


The width of this ‘‘resonance curve’’, as in the 
oscillation circuit, is determined by absorption 
and is equal to z “= Ve gg / wa. 

However, in an inhomogeneous plasma, another 
energy dissipation mechanism is possible, namely, 
the generation of plasma waves. The presence 
of an abruptly changing longitudinal component 
of theelectric field results in the appearance of 
a space inhomogeneity inthe electron gas. In 
each section of the medium excited in this manner, 
the electrons experience oscillations (under the 
influence of the wave’s electric field), the ampli- 
tude of which increases with the approach to the 
resonance point (x = 0). Actually, these local 
oscillations are not independent: every change in 
electron density in one of the medium’s regions is 
transmitted to its neighbor through electronic pres- 
sure; the calculation of the latter results in the 
appearance of plasma waves which carry away 
some fraction of the standing electromagnetic wave 
energy. Finally, the energy associated with the 


plasma wave is used up in the heating of the gas. 

In the more general formulation of the problem 
we must take into account the possible emergence 
of plasma waves which, undoubtedly, will result 
in the elimination of the singularity in the solution 
and in the finite field value to the resonance 
point. The following approximate calculations 
explain the effect of plasma waves on the behavior 
of the electric field’s vertical component in the 
vicinity of this point. 

For the oblique incidence of an electromagnetic 
wave on a plano-layered isotopic. medium the prop- 
erties of which depend on the coordinate z, the 
field equations can be written in the form 


OH,/0y —OHy/ dz =ik,(Ex+4nP,), (36a) 


OF pal OZ i= — Roy; OE, /dy = thy ff ;; 
0Ez/0y —0Ey/0z2 = — thls, ee 
OH, / Oz = iky (Ey + 4zPy), 

OH, | Oy = — ik, (Ez + 45P,); 


div(E + 4xP) =0 (36c) 
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(it is assmed that the field is a function of time 
according to the law e*®* and is independent of the 
x-coordinate ). To the system (36) one must-also 
add the relationship between the electric field 
strength E and the polarization P. This relation- 
can be easily obtained forthe problem at hand by 


using the equation for the motion of electrons under 


the influence of the field — and electron pressure 


mNr = —xTVN + eNE (37) 


(x .is Boltzmann’s Constant, Tis absolute/temperature, 


N iselectron concentration) andthe equation of 
continuity 


(ON /Ot) + div Nr =0. (38) 


Equations (37) and (38) are for processes har- 
monic in time. By taking into account the fact 
that 


ON [ot ~On/Ot =ion; VN=Vn 


(where nis smal] deviation of electron concentration 
from its equilibrium value).these equations can be 
written in the form 


P = (xTe/ ma?) Va (39) 


— (2N / mw?) E; en+ divP=0. 


Moreover, in writing these formulas, the well known 


definition of the polarization vector was used, 

P =eNr. In addition, taking into account (36c), let 
us write therelationship between P and F in the 
following coordinate form 


P, = — (e?N / mw’) Ey; 
xT a ae 
mw? 4r \ 0 y? 050z 
Gr ak, OF; 
~ marr Ge 297 ) 


(40) 
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It is not difficult to see that the systen: (36), in 
combination with (40) resolves itself into two in- 
dependent equation systems. it appears then that 


the wave with components FE, , // ik satisfies 
the same equations as in the problem considered 


in Sec. 1. The calculation of electron pressure 
results in changes of the second and third equa- 


tions (36b) only: 


aH, ge /°E @E,\" 
Pe 5 [pres i pln a 
it ob. + Pe oygzae O22 )| 
where ¢ = 1—4z7e? N/mw? is the usual dielectric 


constant of the plasma (the absorption is neglected) 
p2 2 2 
and @* = ko *~T/mw* . The parameter 


B=(1/c)Vx«T/m~v/c (42) 


has an order of magnitude equal tothe ratio of 

the electron thermal! velocity to the velocity of 

light and represents under ordinary ionospheric 

conditions a rather small quantity; for instance, 

at temperatures of the order of 500° K: 8 = 3x10°*: 
Let us look for the solution in the form 


H,=W (Z) et hoay Jelena) (Zz) efhody 


Eye DAgieeze 


Thenthe system (41) with the elimination of E 
isreduced to the following two interrelated dif- 
ferential equations of the second order: 


aw de/dz dw 
dz®  e—j32g2 dz (43) 
RB A 2 See} de / dz du 
f 0 ( g*)w Pq aa ee 


(B%d*u /d2*) + ko (s — 6?q?) w= ghe (8? — 1) w. 


Thus, the calculation of electron thermal motions 
results in equations of higher order.” The solutions 
of system (43) describe normal waves of two types, 
which in a few special cases, and also in the 
regions of small interaction, enable us to consider 
the wave field as the superposition of electro- 
magnetic and plasma waves. Thus, for q= 0 (nor- 
mal incidence) system (43) is resolved into two 
independent equations. The first equation gives 
the same results as Eq. (1) and the solution de- 
scribes electromagnetic waves; the second gives 
a wave equation for plasma waves from which it 
is easy to obtain the known formula of the index 
of refraction forthese waves [n = (</3)!/2](see, 
for example, Ref. 1, Sec.63). Besides, as the 
investigation of system (43) shows, the subdivision 
of the field into plasma and electromagnetic waves 
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is possible in regions relatively far removed from 
the interaction region (vicinity of the point where 
¢€=0). 

It is easy to show that the solutions of system 
(43) will be analytical functions and a singularity 


appears in them when the small parameter B 
approaches zero, 8 being the coefficient of the 
highest order derivative in the fourth order equa- 
tion equivalent to system (43). 

We note that for small 8? the first equation of 
system (43) differs little from Eq. Gis obtained 
without taking into account the thermal motions 
of electrons. The second equation for C= 0 
turns into an algebraic relation 


u(z) = — qw(z)/¢ (Zz). 


It can be shown by solving equations (43) by the 
method of successive approximations that the value 
of component EF, at the points where « (z) becomes 
zero will have an order of magnitude equal to 


| Ez |z—0 = qw (q) (8 /p)28. (44) 
The appearance of the multiplier (8/p)~?/? in for- 
mula (44) can be explained as follows. Let us write 
the equation for electrons moving under the influ- 
ence of the FE component by taking into account 


collisions and the pressure gradient (for processes 
dependent on time according to the law e‘” ) 


(45) 
—o Nmr + iwver; Nmr = eNE, + “TON | 02. 


If, in addition, one assumes the continuity equa- 
tion (38) and sets 0ON/dz = kn; ON/ot = ion; div Nr 
~ kNr, where 1/k is some characteristic dimension 
of the wave field, then Eq. (45) can be written in 
the form 


— o? Nir + iowvere Nmr = eNE, + «TR Nr, 


from which, by comparing the terms wv, ,, Nmr 
and x Tk? Nr, it is easy to see that the quantity 
(x T/mw? ) k? plays the role of v ~f /@ (by assuming 
collisions), on the assumption of the analogous 
effect of the pressure gradient (of the plasmawaves). 
Consequently, in the formula 

| Ez] = qw(q)/|o2 + ive /o| (46) 
in the last case (x7 /mw2 ) k? will replace V o¢4/O- 
Assuming, furthermore, that the dimension of the 
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field inhomogeneity (by reducing the effect of plas- 
ma waves to some effective collision number) has 
an order of magnitude of 1/k, we obtain the relation- 
ship 


k = (mwa /xT)'!s, 


and the value of the field EF, at the resonance 
point (z = 0) will have an order of magnitude given 


by 
| Ez| = qw (q)/(«T k? / mo?) = qo (q) (B/e)~"". 


Consequently, the effect of plasma waves in 
our problem can be compared to the analogous 
effect of absorption, and some effective number 
of collisions can be introduced: 


*p1/@ = (8/p)*s, (47) 


For the data of E-layer (8 = 3x1074, a = 1078, 


ho = 100 m, p = 2nxi0?) v,) ~ 10%. 


For the F-layer (8 =3x10-4 , Ag= 30m) we obtain 
y= 3.7 x 102 (a= 1077); vy = e710" hc 
from these numbers it is seen that the calcula- 
tion of the plasma wave effect is just as effective 
in some cases (~~ 107 ) as the calculation of col- 
lisions (v. 5 < 10° ). However, in the lower 
(Vere 2104 j ionospheric layers the absorption 
effect, connected with collisions, is predominant 
(See Ref. 1). 
Finally, let us note that the assumption of non- 
linear effects results in negligible corrections. 
Thus, in formula (46) along with v4 ¢, /@ there 


appears the magnitude « 
: Crete 4 
speed of electrons in the z directions. This addi- 


tion has an order of magnitude ceE, /mw?~10E, 
(for w= 10°’ , w= 27x 107 and is comparable to 
Vet /@ in the F-layer only for a field intensity 
EL, ~ 1 cgs unit at the resonance point. If the 
amplification coefficient of the field is taken to 
be 10? , then at the boundary of the inhomogeneous 
Jayer the wave must have an intensity F,~1072 
cgs unit of the order of several v/em. Conse- 
quently , for ionospheric field intensities the role 
of nonlinear effects is negligible. 

In conclusion I express deep gratitude to V. L. 
Ginzburg for suggesting the problem and for his 
help in the investigation. 
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A mathematical formalism is set up for the space-time description offield theory, start- 
ing from an action principle. It is proved that such a formalism necessarily leads to a 
representation by means of external sources. 


1. INTRODUCTION 


THe unsatisfactory state of quantum field 
theory makes urgent thetask of investigating 
and reformulating the mathematical basis of the 
theory. Recently a number of papers have appeared, 
dealing withthe space-time description of field 
theory. A consistently 4-dimensional treatment 
uses operators of a different type from those of the 
ordinary 3-dimensional formalism. The former 
type of operators we shall call ‘‘causal’’. They 
were introduced simultaneously by several authors 
authors,‘ working from different points of view. 
Coester! found it necessary to define operators 
having the properties of causal operators, in order 
to construct a quantizationscheme for Feynman 
amplitudes. Gol’ fand considered these operators 
under the name of ‘‘quasi-fields,’’ using them as 
a convenient device for calculating expectation- 
values of the S-matrix. The present author* de- 
fined causal operators as operators which refer to 
a definite direction of time, and which satisfy re- 
quirements connected with the principle of causality. 
It has been proved!~* that the use of causal 
instead of ordinary field-operators does not change 
the results of the usual scattering -matrix theory. 
Equations forthe state-vector were also introduced 


* The content of this paper was presented at the All- 
Union Conference on quantum electrodynamics and the 
theory of elementary particles on April 2, 1955. 


into the causal operator formalism. 3utthe form 
of these equations was fixed by requiring that the 
results of the causal operator theory should coin- 
cide with the results of the usual theory, and this 
cannot be regarded as a satisfactory basis for a 
logically constructed formalism. 

The present paper contains a systematic devel- 
opment of the theory of causal operators, starting 
from an action principle. In Sec. 2 the action 
principle is formulated, and the basic difference be- 
tween the causal operator theory andthe usual theory 
is explained. The difference arises from our con- 
sidering the situation from a 4-dimensional point 
of view. One consequence of this is the nonexis- 
tence of equations of motion for causal operators.* 
In Sec. 3 the state-vector is studied in a repre- 
sentation in which a complete set of commuting ob- 
servables can only be constructed by means of 
causal operators. Jn this case the action principle 
leads to equations for the state vector which are 
identical (after some changes in notation) with the 


* This feature was not made clear in the author’s 
second paper (see Ref. 2), where it was suggested that 
equations of motion of causal operators should exist. 
Hence, Eqs. (3) and (5) of Ref. 2 refer to the solution of 
a boundary-value problem, not for the causal operators, 
but for particular matrix elements of these operators. 
Equation (5), obtained by combining (3a) with (3b), is 
incorrect, since the matrix elements (3a) and (3b) refer 
to different functionals. In any case, Eq. (5) wasnever 


used in the rest of the paper. 
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equations expressing the Schwinger functional in 
terms of external sources. The appearance of 
external sources seems to be inevitable in a space- 
time description of field theory. This seems to be 
connected with the inapplicability of a principle of 
stationary action. In Sec 4 the state-vector is 
studied by expressing it as a generalized Fock 
functional. The action principle leads to the 
equations for the state-vector which were proposed 
by Coester.! In Sec. 4 equations are also derived 
for Feynman amplitudes. In Sec. 5 the energy-mo- 
mentum vector of the causal operatortheory is 


defined. 


2. STARTING EQUATIONS. THE ACTION 
PRINCIPLE. 


The nucleon field operators are denoted by 
x (x) and XY (y), the meson field operators by 
® (x). We assume as already known that the 
causal operators x (x), ¥ (y) and ® (z) anticommute 
a commute for all positions of the points x, y, z. 


{x (x), x (y)} = 0; [P (x), © (y)] = 0: 
[y (x), 


(Gale, 
® (z)] = Osetc. 


It is assumed that the matrixes y , ¥ and ® are 
not diagonal in the particle occupation-numbers. 
We consider what consequences follow from the 
assumption that the basic field operators are y, ¥ 
and © with the properties (2.1). 

In consequence of Eq. (2.1), we can construct 
a complete set of commuting observables & by 
means of the operators y, ¥ and ® at the various 
points of space-time. Therefore, in the causal 
operator formalism, a state labelled by the set of 
eigenvalues € “has a well-defined space-time be- 
havior. This fact is basic to the development of 
the theory of the operators yx, ¥, ©. 

We suppose a complete set of state-vectors 0 (€’) 
to be labelled by the eigenvalues &’ of the set 
of observables € which constitute a space-time de- 
scription of the system. The most general problem 
of the theory is to describe the state © of the in- 
teracting fields over the whole of space-time. Once 
© is known, the probabilties of all scattering proc- 
esses and the properties of all stationary states 
are determined. The state-vector 


Q= \ C (5) d?/Q (2) (2.2) 


will be fixed ifthe coefficients C { €’) -LO(é), 9] 
can be calculated. The coefficients C (€’) cannot 
be assigned arbitrarily, andthe equations restrict- 
ing their values follow from an action principle. 
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Consider an infinitesimal variation 5 C (€”) pro- 
duced by infinitesimal variations of &’ throughout 
space-time. The action principle is expressed by 
the equation 


aCe) (eo), (2.3a) 


where W is the action operator. This formulation 
of the principle is equivalent to the action princi- 
ple of Feynman.* Since 5 C (&’) =[40 (€), OJ, we 
can-define an infinitesimal transformation operator 


GE by. 
(6Q (8), Q) = (Q (@), Ge Q), 
and then the action principle (2.3a) becomes 


8cQ = GQ = HW-Q. (2.3b) 


The variation 5c © in Eq. (2.3b) is the variation 
produced by varying the coefficients C(€’). 

We assume that the action has the same form as 
in the usual theory, but expressed in terms of 


the operators y, ¥ and @. It is convenient to 
write the expression for W in the form of a double 


integral, with 54 (x—y) = 5(x-y) 8(x, — ¥9 ); 
V= \L CT Wee tonite 
L (x, y)= + ies ert) (2.4) 
x {x (y)D (x) x (x) — xy) D(— *) x () 
—"Yoa® (x) ts (y) xy) x(x) —x(y) x (oD 


— heal) + ear]. 


Here we use the notation 


D (x) = i (1, (x)0/Ax, + m), 


and y, (x) means that the matrix Y\ Operates on the 


spinor referring to the point x; thus, 


1 (*) x(y) x (x) = x (y) LAI ete. 


* We always denote by P_ the energy-momentum vec- 


tor. To avoid confusion, i. infinitesimal transforma- 


tion operator is denoted by Oe instead of by the custom- 
ary P gr 


QUANTUM FIELD THEORY 


The representation (2.4) of the action W avoids 
the ambiguities which arise in considering prod- 
ucts of causal operators referring to equal times. 
The operator L (x, y) in Eq. (2.4) is symmetric in 
the coordinates x, y, and this is necessary in order 
that L (x, y) should be invariant under charge-con- 
jugation. The interaction term in L (x, x ) contains 
a normal product of nucleon field operators, in this 
formalism just as in the usual theory. 

It is clear from Eq. (2.3b) that different choices 
of © (€’) will in general correspond to different 
representations of the equations of motion for (. 
These representations reduce to two main types: 
(a) when the observables & are constructed directly 
from the operators y, ¥, ) and (b) when the con- 
struction of the € involves the separation of the 
field-operators yy, 37, © into emission and absorption 
parts. In the first case the state-vector © is rep- 
resented by a Schwinger functional,° and in the 
second case by a generalized Fock functional.® 


3. THE STATE-VECTOR Q AS A SCHWINGER 
FUNCTIONAL 


If the operators € are constructed from the 
X> X and ®, then the variations 5 € may be ex- 
pressed in terms of operators dy, 6X, 50. Then 
Ce In Eq. (2.3b) contains only these variations 


of the causal operators. We assume, as in the 
3-dimensional formalism’, that Sy, Sy and 50 
satisfy the relations 


{8x (x), x (y)} = 0; (3.1) 


{8x (x), x(y)} =0; [8 (x), O(y)] =O, ete. 


Since W is constructed from the operators y, xX, 
©, Eq. (2.3b) is equivalent to 


(Gy + Gx Go) 2 (3.2) 
= 1(6,W + dW + doW) Q, 
where oy. oa and G~ are operators with the 


properties 
Gz, x] = dy; (Gz, x] = 84; [Go, 2] = 80,8.3) 


and 


8,W = (Gy, W]; 9 W = [Gz, W]; 8oW = [Go, W] 
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are the variations of W produced by the variations 
of x, ¥ and ®. 

To construct G ¢” we introduce operators: 7(x), 
7 (x) and iI(x) determined by the following commu- 
tation rules: 


(m (x), x (y)} = (1/i) 84 (x — y): (3.4) 


{ (x), x (y)} == 84 (x — y); 
[II (x), ® (y)] = (1/i) 84 (x — y). 


The operators 7, 7 and il are the 4-dimensional 
analogs of the canonically conjugate momenta in 
the usual 3-dimensional treatment. The operators 


Cy, 5 Cs and GC then have the form 


Gy, =i \ dy (x) m (x) dx; 
Gr=—i \ By (x) m (x) dx; 


Go = i\3® (x) IE (x) d4x. 


Substituting these expressions into Eq. (3.2), 
using Figs. (2.4) and (3.1), and remembering that the 
variations dy, OX and 5® are independent, we 


obtain the system of equations for Q 


D (x) — gts® (x)] x (x) Q = in (x) Q; (3.5) 
[D (— x) — gs (x) ® (x)] x (x) Q = in (x) Q; 
{i (CK —p?) ® (x) +4/. 2 [x (¥) tex (*) 


— 15x (Y) X (x) ]e—y} Q = AT (x) Q. 


A formal solution of Eq. (3.5) is easy to find if we 
assume that 9 can be represented in the form 


O=O[y, x, ] 


= 35 ead Ce Pak ie cole yses 


n,m,k 


(3.6) 


ed nes VY) aes D2) atrd?xt a dy eden. Q9, 


where Q° satisfies the conditions 


n(x) Q°=0; x(x) Q°=0; W(x) Q2=0, (8.7) 
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and the function F(x... |y..-|z---)is 
antisymmetric in the coordinates x..-,Y ++ 
and symmetric in the coordinates z.... Then in 


Eq. (3.5) ® (x) is to be considered as the opera- 
tion of multiplying by a certain function © ” (x) 
while il(x) is the operation of functional dif- 
ferentiation 


II (x) Q = — i (8Q./d0’ (x)). 


In the same way 7 (x) and 7 (x) in Eq. (3.5) are 

to be considered as functional differential opera- 
tors, and they may be formally replaced by 
—i5/5yx (x) and i5/5xX (x). Underthese conditions, 
the formal solution of Eq. (3.5) is 


Qfy, x OB) =e”. (3.8) 


From Eq. (3.8) we can also obtain formal solutions 
for other cases. 

The. meaning of the state-vector Q is most easily 
explained by examining the connection between Q 
and the Schwinger functional Z which is a functional 
of external sources, 7 (x), 7 (x) associated with 
the nucleon field, and J (x) with the meson field. 
The functional Z is determined by the equations®’® 


: 5 8Z : 
1D () —igts sre} seq = 2 
f 3 5 dZ 
iP (= x) —l815 Sy ah 


(3.9) 


¢(C] —p?) (62 / J (x)) 
= J (x) Z + gi Sp vs (8Z / 84 (x) 34 (x), 


and the conditions 


Comparing Eq. (3.9) with (3.5), we see that Eq. 
(3.9) is nothing else than the equation (3.5) for 
the state-vector Q (7, 7, il), in the representation 
in which {] (x) is the operation of multiplication 
by i ’(x) and © (x) is the operation of functional 
differentiation 


® (x) Q[x, x, I] 


> 


: 8 — 
=! sir Gy I, T, Hk 


The symbolic representation of x (x) and % (x) is 
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y (x) = — 68 / de (x); 


The role of the external sources is thus played by 
the ‘‘conjugate momenta”’: 7(x) ~ n(x), 7 (x) 

~ 7 (x), U(x) ~ J (x). The initial conditions (3.7) 
for the functional Q (y, ¥, ®) in the y, ¥, P rep- 
resentation correspond to the conditions (3.10) for 
the functional Q (7, 7, i1) =Z (7, 7, J ) in the 

7, 7, {1 representation. Thus Q (z, 7, II) is identi- 
cal with the generating functional of the Green’s 
functions for the system of interacting fields. 

The appearance of external sources in the present 
formalism is at first glance unexpected, since the 
original action operator (2.4) does not involve 
external sources. But in a consistent space-time 
treatment the appearance of external sources is 
inevitable, as the following more general argument 
shows. 

In the usual (either classical or quantized) 3- 
dime nsional treatment of field theory, there exists 
a principle of stationary action. This principle 
states that variations of the field-quantities (the 
external sources being held constant), within the 
4-dimensional volume bounded by hyperplanes t 
= constant in the remote past and future, do not 
change the action and do not influence the devel- 
opment of the system in time. In our 4-dimensional 
treatment of field theory, the development of the 
system in time is not considered, since the time- 
development is already included in the basic 
assumption of the 4-dimensional character of the 
wave-functional 0 (€’. Since we assume the possi- 
bility of a 4-dimensional specification of a state, 
we necessarily assume that variations of the field- 
quantities (for example the variations Sy, 6% 
and 5) at any point of space-time will influence 
the state-vector 2. In other words, we are here 
speaking of variations which are forbidden from 
the point of view of the principle of stationary 
action. Hence, in the basic statement. of the 
problem of giving a space-time treatment of field- 
theory, the principle of stationary action is neces- 
sarily abandoned. A particular consequence of 
this is the nonexistence ofequations of motion for 
the field operators in the 4-dimensional treatment. 
There are no equations for y, 7, ®, but only equa- 
tions such as Eq. (3.9) and (4.9) which restrict the 
possible choice of state-functionals. 

Our mathematical formalism can then be equiva- 
lent to an ordinary 3-dimensional treatment, only 
ifthe 3-dimensional formalism allows variations 
which violate the principle of stationary action. 
Such variations are variations of external sources 
or of external parameters, and the space-time 
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treatment is therefore necessarily and closely 
linked with the consideration of external sources 
and external invariant parameters. 

From Eq. (2.3) we can in the usual way deduce 
the equation‘describing the development of the 
system as a particular external parameter is 
varied. For example, let the coupling constant 
g of the field interaction vary. Then the equation 
for Q (g) , which replaces the equation for the state- 
vector inthe usual interaction representation, 
becomes 


10Q (g)/dg = W},Q (g), (3.11) 


with Wes independent of g.W,, =gW?},_ is the 
interaction term in the operator (2.4). Equation 
(3.11) has the formal solution 


Q (g) = SQ (0) = e'%2Q (0), (3.12) 


where ( (0) is the functional describing nonin- 
teracting fields. Expressions of the form of Eq. 
(3.12) were obtained in several earlier investi- 
gations }>2>3,8, 


4, THE STATE-VECTOR AS A GENERALIZED 
FOCK FUNCTIONAL 


We consider Eq. (2.3) in the representation in 
_ which the state-vector Q is a generalized Fock 


functional.© We denote by a*,, (x), as (x) the 4- 


dimensional creation operators of the nucleon 
field, and by ct (x) those of the meson fields, p 
being a spinor index. The commutation relations 
between these creation operators and the absorp- 
tion operators a p (x), by (x), ¢ (x), unlike the 


usual commutation relations, have on the right- 
hand side a 4-dimensional 5-function: 


{Ap (x), as (y)} = 8,664 (x — y); 
{bs (x), bs (y)} = %05* (x — ¥); 
[c(x), c* (y)] = (x —y). 


(4.1) 


All other commutators vanish. The transformation 
properties of the operators a (x), b(x) and e(x) 

are fixed by requiring that the quantities 

[Q’, a(x) 0), [24 b(x) Q di; transform like a bi- 


spinor and a conjugate bispinor, while [Q4e(x)Q J 
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transforms like a pseudoscalar.* 

The operators a, b, c and a*bt, c+ act on the 
functional Q , which may be considered as a super- 
position of eigen-functionals of the numb er-operator 
of nucleons a*(x) a(x)d4x, the number-operator of 


antinucleons f{b+(x) b(x) d* x, and that of mesons 
fot (x) c (x) d*x : 


Q = >) Qame = >} (n! ml kl) 


nmk 


x | DHE OX OU en dt2 pane oe 


(4.2) 


ehec es 


MO Xa) ee 


SOR ke 
A (Xn) b* (yy) . . » OY (Ym) 
XO" (21) eC (zee 


Here Q, is the normalized functional of the vacuum 
state, determined by the conditions a (x) Q 

=0, b (x) Of Ore (x) 0, =9, (Q5> Q, )=1. The 
unetiony (ag = hyo ee eee 
which plays the role of the coefficients C (&’) in 
Eq. (2.2), is the Feynman amplitude for n nucleons 
with coordinates *},...,%, , m antinucleons with 


coordinates y},..., y,,, and k-mesons with 


pom, Lhe functions (Gg, 
|y...|2z...)is antisymmetric in the x and y 
coordinates, and symmetric in the z coordinates. 
Coester! introduced a functional Q of the form 
of Eq. (4.2). 

The scalar product (Q, 0”) of the generalized 
functionals Q and (” is defined in analogy to the 


coordinates Zz, ,..., 2 


three-dimensional case®. If f(x...|y...|z...) 
are the functions in the expansion (4.2) of Q, andif 


Os = Dr OC Aes) mts ks (4.3) 


nmk 
D(X) dike (Xarecocn ll tyes ee 


is the functional conjugate to ©%, then 


(Q/, Q) (4.4) 
a ay banker 4, ha LU tes 5 NU hci 5 ae) 
nmk 
S25f (Nyhan ieee Valea aer) 
K dx,.. . dkndy,. . .dYmdz, . +. Gen. 


* One may call the operator a(x) a bispinor, in the 
same sense in which the Dirac matrices ve are Some- 
times said to constitute a vector. 
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To obtain the explicit form of Eq. (2.3) for a 
generalized Fock functional (2, one must establish 
the correspondence between the creation and ab- 
sorption operators and the causal operators Xx, X 
and ®, The correspondence is based on the suppo- 
sition that the operators y, x and ® can be sepa- 
rated into creation parts y°, X° and O° and absorp- 
tion parts x, X” and ®%, all the absorption parts 
commuting or anticommuting with each other, and 
all the creation parts likewise. This supposition 
is essential to the argument. It limits the possible 
form of the operators y, 7 and ®, and restricts 
the form of the commutation relations between the 
creation and absorption parts of these operators. 
From the conditions (2.1) and (4.1) we deduce that 
these commutation relations must be 


{2 (x), x°(y)} = oF (%, 9); (4.5) 


[D2 (x), B° (y)] = dr (x, y); 
{2 (x), x°(y)} = — oF (y, *) 


where the quantities o,, and dy, are functions and 
not field-operators. The functions Op (x, y) and 


d,(% y) are given by 
op (X,Y) = (Qos 118) ¥ (Y) Qo) 
= — (Dp, £(y) £() Qo); 
dr (x, y) = (Qo, © (x) ® (y) Qo) 


= (Qo,  (y) ® (x) Qo). 


These equations show that Op and dy, are Green’s 
functions of causal, or Feynman, type. 

The commutation relations (4.3) will be obeyed if 
we assume x° (x) = a(x), ¥°(x) = b(x), O7 (x) 
= c(x), and represent the operators y, and ® in 
the form 


x(x) = a(x) — | on(x, 9) O° (y) aly; (4.6) 


1 (x) = 6 (x) at \ a" (y) or (ys x) dy; 


® (x) =c(x) + J de(x, y) ct (y) dty. 


This representation of the causal operators was 
already given by Coester’. The choice of the func- 
tions O, and d,,, with the operators x, X and ® 
given by Eq. (4.6), fixes the meaning of the basic 
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states to which the functionals Qk ae referred. 
Usually dy, and Op are referred to the noninteract- 
ing fields, in which case d,, = 4A, and o, =~ 5,5 
however, renormalization is then impossible. To 


; 5 9 
obtain a renormalizable theory one must choose 


Op =—-%4S, and d, = “AL. 
Remembering that 


| (Speer kn ies Uae eee eee) 


= (n! m! Rl) (Qo, c (zr). - - 
C (21) O(Ym) +» 8(Y1) a (Xn)... @(%) Q), 


(4.7) 


we find the expression for an infinitesimal trans- 
formation operator 


G = —J [®a(x) a* (x) (4.8) 


+ 8 (x) b* (x) + 8c (x) c* (x)] d*x. 


Since the variations 5a(x), 5b(«) and S5c(x) are 
independent, the action principle (2.3) is equiva- 
lent to the following system of equations for Q: 


(4.9) 
{D (x) x (*) — Bts® (x) x (x)} Q = — b* (x) Q; 


{D (— x) x(x) — g® (x) x (x) 15} Q = at (x) Q; 


{i (CO — p) ® (x) + £N [x (*) 15x (2)]} Q = — 07 (x). 


These equations were originally proposed by 
Coester?. 

Equations (4.9) imply an infinite system of 
coupled equations for the functions f(x...|y... | 
z...). These coupled equations are a generaliza- 


tion of the equations obtained in Fock’s method 
of functionals®. They differ from Fock’s equa- 

tions in two ways: first, not only the meson field 
but also the nucleon field is treated by means of 


second quantization; second, the amplitudes are 
Feynman amplitudes of four-dimensional type*. In- 


serting the expansion (4.2) of the functional Q into 
the first equation (4.9), we obtain the equations for 
the coefficients Cees yore 
with (k,n, m = 0,1, 2,...0) 


es 


eq ee, ) 


? 


* The equations for the lowest Feynman amplitudes 
were obtained by Zimmerman (see Ref. 9) without using 
a four-dimensional method of quantization. 
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(4.10) Tie Xe 9 a | 25 Zn) 
y m »+ + 2r)]z 
PAOD) f (Eq POR PY o2'. Yrs ey teeeep) + nh [3p (x, y) 
iat Tee XP (Xo. 2 Xn | Yr... Ym | YZ.» Zax 
kh)? [de (y, 2) 
pri) Heys sae ca Asie 
Pie tal Pesky lee 
4 2++-Ym| 2, Zn)y AT (Xe teeta ++ Ym | 22... Ze) oF (x, — y)] x, 2}. 
= 81x) Va+1Ve+I The system of equations for fides | Zee) 
Sa ret ats eater See ae equivalent to the third equation (4.9) is 
ay Peis i (O).— p?) (4. 12) 
. rf | AEG... dnl I... Ym | 2%... 2a) 
Seta | Grin . ha. Ye ss Un | XZ, 05. & a ee a 
| 1 2 1+ 2e)ly XVe + 1+ pli (O:— 4") dp (z, 2) 
Se Age ty (MY, ts 0, Yip [2g eaccey ap lX; 2) 1s me OA (2 —— 2,)3 F(ty  s taal Ui es Uilece eeeec 


(— 1)" —— 
— UE Me Xn | Ya + Ym | e+» Za) =e{Vm+1 VYn+145(z) 
Kf (2Xue ie Mahi 20 cts Vig eae) aed 2 


X Sr (X, Y1) dr (x, 21)ly,z}. 
— (— 1)" (am)? [55 (x4, 2) Ys (2) oF (2; 91) 


The factor (—1)” arises fromthe fact that the XP (X2+ + Xn | Ya. + Ym | 2... Zr)|x.y 
operator b*(y) must be computed through n + [9p (x1, 2) 15 (2) 

operators a in order to arrive at the beginning of Xf (Zeke. + Xn | Yr + Ym | 21. ~~ Zadit 

the bt operators. The notation [ ] , means 

that the expression inside the brackets must be + [15 (2) oF (2, 91) 

symmetrized in the meson coordinates (z) and SCH Ra gla Koh eeueseas elder ema an) 


antisymmetrized in the antinucleon coordinates 


(y); for example, where | ]* and [ ]* mean that the expression in 


eee) GA a. «Ure | ck)ly the first bracket must be antisymmetrized in the 
coordinates (zx, oo K ), and the expression in the 
See TD ede antl dees ach Ym: as) second bracket must be antisymmetrized in (zy, ... 
= x, or ea Us oe Oi leon) Yoru d 
oF (%, Ya) T( pon i Equations (4.10), (4.11) and (4.12) have a very 
+op% V3) fC. 0 [Vago Yl oe I clumsy appearance. They can be simplified a 


The system of equations for f(x... |y...|z...) little by suitable choice of the functions o,(, y) 


arising from the second equation (4.9) is and d,, (x, y). Compared with the functions 


T(x...|y...|z...) for which equations were de- 
(—1)" Vm+! (4.11) rived by Zimmerman® and others?®, the functions 
flx...|y...|z...) have the advantage of refer- 
XD (~y) f (%- oi kal oUt... Ym lizj2hi2p) ringtoan orthogonal systemof states. A detailed 
if 4 [{D(—y) oF (x, y) investigation of Eqs. (4.10)-(4.12) will be published 
Vn ia separately. 


mee (x, — Y)] (%5- = Xn | Ye ee Un | 21+ 2a) le 
= m+ 1 k+1(—1)" 
L (Y) Vv ae Vv aga ) In the usual three-dimensional treatment of 


Kies 4a] Ui... Ym | YZ... . Zp) quantum field theory, the expression for the energy- 
momentum vector is derived from the Lagrangian, 
+ (— 1)" [de (y, 21) and the identification of the energy-momentum 
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vector as a displacement operator is a consequence 
of the canonical commutation relations. In our 
four-dimensional treatment of quantum field theory 
there is no variation principle, no canonical commu- 
tation relations, and no equations of motion of the 
field-operators. We therefore define the energy- 
momentum vector P, (P, =iP)) as a quantity 


possessing the properties of a displacement opera- 


tor, 
—i[P,, a(x)] = 0a(x) / Ox,; (5.1) 
— i[P,, a*(x)] = dat (x) Lox): 
— i[Pu, 6(x)] = 0b (x) / xu; 
—i[Py, c* (x)] = dct (x) /Ax, 


etc., and with components commuting with one an- 
other, [P_, Be =0. The vacuum state (),, must 
satisfy the condition 


Bios: (5.2) 


We determine the aperator P,, by considering the 
variation 5( 2 produced in any state-vector (4.2) 
by variations of the operators at, b*, ct as are- 
sult of an infinitesimal displacement of coordinates 


0 
uy Xi, + Ox, - 


ent of the point x. The variation O(y)@ will be 


The displacement bx is independ- 


equal to 
8(y)Q — iP ,8x\, OF 


The energy-momentum tensor which satisfies the 
conditions (5.1) and (5.2) is, by virtue of Eq. (4.2), 


Win a da 
+ 6* (x) a BCG) OT ate, 


In momentum-space this becomes 


P,, = \ {a* (9) a(q) 
+ 6* (q) 6(q) +.c* (q) ¢(q4)} qudtq. 


Here 7, 18 an independent variable. 

It is important to distinguish the variation 6 
from the total variation 8 Q connected with the 
displacement X47 2, + bx) The total variation 


)o 
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6,0 is zero, because the variation 5W of the ac- 


tion is zero then the coordinates are displaced, by 
virtue of the conservation law for energy and 
momentum [ see Eq. (2.3)]. To obtain 6 © ex- 
plicitly, one must first consider the state-vector 
(4.2) and the action (2.4), with each four-dimensional 
integration extending not over the whole space- 
time but over a volume bounded by two hypersurfaces 


g, andg,. The limiting process which extends 


1 
the integration to the whole space-time is only to 
be performed afterwards. Then 6,Q and 6, W refer 
; and 0, through the 


The equation 6@ = 0 means that the 


to arigid displacement of o 
vector 6x. 
im 


derivatives of the integrand of fq. (3.2) with re- 


spect to every coordinate x , Y w gi are zero. 


mM 
Therefore, the effect of the operator P_. on the 


state-vector © is to differentiate the amplitudes 


AW carta tearm ace If P= 0% and if 


f‘(«...|y...|z...) are the amplitudes of the 
functional 0’, then 


TG tat oa Ye) oh ea (5.4) 
-Seiraatenyt >is AE 
= Lett Day + Dial 

n m k 

A en TG en fee ee 


The meaning of P,, as an energy-momentum vector 
can easily be verified by considering the example 
of noninteracting fields. In the special case of a 
free nucleon field, for example, we find by using 
the equation of motion (4.7) 


i \ G(x) ee d*xQ. 


a" (x) [ap + yam] a(x) Q, 


The operator Y, representing the total charge of 
the nucleon field, is obtained, just as in the usual 
three-dimensional treatment, by considering an in- 
finitesimal phase transformation of the causal 
operators. The result is 


Q= \ [a* (x) a(x) — b* (x) b(x)] dx, 6%) 
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CON CLUSION 


The theory of the operators x, X and @ is a con- 
sistent space-time formulation of the quantum 
theory of fields, closely connected with the usual 
formulation of field theory with external sources. 


But there is an important difference between the 
roles played by the external sources in the two 
theories. In the usual three-dimensional theory, the 
external sources 7(x), 7 (x), J (x) are auxiliary 
quantities, external to the theory itself. In the 
four-dimensional treatnient, these quantities are 
derived from the fundamental operators ix); 

Xx (x), ®(x) and pee the creation and absorption 
a. 


sidered an ee tes of the four-dimensional theory. 


operators a, b, c, at c*. This may be con- 

Qne may expect that the mathematical formalism 
of the operators y, ¥ and ® will be suitable for 
constructing field theories without using representa- 
tions which refer to “‘bare’’ particles. Lehmann, 
Zimmermann and Symanzik!! attempted to construct 
a theory of this kind. Starting from general condi- 
tions of invariance, causality and asymptotic be- 
havior of field operators at t = to, they obtained 
a variety of equations connecting matrix elements 
of 7-products. In the space-time treatment, these 
equations can be derived very easily by using the 
representation in which the state-vector is a Fock 
functional. Asan example we give the derivation 
of the reduction formula which occupies a central 


position in the work of Lehmann et al.'!. By defi- 

nition, 

a ca 2a 5) (6.1) 
= (Q%q, x(x). H(Y)-- O(2).- - Q(B) 
{Om p(s). i. Ly) ee O@= ~.< SQ(0)), 


where 11(0) is a functional of the noninteracting 
fields, and S is the scattering matrix [ see Eq. 
(3.12) ], the detailed form of which is irrelevant. 
The important point is that S commutes with y, ¥ 
and ®. We assume for simplicity that Q(0) re- 
fers to a state of one nucleon with wave-function 


if (x”’) and one meson with wave-function ie (2%). 


Then Eqs. (4.2) and (4.9) give 
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0. (0) = J ft (x!) [8 (2!) at (x') ct (2’) dtx'd42’ Q, (6.2) 
= Lane 7 (x’) 
Xi (C2 — vp?) ® (2’) Oo CALE ONG x ac 
and 
BAe oe eon Heed een), (6.3) 


| D(x’) i (Di — p2) (Quix (x) 


XY)... O(z). 2. x(x’) 
X @ (2") SQo) f2 (x) fs (2’)d*x'dta", 


This is the requiredreductionformula!!. The 
asymptotic condition is here equivalent to the 


requirement that the wave-functions {iso and 
a (z’) are composed of positive-energy components 


aAly 
In conclusion, I thank Academician V. A, Fock 


for advice and for criticisms. 
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leons in whichtheex- 
Divergent expressions 
The cut-off para- 


Calculations are presented for the anomalous magnetic moment of muc 
cited nucleon states with spin 3/2 and isotopic spin 3/2 are included. 
were obtained which were regularized with the aid of Feynman factors. 


meter can be so selected that agreement between theory and experiment is obtained. 


1. INTRODUCTION 


HE usual theory for the interaction of 7- 

mesons with nucleons explains qualitatively 
the anomalous magnetic moment of nucleons. 
Pseudoscalar meson theory gives the correct sign 
for the magnetic moment of the proton and neutron 
but does not give quantitative agreement with ex- 
perimental values. For the case of a mixed 
pseudoscalar and pseudovector coupling of the 
meson and nucleon fields in a symmetric meson 
theory one obtains the following expressions for 
the anomalous moment!’?: 


Sy Ee EE) 
aon hoe eS (D) 
1 Spee Ne SAS 7 
x mee ee ae 
Pele (4— 11A + 3A2) o Atl 
2(4— A)'2 ai 
sy. a 8 Ba A +59) 
OLN = om oe a heey (2) 
A fN(e Kk 1, 
x1 st ppp Cee poy a 
2 pn ATLee hye 


Here gs/pisthe pseudovector and g is the pseudo- 
scalar coupling constant, p is the meson mass. It 
follows immediately that 

| Sun / Sup | = 7. (3) 
Experimental measurements of the value of the 


anomalous magnetic proton and neutron moment 


yield 


a 2g : > exp 
“Hp = 1.79 Ys Suny = — 1.91 p,, (4) 
where ji, is the nuclear magneton (in units of 
c=1,h# =1). Consequently, 
[Bu sF/ Bp] a I. a 


Thus, a quantitative agreement between theory 
and experiment is absent. 

Progress in the use of isobaric theory of nucleons 
in problems of pion-nucleon scattering? and gamma- 
pion production* raises the need for the considera- 
tion of the effects of excited nucleon states with 
spin 3/2 and isotopic spin 3/2 on the magnetic 
moments of nucleons. The object of the present 
paper is to calculate the anomalous magnetic 
moment of nucleons with the inclusion of these ex- 
cited states. The calculation is basedon a semi- 
phenomenological theory of 7-meson and nucleon 
interactions, as developed by Tamm, Gol’fand and 
Fainberg®. All quantities are written in Feyn- 
man’s notation’. For clarity, expressions of the 


form a,¥, are indicated by the sign’ i.e., @ 


a 


perp 
2. LAGRANGIAN SYSTEM. EQUATIONS OF MOTION 


The Lagrangian system for nucleons and mesons 
in an electromagnetic field in symmetric pseudo- 
scalar meson theory with mixed pseudoscalar and 


pseudovector coupling between the mesonic and 
nucleonic fields has the form 


Ba as (6) 
Ly = ¥(iV —m) 9 —B, (iV—M)) By 
~ 7 iDVD —3M,DD + 5 |(5) —ptell 
L'=—eh a Ay + eB, QAB,, 
+ Le ¥ (1% nas + inse:) Tio 
a, are (S:By+ BySTv) oa ae ea (YYIsive VBy 
— Butstefn N*¥) + eA, (9, = — 9 5%) 
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(repeated Greek indices imply a summation from ] 
to 4 and for Latin indices, 1 to 3) where 7 is the 


isotopic spin matrix of the nucleon, Q is the charge 
operator of the isobar (isotopic spin operator ) 
(1+7,)/2is the charge operator of the nucleon, 
ees 


S, are the matrices introduced in Refs. 3 and 6; they 
change the charge state of a nucleon fromthe ordi- 
nary to the isobar and back; ¢ is the constant for 

the additional interaction of the nucleon with the 
electromagnetic field which is responsible for 
transitions fromthe ordinary to the isobaric state 


and back; N is an operator which accomplishes these 


transitions in isotopic space. Its form and the form 
of € is given by Ritus?. 

Applying the variational principle with the aux- 
iliary condition that B y =0, we obtain the fol- 


lowing equations for U2 wave tupetions w and B. 


(iV —m)y = [eS Ar (8) 


V 4x 09; A 
Bed : (1. a + ing; Ti 1s| v 


_ fav 4 9; .@€ 
: [ u Sig + iS tisha N | By: 


ie 4 : 
eae = (wish ree Tp otesf re] n*| v 
0? : O95 
‘a (a + 1?) = 2eAyeis ax, : 


The symbol eis is specified by the identities 


— Cyn = Cg, = — 1, C1 = Cre = 0. 


Kg. (8) can be written in the form 


4 4 
>) Lap De = Dj Aap Pe c= 0? I, 2 3,4: 
8=0 p=0 


Op, gO Big) sea 2, 834; 


563 
Aaa Qe) ©) 
a oe (1. a + ip. se:) Tis; 
Au. = — (aT s, a “{- i= Tvs i vp N); 
Ag = OTE (eS tanger) St 


_ ie 
os (toh aa Twtotsf-e) te". 


The system (8) can be solved by the Feynman 
method with the help of the inverse operators 


(Lg = Kus where 
Ko = (p— m) 1; (10) 
Kuy = (P— My)? Buy 
— (Ye Mi) (24a? + Pt» + 3My7s) pol; 
KoeeaKup 0 


3. CALCULATIONS OF MATRIX ELEMENTS 


One must calculate the contribution to the 
anomalous magnetic moment of nucleons of proces- 
ses whose corresponding diagrams are illustrated 
in the Figure. 

In view of the strong singularity of the inverse 
operator Kay , the matrix elements M diverge 


rapidly ( 4th order divergence). This divergence 
can be removed by the introduction of the Feynman 
cut-off factors. 

As a simplification in the calculations, the cut- 
off is not applied to all matrix elements at once 
but to each component separately, i.e., for each 
divergence of degree n in the meson momentum, 1-€35 
i”, one needs a separate cut-off factor 
[=A7/ (42 = ue? — 7) 1" 27 where N_, is the small- 
est integer for which the regularization integral for 
the given degree ik” is finite. This procedure cor- 
responds to the fact that the cut-off does not 
change the convergence inthe absence of a cut-off 
value, i.e., the convergence for ) = 00. 

The very unwieldy expressions in the integrand 
for M are transformed in a direct fashion: the 


quantities K ee Sip GU, are intermultiplied 


py 
and the results grouped according to powers of k; 
denominators of the form 


(k? — 2k pi — A,) (Rk? — 2R ps — Ae)? 
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Diagrams of third-order contributions to the anomalous magnetic moment 
of nucleons. In all diagrams, py =p, + 9% —-—= external clectioser Ue 
field; —--— — = nucleon in the ordinary state; = nucleon in isobaric 


state; VYYY~ = meson. 


are transformed by the Feynman formula 
1 
ar. \ ax 
ab” od Gx + b(t —x) 


’ 


the integration is then performed with quantities 
of order p2/m2 being dropped. Finally, we have, 


isolating expressions of the form 6, (AG- GA) 
in M, 


2 gt 
Baird — = (| — HL (3 4 5) 


(11) 
A 1 4 
iA ( pe ee 
= 85M3 T Tens M,/) 


an m2 2m 1 1 \ 
2 ( baw 3a 3M? omMy/ 


mt mes m? eS 
4M, 3M} 5M? 3My T 6 


es M, i. Me rs (7 — m? 
‘46m 64m? 16 6M, 10M? 
13m3 m* \ if 2 2ge1e 2 ( om? 
ie | in 1 eet “al om 
rome 3M4 te =) me °3 | mi \ Dawe 
9m 3 Sus 2usm ‘ M 
+“ +54 ) Soi See 
20m 8° 4M" 3a? )+ ign + at tom 
us usm \) ( 2 m? 7m 29 
ee \In(l +5) 
+ 5 aT, v =) a 2M? * oan 24 
M, vs | Tus a gy : 
scl A. : sali el py oe 
is 42m 32m 2M, 2M? ae m2 <3 s (a 
ge) om om? m , Sm ! 
1 16mM, !/ am 32.M3 a 3.M2 aS 8M, os 32M es 24 a 


This is now to be inserted into the expression 
for the anomalous magnetic moment derived from the 
regular theory as discussed in the introduction 


(Eq. (2). 


4. NUMERICAL RESULTS. DISCUSSION 


The numerical results for 54 depend upon the 
sign of the pseudovector coupling constant g (the 
sign of the constant ¢g, was determined by Ritus*). 
If one employs the constant values as determined 
by Tamm et al.° and Ritus?, 


p= '0.2) 8] SOS, ts 12} 


Meise 25a, | se teer 


and assumes that g > 0, then for A Y, m we have 


Op = 15S parte ye et 

As X increases,the absolute magnitudes of op, 
and dp, increase while their ratio remains approxi- 
mately one (changes slowly). Thus, with a 
suitably selected cut-off parameter, one can ob- 
tain sufficiently good agreement between the 
theory and the experimental data. 

Kanazawa and Sugawara® obtained an approxi- 
mately similar result when they also computed the 
effect of isobaric states on the magnetic moment 
of nucleons. Qur calculation differs fromtheirs in 
its greater accuracy. Actually, they do not in- 
clude the additional interaction of the nucleons 
with the electromagnetic field (coupling constant 
€). Calculations indicate that this additional 
interaction is of the same order as other types of 
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interactions and its inclusion is necessary. Be- 
sides this in the evaluation of the matrix ele- 
ments M,the authors replaced the inverse operator 
Kay by a “‘nonrelativistic’’ approximation ob- 


tained by neglecting quantities of the type k/M, 
in Comparison to 1. This is permissible in those 
cases ifA/M, << 1 but for satisfactory agreement 
between theory and experiment one must select 
d/M, x 1. Consequently, the ‘‘nonrelativistic”’ 
approximation as used by Kanazawa and Sugawara® 
is inapplicable. 

In conclusion, I use this opportunity to express 
my gratitude to I. E. Tamm for suggesting this 
problem and for his continuing aid, and to Iu. A. 


Gol’fand, V. Ia. Fainberg and V. P. Silin for 
SOW LPH YSIGS Jil P 
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valuable discussions relating to this problem. 
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Isothermal galvanomagnetic and thermomagnetic effects in isotropic semiconductors are 
treated theoretically in the case of intermediate and strong magnetic fields. 


NE of the most effective methods of investi- 

gating the properties and parameters of semi- 
conductors is the study of galvanomagnetic and 
thermomagnetic cffects. A theory of these effects 


has been developed by a number of authors!~?. Most 


of the authors start with a quadratic dependence of 

the energy on the momentum, and with weakness 

of the magnetic field. Meanwhile, experiment has 

revealed many cases in which it is not legitimate 

to consider the effective magnetic field* y small. 
Even at room temperature, it is often necessary 


to deal with intermediate effective magnetic fields 
(o? ~~ 1), and sometimes even with strong ones 


(¢ >> 1). Thus, for example, at 7 = 300° K and 
H = 104 oe, y” = 1.5 for HgSe, and ¢* = 36 for InSb. 
At low temperatures we quite often deal with inter- 
mediate and strong effective magnetic fields. 
Davydov and Shmushkevich® obtained formulas for 
the Hall effect and for the change of electrical 
conductivity in the case g>> 1, and Madelung® con- 


* By ‘‘effective magnetic field’? we shall understand 
the dimensionless quantity y= uH/c, which essentially 


determines the effect of the magnetic field H on the 
carriers of current in a semiconductor. Here uw is the 


mobility of the carriers, and c is the speed of light. 


sidered the same phenomena in the case pz 1, but 
only for semiconductors with an atomic lattice. 

The present work concerns the extension of the 
theory to the region of intermediate and strong mag- 
netic fields, for various types of interaction of the 
carriers with the crystal lattice. We also determine 
which features of the galvanomagnetic and thermo- 
magnetic effects depend on the statistics and on the 
scattering law. We consider only isothermal ef- 
fects; for, as Tolpygo® showed, the adiabatic 
effects differ little in magnitude from the isothermal. 


1. SEMICONDUCTORS WITH CARRIERS OF A SINGLE 
TYPE 
Transport Equations 


The kinetic equation for the distribution function 
f(z, p) of the carriers, in momentum (p) and co- 
ordinate (r) space, has in the stationary case the 
well-known form ; 


ge ly en (1) 


Here v is the velocity of a carrier, F is the ex- 
ternal force acting on it, ae ae is the equil- 
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ibrium distribution function, ¢ = «(p) is the energy 
as a function of the momentum, 7 is the relaxation 
time, and »: is the chemical potential. In an iso- 
tropic seniiconductor, the energy and the relaxation 
time are functions only of the magnitude p of the 
momentum. 

A carrier in a magnetic field H and an electric 
field E is acted upon by the Lorentz force 
F =e(E+I[p, H|]/mc), where e is the elementary 
charge, and m is the effective mass of the carrier. 
We shall, as usual, seek a solution of Eq. (1) in 
the form 


f=fot+px(p,¥,T)/m. (2) 


Upon substituting F and f in (1), we obtain, after 


a few transformations, the following equation for 


MEE 
4+ = 1H, 2] 8) 


mc 
\ 
— 


/ 


I d 
— se (E— Swe ey InT} oho — x, 
If we introduce the notation «= H/H, B(p) 
= eH T(p)/me, the solution of (3) can be written 
in the form 


X% = {Xo + BlXo» &] + Ba (Xo, a}/(1 + 8%). (4) 


The electric current density is 


(2 PX 2 dp. (5a) 
0 
The density of the heat current transported by the 


electrons is 


a-e2 


; 4 
j=e\ = xp) Pap=se 


a d. 
me - 2 Pd p= Sy = ek ap. (Sb) 
0 
Upon substituting (4) in (5a) and (5b), we get 


j =e hel, Vile (6a) 


+ [e%Jag E — eda V In T, a)’ 
+ a (75) E — eJ5,V In T, a); 


Q =e), E —J,,VInT (6b) 


+- [eJoiE E—Jop V InT, a 
+ 4 (eJs,E — Jy. V In T, a). 


Here 


E =E— (T/e) Vr (u/T), 
4x (eH? 1 ptr? df, dp 
Jor = ears \ red I de 1+ [52 
0 
4x (eH I-16" pix, df dp 
Sts (==) i, (tae 


(q = 1, 2,3). The expansion of the integrals J 4, 
in powers of y and 1/¢ has the form: 


i 
uN wr 
eee ee 
c—0) 


aa Ag+at,rorr 


for o?>1. 


, 7 ’ , 1 

Agsetr = (S¢+e1,r/ 00) (Sooflae)? = > 
, 4t 

Jqxalr rae or 


foo) 


«P(e ye ip! dp; u = elso/Joo 


(N is the carrier concentration). It can be shown 
that the following relations hold: 


foo) 


4r oe 
—=\ p° dp 
0 


=e 
0 


The expansion of the integrals J 
of asymptotic type. 


Joo =F 
p?fodp =N, Jip + Jor = Fira 


oe is, in general, 
More Sara from some 
term onward the coefficients in the expansion in- 
crease without limit; therefore, it is necessary to 
break off the expansion at a fern preceding the 
smallest term of the series. 

in practice, we limit ourselves to the terms pro- 
portional to ¢(for gy << 1) and to ae (for gy Ssh, 
This means that for g= 1/5 or y= 5, for example, 
the error in our formulas will not exceed 4%. Ac- 
tually, the accuracy of the calculation is even 
greater, since in the expansion of J é in each case 
we neglected one tern: in the denominator. 
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Galvanomagnetic Effects 


Under the isothermal condition (VT = 0) (6a) 
takes the form 


j = 7d) E + e7do9 [E, 2] “e°J,,(Ea)a. (7) 


We consider a specimen in the shape of a rec- 
tangular parallelepiped. Let the primary electric 
field be directed along the x axis; let the magnetic 
field lie in the xz plane. Then we may set u 
= cos, a, =0, a, =sin@, where @ is the angle 
between the magnetic and the primary electric 
fields. 

The conditions that there be no electric cur- 
rent in the y and z directions give two equations 
to determine the components EL, and £, of the 
electric field: 

EY da sin 8 (8) 


Ey — xt: 30 
i. oe ee cos? 0 + JipJg,sin? 0’ 


E.. ve come SioF 30) sin 20 


ee a ae 
AE be + JZ, cos? 8 + Jipv3o Sin? 6) 


The relative change of the electrical conductivity 
a=], /E,, in the magnetic field can be found by 
substituting (8) in the expression for the x com- 
ponent of current: 


ha/o5 = (J1o/s0 — J0) Sin? 8/(Ji0 (9) 


+ Jeo cos? 8 + Jigd/aq Sin” 9), 


where Ao = o is the electrical conduc- 


-o;0 
Oa) 
tivity of the semiconductor in the absence of a 


magnetic field. From (8) and (9) we get 


Ez = — (As/ a) Ey ctg 6. (10) 

T hus in the general case of arbitrary statistics, 
scattering law and dependence of the relaxation 
time on the momentum, the (Hall) field Ee, changes 
its sign upon change of sign of the magnetic field 
(@+ 647). Ifthe magnetic field coincides in 
direction with the primary electric field, then the 
Hall field reduces to zero. The (longitudinal- 
transverse) field FE, does not change sign upon 
change of direction of the magneticfield. E, re- 
duces to zero in two cases: when H coincides in 
direction with E_. The longitudinal-transverse 
effect was first freated by the authors.® 

Since E, and Ag/o, are mutually dependent, we 
shall heneeforth give expressions only for Ag/o,. 
From formulas (8) and (9) it is clear that all ie 
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of the effects considered have some anisotropy with 
respect to the direction of the magnetic field. On 
the basis of Schwarz’s inequality it can be con- 
cluded that J —J,)/, 
< To: 

The integrals that occur in formulas (8) and (9) 
do not in general reduce to known functions; con- 
sequently, it does not seem possible to give a 
general description of the dependence of EF and 


Ao/o, 


concentration, and the temperature. 


9 < 03 consequently, o 


on the effective magnetic field, the carrier 
We therefore 
restrict ourselves to a consideration of limiting 
To find the 
temperature dependence of the effects, it is neces- 
sary to assign a dependence of the distribution 
function, the relaxation time, and the energy upon 


cases and of some special cases. 


the momentum and the temperature. We set* 
= (p) = p*/2m; jy(p, T) vad 
= N (2nmkT)~ /e—pilamer, 
“(py fy=]@ eM yds 


Upon substituting the expansions of the integrals. 
Je ihe and at in (8) and (9), we get for p<< 1 
Ey =a,9Exsin 6, Ao/oy = (6, — a2) ¢* sin? 6. (12) 


When 0 = 7/2, these formulas agree with the 


formulas derived by Tolpygo®. For y>> 1, 
Ey = ok pm ee (13) 
cos?@ +a, sin?@ ° ie 
Ac (a,, — 1) sin? 6 
6 ~~ cos? 0 + a, sin? 0 


an = 3V a /AT (n + 9/q)/40? (n/2 + 2); 
On = 9aT (3n/2 + 1)/160 (n/2 + 2), 


zr (442) 


foe} 


Ls (n) — \ x—le—*dx. 


0 


an = 5 T(3— 


* The right members of formulas (11) may be regarded 
as the first terms of expansions in series of appropri- 
ate functions; therefore, all the results obtained may 
be considered approximations for more general cases. 
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The mobility is 
u = (4e/3V xm) ® (T) (2kT/m)" YT (n/2 + 2), 


where the form of ®(7') is determined by the nature 
of the interaction between the carriers and the crys- 
tal lattice. 

From formulas (12) and (13) it is clear that the 
Hall field, in both limiting cases, varies linearly 
with the effective magnetic field; the relative 
change of electrical conductivity increases in pro- 
portion to ~ in weak magnetic fields but approaches 
saturation in strong fields. In the case of strong 
fields, the peculiar anisotropy of both effects, 
shown by formulas (14), should be noted. 

Even with the assumptions (11), it still does 
not seem possible to reduce the general expres- 
sions for the galvanomagnetic and thermomagnetic 
effects to known functions. This calculation can, 
however, be carried out for a number of special 
cases: (1) n = 0 (this corresponds to a semiconduc- 
(2) n = 1( this corre- 
sponds to an ionic lattice at temperatures below the 
characteristic temperature ); (3) n = 2( this corre- 
sponds, according to Bloch’s scheme, to a semi- 
conductor with an ionic lattice at temperatures 


tor with an atomic lattice ); 


above the characteristic temperature ). 
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We give the exact formulas for Ey 


and Aa/o, 


in these special cases: 


1) n=0 (14) 


Je sin 0 


i Gesiere Tae 120 
(Ji + J) cos? 8 + J; sin ) 


Ac (1, — 2 — 2) sin? 6 
om (J? + J) cos? @ + J; sin 26’ 


2n=1 (15) 


Ey=@E,sin§, Ac/s, = 0; 


3) n=2 (16) 


3Vix 
2(—,— t— #J,} sin ® 
[t4J2 + (3b 1 t/4 — t7J,)?] cos? 8 + 2#2J, sin? 6 


(3V x t/4—t2Jy)2]sin? 0 
(3V x t/4 — t2J,)2] cos? @ + 242J, sin? 6 


[2¢27, — t4J?— 
[442 + 


9 


In (14)-(16) and below, the following notation is 


used: 


Uh Ease — #ePEI(— #9); ie =the B+V a ierP (e), 


F (t) = 1 —erf (t); of () = Ze lena See (eon Wee os, 


For n = 0, t=3Vn p/43 for n = 2, t = 8/3/7 o. 


Thermomagnetic Effects 


Let a temperature gradient exist along the x 
axis; let the magnetic field lie in the xz plane; and 
let the electric current in the specimen vanish.Then 
electric fields Ey and E? appear in the directions 
of the y and z xem andthe thermoelectric field 
undergoes a certain increase E%. We will compute 


a a ee 


t 


EY le and Ey. From (6a) under the condition 

] = 0 we get a system of equations for determina- 

tion of the fields ES Be, and ES the desired field 
E* is connected with the quantity Be by the rela- 
tion 


E, = E,— (T/e) Vr (p/T) + nfedi) V InT. 


By solving this system, we find 


feats S10 (Yio4s1 = SarJ30) ++ Joo (So0d11 — Jartio) + Joo (Sartoo — Jsqa1) _« of Gin? 
ed (J2, + 72 ee nie 
10 Vig + 59) oat 
Jide = Sil d , ’ 
pe Sl ee ee ee (17), 


@ (Sty + J5p) 


dx 
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Thus the field FE’, which determines the trans- 
verse Nernst-Ettingshausen effect, changes sign 


with change of the sign of the magnetic field. 
The fields Ef and E {, which determine, respec- 


tively, the longitudinal Nernst-ttingshausen ef- 
fect and the longitudinal-transverse thermomag- 
netic effect, do not change sign with change of the 


sign of the magnetic field. 
As the calculation shows, the anisotropy inherent 


in the galvanomagnetic effects does not appear in 
the thermomagnetic effects; in all further calcula- 
tions, therefore, we will set 6 = 7/2. 

We consider the limiting cases of weak and 


strong effective magnetic fields. For p< 1, 
BE er 18) 
E.=—n) (6, —%) are ( 
' 1—n ea 
oo Bs ease fie 


For p>> I, 


peas hy hold 75) 
eo dx 
Thus E’ varies quadratically with the effective 
field ~ in weak fields and approaches saturation 
in strong fields. EY increases linearly with ¢ in 
weak fields and is proportional to 1/¢ in strong 
fields. Therefore, in the intermediate field range, 
e., for p~ 1, the function Ey (q) must have at 
least one maximum. 
We give the exact formulas for special cases: 


ln=0 


poets & yao." 2S, +3V ats, /4 | dT (20) 
ae hive fare 
Ff = fe 2Jg—3V 0 1,/4aT , 
veer: te UpaeeR an 
ins (21) 
E,= E, =0; 
(22) 
So) = 2 
im — & J 2b + (15V x t/8) (BV me t/4— tJg)| dT 
of es #4)? +4 (3V 7 t/4— t2l2)? dx’ 


—_ k 212 (3V x t/4 — t2J,)— 15V x t?J,/8 aT 
2 #4J2 + (3V x t/4 — t7Jo)? dx 
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Formulas (20)-(22) do in fact imply the presence 
of a maximum in E’(@) and of a region of satura- 
tion in £” Z CQ). Graphs of the functions FE’ L(g) and 
Ey (p) are given in Figs. 1 and 2. 


a a 50 a 


ahd 


FIG. 1. Dependence of the dimensionless field of the 
longitudinal Nernst-Ettingshausen effect on the effec- 
tive magnetic field. Curves ], 2, 3 correspond to n 


= 0, 2, 4. 


We consider the effect of a magnetic field on the 
electronic part of the heat conductivity. We set 
ayes =E{=0. Under isothermal conditions d7T/dy 
& = OT dns =Q. Then from (6a) and (6b) we have 


i dln T 


(23) 
L a eda; ase ) 


Qs ee! Csaa E.. —Jo, 
From the condition j7, = 0 we find EY =(J,,/el 12 


x lw U7 d™. 


due to the current carriers is 


The coefficient of heat conductivity 


0, (24) 


__ Sio!12 JF, 
i aT) dxe, 


TJ 


FG. 2. Dependence of the dimensionless field of the 
transverse Nernst-Ettingshausen effect on the effective 
magnetic field. Curves ], 2, 3 correspond to n= 0, 2, 4. 


In the limiting cases of large and small ¢ we get 
for A the following formulas: for y<< 1, 


(25) 
2 = (RT Je) uN {2 + n/2 — by (n? — n/2 + 2) 0}; 


for y>> 1, 


, = (RT Je) uNan (3 — n/2) 0°. (26) 


Formula (25) agrees with the corresponding formula 
of Ref. 5*. 

From (25) and (26) it follows that the relative 
change of the coefficient of heat conductivity, 
(A, -A)/A,, is a quadratic function of y in weak 
magnetic fields and approaches unity in strong 


fields. 
In special cases the coefficient of the electronic 


part of the heat conductivity is determined by the 
expressions: 


——{ 


* We remark that in Ref. 5 an error crept into formulas 
(34) and (34°) for the heat current: in the numerator of 


the fraction, n* —n+2 should be n? —n/24+2. The 
same mistake was made by Avak’iants in Ref. 9. 
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== (Fe T/e) wNi{(2t? +- 6) se— AV / Ji, 
2) n=1 (28) 
= (5*T / 2e) uN (Lae oe). 
3) ote (29) 


d= (RT /e) uN [(6 + 2t?) J, — 4] / 241. 


A graph of the relative change of heat conduc- 
tivity as a function of the effective magnetic field 
is given in Fig. 3. 

From formulas (18) and (19), E; and uy > 0 for 
n <1; Ef =E”% =0 for n= 1; and LE’ and £ <0 
forn > 1. It is the absolute values of L’ and E” 
that are plottedin the graphs ] and 2. It is evi- 
dent from Fig. 2 that the maximum value of E” in- 
creases with increase of n. The graphs of the 
function AA/A, (¢) for different n’s differ from 
one another only in the region of intermediate effec- 
tive fields (Fig. 3). The graphs for the case n = 4, 
which corresponds to scattering by impurity ions 
and to polar conductivity at high temperatures, 
were drawn on the basis of the asymptotic formulas. 


2. SEMICONDUCTORS WITH MIXED CONDUCTION 


Galvanomagnetic and thermomagnetic phenomena 
in semiconductors with mixed conduction have a 
number of peculiarities as compared with the same 
phenomena in semiconductors with current carriers 
of a single sign. The researches of one of us!° 
have shown, for example, that the appearance of a 
few percent of minority carriers can have an appre- 
ciable influence on the character of the thermo- 
magnetic effects. 

In the case of mixed conduction, the electric or 
heat current is defined as the sum of the electron 
current and the hole current: 

j=i.ti., Q=Q,+Q. (30) 
Hereafter the plus sign will denote quantities per- 
taining to holes, the minus sign to quantities per- 
taining to electrons. 

The calculation will be carried out on the assump- 
tions (11)*, except that the following expression 
will be assumed for f): 


* Original: (12). 
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Ae 4 m_ and N : i 
fy(p, T) = N (2nmkT)~"" = ee (w ri ail = x are to be interpreted as the effective 
mass and concentration of the electrons or holes. It is also as- 


where w is the width of the forbidden energy gap. sumed that the scattering mechanism is the same 


for electrons and for holes, i.e., that n_ =n 


=n 
Fic. 3. Dependence of the relative change of the elec- 
tronic part of the heat conductivity on the effective mag- 
netic field. Curves ], 2, 3, 4 correspond to n= 0, l, 2, 
4. 
Galvanomagnetic Effect s With the interpretation (31), formulas (8) and (10) 


may be carried over to the case of semiconductors 
with mixed conduction. 

We will obtain expressions for the Hall field and 
for the relative change of electrical conductivity in 
ie = fee Bie Jane ef 5s (31) _ the limiting cases of weak and strong effective 
magnetic fields. For o4<< 1, 


The expression for the total electron and hole 
current retains the form (7), but the coefficient jee 


must be redefined as follows: 


Bag. tig as ile: 
ee 
os N.u,0, — N_u_p_ ‘ 39 
Eyes WS Ne ee ( ) 
r 2 T 2 \— f2(nr pe 2 
Sp — 5 b,, (Niu, + N_u_) (NyU495. +> Nutley a7, (N4u494—N_u_9.) Ra) (33) 


ore (Niu, -+ N_u_)? 
aS Bees ee ee eee 


For weak effective fields the Hall field, asin the change of electrical conductivity is proportional to 


case of semiconductors with carriers of one sign, pt , as in the case of semiconductors with carriers 
depends linearly on py but it may change sign in of one sign; but for n = 1 it does not reduce to 

its variation with the concentration and mobility zero. 

ratios of the electrons andholes. The relative For p, >> 1 we consider two cases: 


LEE ne 


(NaN) (Nee 9-) ey 
~ + — SS LL ia So. sk “x9 z 4, 
(a) Ni = oe (Nz — N_)? cos? 6 + a, (N4/uy + N_/u_) (Azu4 + N_u_) sin? 0 (34) 


Hi, AG SBINSSeAND Sli Maral Still ke O) Vis Kall 

Cis © ca ay (N4/u4 + pals) (Nin4 + N_u_) cs Ge Na — sin? 6. (35) 

om (N, — N_)® cos? 6 + a, (N4/u4-+N_/u_) sin? 0 (Nyuy + N_u_) 
In the case of strong effective fields, the ex- 
pression for the electrical conductivity is of inter- 
est: 
5 1 OS ee 
. (N, — N_)? cos? 0 + a,, (N,/u4 -+ N_/u_) (Nzu4-+ N_u_) sin?6 (36) 


For 0 = 7/2 and n = 0, 1 or 2, formulas (36) re- 
duces to formulas obtained by Davydov and Shmush- 
kevich?. 


C, SP, —O 
= =1V3: 12 = ae ie Ey 
()N,aN=N: By = 78 o—E, (87) 
6) — 6 , eN (ux + u_) 
Sei fe Ore CCT) are ene rt 
So ,_ sin? 0 


on = (4/3 a)9T (7/4 — 1) T2(2 + n/2). 


From the formulas for strong effective fields it 
follows that the functions EA p+) and a( p+) are 
different for different ratios between the concen- 
trations of the electrons and of the holes. In the 


case N+ Noe 


i (4) increases with increase 


of the effective field; ale ) approaches saturation. 


For N,=N_, EC) and o( 4) decrease with in- 
crease ee ie effective field. Formulas (37) for 

E_ anda are correct if @ differs considerably from 
zero. If @ is small, it isnecessary in deriving the 
formulas to take account of terms of fourth order in 
1/4. Then the functions £ noe and o (4) will 
have the same character as a the case Ne. x~N_. 
Formulas (37) imply a very unusual type of de- 
dendence of the effects on the angle between the 
magnetic field and the primary electric field: upon 
decrease of the angle 6 (provided 6 differs con- 
siderably from zero), the Hall field and the elec- 
The sign of the Hall 


trical conductivity increase. 


: k it 
Bpotes ire 


WEIR 9 {(%— 


effect in case (a) depends mainly on the concentra- 
tion ratio of the electrons and holes; in case (b), 
on their mobility ratio. 

In a conductor with mixed conductia, if the con- 


centrations and the mobilities of the carriers are 
simultaneously equal, then LZ, =0, ane the elec- 
trical conductivity is o = a, “o as sin’ @ in the 
case a strong effective elds and a=0,(1—6 Af 
x sin’ @) in the case of weak fields. 


Thermomagnetic Effects 
If in formulas (17) for E* and aS, we make the 
substitutions 
ie 1/5 (Jjo— Ji9) w+ Ei 
See eS + Jo) w + IS + Joi, 
J 31 =", (Sica J 3)w+ ERS Jee, 


and also use (31), we get the general expressions 
for the longitudinal and transverse Nernst-Ettings- 
hausen effects in semiconductors with mixed con- 
duction. The relation between E7 and E’ 


the same even for semiconductors with mixed con- 


stays 


duction. Therefore, only the expressions for Ee 
and E'’ will be considered below. We consider the 
limiting cases of weak and strong effective fields, 


on the supposition that 6 = 7/2: 


For P+ < Us 


jC (Niu oh NE) 


“es 


Es awh wh Ors lo, (Nu ,o% — N_u_¢2) — ae (N_u_—N,u,) oe} 


eZ 


—NNuw,u {{(4-+2n) by — AE a 


—Nug?.)—*5* BN _u_— Nu) 9,5! 


a (Nw. —N_w G2) 4(442n)ba(N 0,2, 


dT 
29} er} ae (38) 


EFFECTS IN SEMICONDUCTORS 


573 


k l . 
Ey = An De (Nya, + Nu) l = n) (Niurio, ¥ N a Tike o_) 
ae aT . 
(n+ 7)NN uu (o,+2) (I+ soap) G3 ae 
For p4>> 1: (a) Nas eS 
| og Gn) (N2 N2 u_ al 
aes ) (Nhu + NEW) + (29) NaN (ug ba) (1 Sg Ee) oy 
2e (Ny — N_) (Nu + Naw) ae © 
ee: 1 
Ey St 2e (Ni — N_)?9,0_ {(1 n) (Nie aC N=9,) 
—(11—-n) NN 2 mee 
Cee 2)(1 TT Hear dx’ 40) 
(b) N= N_=N: portional to it, and keeping only terms proportional 
é to (w/kT )?: 
“4 Dee — # (i — a) tie aT (41) 
er: tig fu ( baer) ae (42) 
, ok 94 9- w \dT : w? N,N_u,u_ N,u,9_ + N_u_g? | 
pees: | 1+ 2p) et wa Minn fg, Meet tat 
© a, (++ 9-) ( x ee cee Niuy + N_u_ ae: Nae Ng i 


The formulas for the thermomagnetic effects show 
that for ¢, << 1, the longitudinal and transverse 
Nernst-Ettingshausen fields depend on the effec- 
tive field in the same way as in semiconductors with car- 
riers of one sign. In the case of strong effective fields 
the dependence of i and E on yy is different for 
different ratios between the concentrations of the 
electrons and of the holes. When NV, #/N_, the 
dependence remains of the same type as in semi- 
conductors with carriers of one sign. If N, =N_, 
however, the transverse Nernst-Ettingshausen 
field does not decrease, but increases, with in- 
crease of the effective field; the longitudinal 
Nernst-Ettingshausen field approaches saturation 
but the saturation value is different from the satura- 
tion value for VN, 4 N_ 

Estimation indicates that formulas (37) and (41) 
are applicable only when the electron and hole 
concentrations are quite close to each other in 
magnitude. Thus if we put g=5 >> l(by py must 
be understood the larger of the quantities ~, and 
p_), the indicated formulas may be used when the 
concentration ratio is not less than 0.96. 

Finally, we give formulas for the electronic 
part of the heat conductivity of semiconductors in 
the limiting cases of weak and strong effective 
fields. In view of the extreme unwieldiness of the 
general formulas for the case p, << 1, we give a 
formula obtained on the supposition that w/kT >> 1, 
by neglecting terms not containing w/kT or pro- 


— {(2 ay +) (N,u,+N_u) (43) 
oaaee np Matta (1+ Tori) } 


A, is the electronic part of the heat conductivity in 
the absence of a magnetic field. For p, >> 1, 


Ny. ae eran 


ee sll (1 re 1 or) |. 
NiU4 95 “Neto / 


6—n kT 


Thus different ratios between the electron and 
hole concentrations, in the case of strong fields, 
do not influence in an essential way the depend- 
ence of the electronic part of the heat conductivity 
on the effective field, as wastrue of the Nernst- 
Ettingshausen fields. 

We consider it a welcome duty to express our 


thanks to Kh. I. Amirkhanov and V. P. Zhuze for 
their interest in the work and for discussion of its 
results. 


Note added in proof: Recently one of the authors 
(F. G. Bass) hassucceeded in showing that on the 
assumption of an arbitrary isotropic scattering law, an 
arbitrary form of the collision integral, and any statis- 
tics, the dependence of properties on magnetic field in 
the galvanomagnetic and thermomagnetic effects, in the 
limiting cases p2 >> 1 and y2 <1, is the same as that 
obtained in the present article under the assumptions 
of formulas (11). 
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Qn a Rational System of Symbols for 
Fundamental Particles 


Ia. P. TERLETSKII 
Moscow State University 
(Submitted to JETP editor June 13, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 703-704 
(October, 1956) 


A CCORDING to the latest investigations* on the 
systematics of the elementary interactions, 
there are four fundamental parameters. These 
parameters E, n, s and v determine the type of 
the process for the formation and decay of the 
elementary particles, as well as the place of the 
particles in the natural systematics shown in 
Table I**. Here E = Q/e is the difference between 
the positive and negative charges; n is the differ- 
ence between the number of heavy particles 
(barions ) and heavy antiparticles (antibarions ), 
or the ‘‘nuclear charge’’****"®; s is the ‘‘strange- 
ness’’! or v is the charge’; v is the difference 
between the number of light particles (leptons) 
and light antiparticles (antileptons), or the 
“‘neutrinic charge’’***®>9, 

The number n, as well as £, is conserved in all 
the known reactions, and its conservation implies 
a certain absolute law on the conservation of the 
number of barions. The number s is conserved 
only in strong electromagnetic interactions, and 
can change by a unit in the weak interactions of 

the slow decay of a hyperon or of a heavy meson 
Instead of s, one can use some other number, sub- 
ject to the same rules: the “‘neutronic charge”’ 
e*’, the ‘“‘attribute’’ a‘? or the projection p, of the 
p-isotopic spin’. 

We have shown” that the numbers s, «, a, pi, and 
the projection 7, of the usual isotopic spin have 

the following relationship: 


et F=s+n=—a=2p3; (1) 
€ = U3 — Ts, 


E= U3 + Ts, 
t3=4/p(E—e), w= */2 (E+ 2). 
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It has also been shown? that the quantity ¢€ can 


indeed be considered as analogous to the electric 
charge; this is why we think it is rational to use 
this quantity rather than s, a or p.. 

3 


The conservation of the number vy expresses the 
Conservation of the number of leptons, in analogy 
with the fact that the conservation of N expresses 
the conservation of the number of barions. It is 
possible (as assumed in Ref. 9), that the conserva- 
tion of the number v is also an absolute conserva- 
tion law. This point is also discussed in Ref. 13. 

It is worthy noting that the names ‘‘nuclear 
charge’’ for the quantity n and ‘‘neutrinic charge”’ 
for the quantity v can be justified only by the 
fact that some integers are conserved, in analogy 
to the conservation of the electric charge. How- 
ever, there are so far no bases to believe that 
the nuclear and the neutronic ‘‘charges’’ create 
any fields in analogy to the electric charge. There- 


“‘charge’’ for the quantities n and v 


fore, the term 
should be used purely in a conventional sense.The 
best way to name the quantities L, «, n and v is 
therefore: E = electric number, v = neutronic 
number, n = barionic number, A = —v is the leptonic 
number. 

The numbers £, «, n and A determine the place 
of the particle in the schematics, its basic proper- 
ties, and its allowed formation and decay reactions; 
it is therefore rational to introduce these numbers 
into the symbols describing the elementary parti- 
cles. We propose to write the numbers £, ¢, n and 
d as indices of the symbol Z of the particles, ac- 
cording to the scheme 


(See 
Z, (2) 


n € 


When a reaction is described, the indices (A, 7) 
on the left-hand side could be confused with the 
indices on the right-hand side. To avoid this, we 
will denote the latter ones by the signs + and -, 
and the former ones by the signs 1 and —1. In the 
case where any of the numbers is equal to zero, 
the corresponding place will be left blank. If we 
chose for the barions and for the mesons the 
numbers E, ¢ and n as they should according to 
Refs. 1 and 2, and chose for the leptons the number 
according to Ref. 9 ****, we get Table II instead 
of Table I. 

The symbolism of Table II presents several ad- 
vantages over thatof Table J. For instance, to 
write all the possible reactions for the formation of 
particles, satisfying the condition Ac = 0 (or As 
= 0) it is sufficient to require that the sum of the 
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TABLE II 


TABLE I 


indices of any type, on the right or on the left, be 
identical; e.g., 


ah ha Oe ae 
(0 Giles ey Uiies iat Rae aps 
Te, ip > 1A = Ri, 
Ty tally 48 1 Ry Ry. 
and it is obvious that the reaction 
174 + yNy> iA + 4A 
is forbidden, because Ae = —2. 
In the case of the slow decays of hyperons or 
mesons, in which Ae = +1, we have, for instance, 
~ > ee a Ts, ieee ph rr, 
+ , _- _ 
ie Pp" -- Te; 4+ => t+ + T, 
E> te, 
(Ap = T, jA> 10447, 
kton tn,kyon tr, 
m+ ty thy, 
ee pte eee 1, 


It is easy to see that the not yet discovered parti- 


cles could be the following: 1) heavy mesons My 
and M— (these particles were predicted!»???° or 


identified with the =mesons!*); 2) barions or 


antibarions Bt, ,Bo ARI 


+ . 
ee aoe (these particles 
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were predicted!); 3) leptons (analogous to all 
the possible barions ). 

All these supposedly possible particles have the 
quantum numbers equal to —1, 0 or +] as the dis- 
covered particles. 

We consider that the proposed symbolism re- 
flects better than any other the main features of 
the natural system. 


* See, e.g., Refs. 1 and 2. 

*#in this Table all the heavy mesons are denoted by 
a single symbol k. It is assumed (as in Ref, 1) that 
the @-and 7-mesons differ only by their spin and their 
parity, but have the same numbers E and s. This Table 
also does not allow for the possibility of the existence 


of two types of 70-mesons? 
*** In our previous papers , the terms “‘nuclear’ 


“‘neutrinic’’ charges were used for the numbers 
N=-—12. However, the term ‘‘nuclear charge’’ is 
usually reserved to the number n. 

«*** In Ref, 9, the value € = 0 is assigned to all the 
discovered leptons; this is not the only possibility. 


2,3,10 


or 
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Remarks on Bilocal Fieid Theory 


G. RAIsKi 
Institute of Theoretical Physics 
Copernicus University, Torun, Poland 
(Submitted to JETP editor June 14, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 705-706 
(October, 1956 ) 


V A. ZHIROV has opposedthree arguments against 
e my bilocal field theory: 1) in the early stages 
of the theory, the formulas are not compatible with 


themselves; 2) in a later stage of the formulation, the 


equations are compatible but admit some physically 
inadmissible solutions, with a space-like energy- 
momentum 4-vector; 3) in the theory, the question 
of the introduction of interaction remains open. 

In answer to the first argument, I should like to 
note that the bilocal equations of my theory are al- 


ways compatible with themselves, and that the ap- 
parent “‘incompatibility’’ can rise only in the auto- 


matic applying of my formulas without consideration 
of their limitations, or in the confusion among the 
notations for the field quantities in six-dimensional 
or eight-dimensional multiplicites. I admit to be 
guilty of not having sufficiently clarified these 
points. 

The bilocal field quantities are two types of func- 
tions of the variables mr and rw where Xy denotes 


the center of the particles andr the intrinsic de- 
grees of freedom. A Fourier transformation enables 
_ us to go fromthe Xie to the Py variables, the latter 


being the components of the energy-momentum 4- 
vector. 

The bilocal varieties and the bilocal fields are 
limited by the following conditions: 


Par 0. (1), p, +t, =0 - (11) (1) 
(we use a system of units where c =/ =/ = 1, where 
1 is the fundamental length; therefore, all the mag- 
nitudes are dimensionless ). 

One has to differentiate between the field quanti- 
ties ~, which depend only on 6 independent vari- 
ables, and the quantities w, defined on an eight- 
dimensional multiplicity. ¢ and y are related by 


d(P.=N8(p,7,)3(P+P)ewr, 


where NV is the normalizing factor. w satisfies the 
following supplementary condition: 


PyT Y= 0, (1); (en +) Y = 0; (3) 


5T7 
Moreover, w satisfies an equation which is a 
generalization of the Schrédinger-Fock-Gordon 
equation 
(2 + #2) Y= RY, (4) 


where ky = SLO Loy, and R is an operator taking 


into account the strength of the reactions which 
arise as a result of the limitations (1) or (3). 
Furthermore, one can raise the question about the 
equations and the supplementary conditions satis- 
fied by gy. The condition (1) means that, if De ais 
time-like, r, is space-like, and vice versa. Kor 
space-like Pur is limited by the conditions 


Pury? =0, (1) 
= zeroth order single-valued function of re (II) 


Indeed, the condition (I) gives the result that » 


does not depend onr, in the rest system (p =(0). 


Using condition (II) A then sees that ¢ does not 
depend on |r|, i.e., pis a function of the angles 

gy and @ only, in agreement with condition (1). On 
the other hand, in the case of a space-like p_, the 
is time-like and the relations (I) and (II) 


have to be replaced by: (79/0 ,) p= O and y 


vector Tr 


= a zeroth order single-valued function of p,. The 
term R in Eg. (4) has to be properly replaced. 
Therefore, by choosing the conditions (I) and (II) 
we are bound to choose time-like p ’s. 

In addition to (I) and (II) we have to introduce 
another equation, analogous to (4). For time-like 
Py this will simply be 

(Py, + Fi) e=0, (5) 
which differs from (4) by the absence of the R-term. 
Eq. (5) is obviously compatible with (I) and (ID) 
(but it is not compatible with the conditions 
chosen in the case of space-like p is')e 

Using condition (I), we see that, in the rest 


system (p =0), the term kine is reduced to k? 5 


using condition (II) we see that this term becomes 

n(n+1)r7q. Finally, applying the second of the 

conditions (1), we obtain the mass spectrum 
m, = ([n(a+ ty. (6) 


The eigenfunctions ®, of this spectrum are re- 
lated to the local Fiertz field by 


- , pay 11/2 
OT) = OP age aa Tit ae 
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In this sense, the bilocal quantities are the 
generating functions of the local Fiertz fields. The 
latter form the whole irreducible unitary representa- 
tion of the Lorentz group, and there are, therefore, 
no other solutions which would be mathematically 
possible but physically impossible. All other 
solutions either do not satisfy the supplementary 
conditions or (for space-like Py? are not related to 
the irreducible unitary representation of the Lorentz 
group. The solutions with time-like p form a 
closed system and include all the Hilbert space. 

Let us finally say a few words about the prob- 
lem of the interaction. This problem is so far ab- 
solutely unclarified, and the usual requirements ap- 
plied in the local theory are not applicable when 

the bilocal interaction is introduced. The same 
considerations allow us to hope that a criterion for 
the interaction will be found in the future, which 
will considerably differ from the (unmistakably 
wrong ) criterion used now. 


lV. A. Zhirov, J. Exptl. Theoret. Phys. (U.S.S.R.) 30 
425 (1956); Soviet Phys. JETP 3, 452 (1956). 
2 YW. Horvath, Classical theory of physical fields of 


second kind in general spaces (to be published in 
Acta Phys. Hungar. ). 
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cffect of Multiple thermal Ionization on the 
Specific rieat of Gases 


Iu. V. GAEK AND B. L. TIMAN 
Dnepropetrovsk Mining Institute 
(Submitted to JETP editor June 18, 1956 ) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 706-707 
(October, 1956) 


NE of us! has calculated the specific heat of 

gases at high temperatures, taking into account a 
single thermal ionization. The purpose of this 
note is to consider the effect of multiple thermal 
ionization on the specific heat of gases. 

We follow the method used in Ref. 1. The result 

is that the specific heat of the gas at high 
temperatures can be calculated from the formula 


Cy=Cy+Cy - (1) 
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where C),, = 3/2 nk is the specific heat of the non- 


Pn 


ionized gas at constant volume; C/, is the correc- 


2 V 
tion to the specific heat, due to the thermal ioni- 


zation, with C7, => C,,_; in the latter formula 
V m Vm @ 


G 


vm is the correction to the specific heat, due to 


the thermal ionization of the gas, with a (m — 1)- 
fold ionization; C),,, is determined by the follow- 


ing expression: 
Cum = (RAF (RTPL) (3 RT (2S, —In_y) (2) 
+ 2Sin Im Fm) Lf (m + 1) — by 
+ ¥/p (RT)? + ¥/p (RT)? (1 — L) 
+ / nf (m +1) (kT)? + 3 nf (RT)? (m — 1) L}; 


f= (Bm—y/2 Bm) (2% | m')* 3 (AT)? exp Iq / RT), 
L = [1+ nf? (m? 4-1 — 2m) 4+-2nf (m+ 1)y 2. 


It follows from (2) that the specific heat of gases 
at high temperature has a strong dependence on the 
temperature. ‘lo give an example, we have calcu- 
lated the effect on the atomic oxygen gas; the 
correction Cy, is plotted on a logarithmic scale, 
vs. the temperature, in the range where only 

single and double ionizations are effective (solid 
line). CGne sees from the graph that the depend- 
ence of the specific heat on the temperature is 
represented by a curve showing steps and maxima 
in the temperature interval where a particular 
ionization order prevails. These maxima are 
several times higherthan the specific heat of the 
non-ionized gas. for comparison, the specific heat 
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of the non-ionized gas has been plotted on the same 
graph, as a dotted line. 

The dependence of the specific heat on the 
temperature at higher temperatures will have the 
same character. 


1B. L. Timan, J. Exptl. Theoret. Phys. (U.S.S.R.) 27, 
262 (1954). 
Translated by E. S. Troubetzkoy 
143 


Slastic (p—p)—Scattering and 
Peculiarities of Interaction 
between Pions and “lucleons 


L. M. SonoKo 

(Submitted to JETP editor June 12, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 699-701 
(October, 1956) 


S TRONG interaction between a pion and a nu- 
cleon, which exerts a significant effect on 
the process of pion production in the collision of 
a nucleon with a nucleon, may develop also in the 
process of the elastic (p—p)—scattering. Two 
mechanisms are possible. One of these can be 
schematically expressed in the form 


Peale: Deda) * >) ftp wy) 
and it corresponds to the process of resonance 
scattering. The second is inevitably produced as 
a result ofthe known optical relationship between 
elastic and inelastic processes. In so far as the 
values ofthe elastic and inelastic cross sections 
owing to this relationship are ofthe same order, 
andthe cross section of the inelastic processes 


(2) 


is comparatively large at energies beginning with 
499 mev, therefore the role of the second factor may 
be considerable. 

The calculation of the probability of the elastic 
(p—p)—scattering taking into account the virtual 
mechanism (1), carried out by Austern’ , gives 
values for the differential cross section differing 
by two orders from the values observed in experi- 
ment. This permits us to draw the initial con- 
clusion that the peculiarities in the elastic (p—p)— 
scattering, apparently, are completely dependent on 
the second mechanism. 

A juxtaposition of the elastic (p—p)—scattering 
withthe processes of interaction between a pion 
and a nucleon can be made when these processes 
are compared at equal values of total energy in a 


N+N3n+N+4N' 
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center -of-mass system of the colliding particles. 
Moreover, it is also necessary to take into account 
the energy corresponding to the rest mass of the 
pion. Forthe value characterizing the probability 


of scattering at a given angle, it is necessary to 
consider the derivative 


(3) 


where k is the wave vector of the colliding parti- 
cles in a center-of-mass system, and do/dw is the 
differential cross section of scattering at the angle 
Jin ac.m. system. 


k? do (9) / dw = « (6), 


(0) 0 om /sterad ; 
10 


Qt 


GY 


wb 50 40 \ge, 


Fic. 1. The energy dependence of the elastic (p—p)— 
scattering at the anele 90°. (2 —according to Ret. B 
O-—according to Ref. 3, @—according to Ref. 4, A—accord- 
ing to Ref. 5, A—according to Ref. 6. 


Figure 1 gives the results of measurements of the 
differential cross section of the elastic (p—p)— 
scattering at the angle of 90° in the energy region 
from 160 mev to 4.4 bev taken from the investiga- 
tions. 2-© Figure 2 gives the dependence of the 
value « (90°) on the energy of the incident proton 
taken from the data of the above-mentioned investi- 
gations. As is evident from this figure, the latter 
curve (90°) has a maximum at total energy in a 
c. m. system at approximately 280 mev. It is pre- 
cisely at these values of total energy in ac. m. 
system that the known peculiarities of the process 
p +p —7* +d are observed, as well as of the : 
simpler processes y tp ~7' +panda +p —z 
+p. The appearance of this maximum is generally 
associated with the peculiarities of the interaction 
between a pion and a nucleon in states with an 
isotopic spin of T = 3/2. 


20 iO Wye, 


Fic. 2. The energy dependence of «(90°) for the 
states with the isotopic spin T = 1% —according to 


Ref. 2, O—according to Ref .3, ®—according to Ref. 4, 
A-—according to Ref. 5, A—according to Ref. 6. 


In addition to this latter peculiarity, at present 
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should appear inthe processes of the elastic scat- 
tering of a nucleon ona nucleon in the states with 
T =land 7 =0. This permits us to draw the 
conclusion that the dependence curve of a (90°) 
for the states of two nucleons with 7 = 0, be- 
ginning withthe energy (0.8—1.0) bev, should re- 
produce almost completely the corresponding curve 
for the states oftwo nucleons with T= 1. 

The author expresses his gratitude to L. I. 
Lapidus for valuable comments and discussion of 
the problem. 
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a maximum is also known for the states of a pion and (1955). 


and a nucleon with an isotopic spin of T = 1/2, 
which is observed at the pion energy of ~ 800 mev 
in a laboratory system of coordinates, or at a total 
energy of ~ 600 mev in a center-of-mass system. 
The hypotheses of Dyson’ and of Brueckner® 
clarify the causes of the appearance ofthis second 
maximum, however its nature has not yet been es- 
tablished, If this second maximum appears as a 
result of a strong interaction between a pion and 

a nucleon, then one would expect to find peculiari- 
ties in the interaction between two protons in 

the same energy region. Initial data on the value 
a (90°) at energies higher than one bev indicate 
the presence of this predicted peculiarity, namely: 


as is evident from Fig. 2, in the energy region 
(1.5 — 2) bev the value « (90°) undergoes non- 


monotonic change. The total energy in a center- 
of-mass system corresponding to this region is 
equal to 600—700 mev. 

The states of a two nucleon system with T= 0 
cannot experience the effect of strong interaction 
between a pion and a nucleon in the state s with 


T = 3/2, since Ton = 3/2 and ly = 1/2 can 


produce only the states with T = 2 and T =1. 
Therefore, the dependence curves of « (90°) for the 
states oftwo nucleons with T = 0 should not pos- 
sess any of the peculiarities which canbe ob- 
served for 7 =1. Althoughthe experimental data 
substantiate this prediction, they do not permit us 
to draw such a conclusion with complete certainty. 
The maximum ofthe dependence ofthe total 
cross section of the interaction between a pion 
and a nucleon in the states with ¢t = 1/2 at total 
energy in a center-of-mass system of ~ 600 mev 
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Interaction between Negative Pions 
and Helium Nuclei at 330 mev Energy 


M. S. KoZoDAEV, R. M. SULAEV, 


A. I. FILIPPOV AND Iu. A. SHCHERBAKOV 
Joint Institute of Nuclear Studies 
(Submitted to JETP editor June 12, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 701-703 
(October, 1956) 


A T present there exist few investigations de- 
voted to the interaction between pions and 

nuclei at energies higher than 200 mev. In parti- 
cular, very little data have been obtained on the 
interaction between pions and the simplest nuclei. 
Below we will describe the results of the study of 
the interaction between negative pion and helium 
nuclei at 330 mev energy. 

For the observation ah simple interactions we 


have used a diffusion chamber of 270 mm in diameter 


which was filled with helium at a pressure of 
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14 atm. The results are based on an analysis of 97 
events of interaction obtained from an examina- 
tion of approximately 13,000 photographs. 
In the collisions of fast mesons with a-particles 
the following main processes are possible: 
m7 +Het—elastic scattering * 


m7 +(2p, 2n)—inelastic scattering with 
m + Het > 


no change in charge 


0) 
w £4 lp, 3n) — scattering with change of (3) 


charge 


(1p, 3n)—nonradiative capture 


The nucleons in these reactions may be emitted as 
deuterons, tritons, He? nuclei and free nucleons. 
At a given energy of pions processes of meson 
production are also possible. 

In the reactions enumerated the events of 
elastic scattering at angles larger than 10° can be 
easily identified from the general kinematic con- 
ditions. The identification of elastic scattering 
at smaller angles presents considerable diffi- 
culties, since the resulting fissioning nuclei 
(a-particles) have a very short path. It is pos- 
sible, however, with a sufficient degree of cer- 
tainty, to assume forthe events of elastic scat- 
tering in the region of small angles any sharp 
deviation of the particles from its initial direction, 
since the overwhelming majority of inelastic pro- 
cesses, capable of serving as a main source of 
errors, is accompanied by visible tracks of the 
products of splitting. The lower limit of the re- 
gistration angle of the elastic scattering is given 
by the maximum angle of (7 —y)—disintegration 
equal to 5.1° at 330 mev energy. 

The events of inelastic scattering with no 
change in charge were identified by the presence 
among the reaction products of a single track with 
ionization approximating the minimum. We did not 
succeed in identifying individually any events of 
exchanged interaction [reactions (3) and (4)]. The 

exception was the absorption of pions by the 
(p—p)—pairs, when as a result of interaction a 
single fast proton is emitted. The criterion forthe 
selection of such events was the approximate agree- 
ment between the angle of emission of the proton 
and the ionization produced by it, which follows 
from the requirements of the conservation of energy 
and momentum. 

In the reactions of meson production we identi- 
fied only the events of the production of charged 
m-mesons the ionization of which approximates the 
minimum. 

The cross sections (in the units 10°’ cm”) ob- 
tained in the various processes are as follows: 


(1) 
(2) 
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Total cross section 

of interaction (o,) 150415 (97) 
Inelastic processes (c,) 99 +12 (64) 
Elastic scattering (0, ) SW hae n°) (33) 
Absorption with change 

in charge (o. ce, ) Bile (20) 
Inelastic scattering with 

no change in charge(o, ) 65 £10048 (42) 
Absorption by (p—p)—pair 

(0% (pp)? Sete (2) 

(4) Meson production (o, ) Bye ca 7 (2) 


The figures on the brackets indicate the number of 
the corresponding events of interaction. In both 
observed events of meson production creation of 
positive mesons was taking place. 

l’rom experiments on the interaction between 
mesons of lower energies and complex nuclei!»2, 
it is known that in the nonradiative absorption of 
pions by nuclei essentially only a pair of nucleons 
participate. Therefore, we may consider that at 
the energy of 330 mev the absorption of pions will 
all the more be accomplished essentially by pairs 
of nucleons. Taking into account this condition 
and assuming that the absorption by the (p—p)— 
pair and by the (n—p)—pair proceeds with equal 
probability, it is possible to evaluate the total 
cross section of the absorption of pions by helium 
nuclei from the cross section of the absorption by 
the (p—p)—pair. This was found to equal 9x 10°27 
cm. In conformity with this, the cross section of 
the scattering with a change in charge (recharge?) 
will then be equal to 22 x 10°?? em 

Among the events of inelastic scattering with 
no change in charge we have observed three 
events of quasi-elastic scattering on protons and 
21 events of quasi-elastic scattering of neutrons 
with no secondary scattering of mesons or nucleons 
in the same nucleus. The first were identified from 
the relationships between the angles of the scat- 
tering of mesons and of onc of the particles of 
fissioning approximating the scattering on free 
nucleons. The second group of events was char- 
acterized by the emission of an H® fissioning nu- 
cleus with a comparatively short path and a momen- 
tum of the nucleons in the o-particle; moreover neither 
the direction of emission of the nucleus, nor the 
magnitude of its momentum depend on the scattering 
angle of the meson. 

The mean differential cross sections of the 
inelastic scattering for the three ranges of angles 
in the units 10°27 cm? /sterad in a laboratory sys- 
tem of coordinates are as follows: 


{20—180° 
4541.5 


60—120° 
2.5+0.8 


0—60° 
7.9 + 2.0 
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The angular distribution of the elastic scattering 
in a center-of-mass system is given in the Figure. 
Attention is drawn to the fact that not a single 
event of elastic scattering was observed in the 
angle range 5-15°. Above it was noted that the 
identification of elastic scattering events at small 
angles is associated with considerable difficulties, 
therefore it would be natural to assume that the 
latter state of affairs may be due to omissions in 
the analysis. In order for the differential cross 
section in the region 5 —15° to remain at the 
level 50 x 10°27 cm2/sterad, one would expect to 
find here 5—6 events on the basis of the existing 
statistical material. A thorough second examina- 
tion of 40% of all the photographs did not dis- 
close a single event of elastic scattering (addi- 
tional to the first analysis). The small statisti- 
cal material does not provide the possibility of 
drawing a completely definite conclusion regard- 
ing the course of the angular distribution in this 
region, however it appears probable that in the 
region of small angles the differential cross sec- 
tions of the elastic scattering change non-monotoni- 
cally. 


2 
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The general character of the angular distribution 
of elastic scattering canbe qualitatively des- 
eribed within the frame of the optical model of a 
nucleus. The calculated angular distribution is 
shown by the solid curve in the Figure. The mean 
free path of the 7-mesons and the mean potential 
inside the nucleus V, , used in these calculations, 


were determined from the total cross sections of 
the elastic and inelastic scattering and fora 
nucleus of radius R = (F /uc ) A4/3 were found to 
be (2.7 0.3) x 10713 em and (32 +8) mev respec- 
tively. The angular distribution obtained in terms of 
the optical model shows considerable deviation 
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from experimental data only in the region of small 
angles. 

If non-monotonic change in the differential cross 
sections of elastic scattering in the region of 
small angles actually takes place, then for its 
explanation one may draw on the interference be- 
tween the coulombic and the nuclear interaction. 
In this case it would be necessary to consider that 
the amplitudes of the coulombic and nuclear scat- 
terings of the negative pions on nuclei have dif- 
ferent signs, in contrast to the results for low 
energies (less than 200 mev) where the signs of the 


corresponding amplitudes are the same. 
The calculations ofthe energy dependence of the 


mean potential inside the nucleus, carried out in 
the investigations®’4 on the basis of the properties 
of the scattering of pions on free nucleons, are 

in agreement with this fact. 


1 
F. L. Adelman, Phys. Rev. 81, 650 (1951). 
32 
Byfield, Kessler and Lederman, Phys. Rev. 86, 17 
(1953). 


3 
R. M. Sternheimer, Phys. Rev. 101, 384 (1956). 


4 
Frank, Gammel and Watson, Phys. Rev. 101, 891 
(1956). 
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Note on Waves in a tiomogeneous 
idagnetoactive Plasma 


B. N. GERSHMAN 
Gorki State University 
(Submitted to JETP editor June 18, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 707-709 
(October, 1956) 


ITHIN recent years there appeared a number of 
articles by Piddington!~* devoted to a con- 


sideration of the properties of normal waves propa- 
gated in a homogeneous plasma situated in a mag- 


netic field H,. In these works the calculation of 
thermal motion is made by the approximation method 
based on equations for mean particle velocities. 
Such a quasi-hydrodynamic method of investigation 
is not new; it has been repeatedly used in the 
analysis of similar problems by other authors (see, 
for example, Refs. 4 and 5). But at the same time 
it should be noted that many of the problems touched 
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upon in Refs. 1-3 have been studied on the basis 
of the more rigorous kinetic theory method®!!. 
Most of the studies of the latter type apparently 
were not known to Piddington. 

Here we intend to dwell on only one of the afore- 
mentioned works by Piddington! in which high- 
frequency waves* (extraordinary, ordinary, plasma) 
are dealt with. We shall endeavor to elucidate in 
greater detail than is done in Ref. 1 the question 
of the relationship existing between the different 
types of normal waves, and then to contrast very 
briefly the results obtained by the quasi-hydro- 
dynamic and the kinetic methods of investigation. 
From the equations of electrodynamics and from 
the quasi-hydrodynamic equations for electron 
motion with due regard to electron pressure [ as- 
suming the departures from equilibrium values to 


be small and proportional to el (@t - a we can 
get the expression 
2 (1 —u cos? a) n§—[1—u—v (1) 


+ 4v cos? w + 2 62 (1 — uv — u cos? «)] nt 
+ [2 (4 — v)? —u (2—v — v cos? «) 
+ g2(1—20 + v?—u cos? «)] n? 


+ (1— v) [u—(1—v)2] =0, 


where n = ck/w is the refractive index of the 
waves, Uu = On /w? = (eH ,/mew)? (oy, the elec- 


tron gyrofrequency, e and m, the charge and mass 
2 
of the electron), v = Are2N/mw2 = o>. /@ Cains, 


the Langmuir frequency, NV, electron concentration), 
a is the angle between the magnetic field H, and 


the direction of propagation k, 8, = xT'/mc? is 
the ratio of the mean thermal velocity of the elec- 
trons to the velocity of light c. We add that Eq. 
(1) was derived and discussed in a dissertation by 
the author of this letter as far back as 19537”. 
Reference i2 also contains an analysis of the prob- 
lem by the kinetic theory method, which analysis 
appeared in Refs. 10 and 11 as well. 

Turning to a consideration of Eq. (1) it isneces- 
sary to keep in mind that in the present nonrela- 
tivistic case, B2 << 1. This inequality is easily 
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satisfied in the cases that are of greatest interest 
from the standpoint of possible application, namely, 
those of the ionosphere Ves ~ 10-7) and of the 
solar atmosphere (p? ~ 1074 + 10°). Let us 
examine the wave behavior in the particular cases 
where u = 0 and u =7/2. When propagation is in 
the direction of the field Hy (o = 0) we obtain from 
(1) the expression 


mig=(1—v)/(L4V uw); ng=(1—o)/ 63, 2) 


in which the subscripts 1, 2, 3 indicate that the 
values for the refractive index refer tothe extra- 
ordinary wave, the ordinary wave and the plasma 
wave, respectively. The plasma wave appears in 
the equation when thermal motion is taken into 
account (when B, > 0 ne +o). In the case of 
transverse propagation (u = 7/2) we find from Eq. 
(1) that n> = 1—v, while the values for n? 


2 
i and res 
are determined from the equation 


B2 m4 + [(v—1)(1 + 62) + ua] n? + (ov — 1)? —u = 0.(3) 


To ascertain the character of wave behavior it is 
quite usual and important to analyze the curves 


n?(v) by assigning fixed values to u and Be for 
the given case. Considering the case where a = 0, 


we see that for each type of wave there is a par- 
ticular dispersion curve determined from the formu- 
las given in (2). But the case u=0 is an excep- 
tional one, andwhen o ~ 0 it becomes impossible 
for all values of n” to distinguish by means of a 
single continuous curve the behavior of only one 
type of wave. In the accompanying diagram are 
shown curves representing n2(v) when «= 7/2. In 
contrast to the case a= (0), the values for n3(v) 
are represented here not by a separate curve but 
by what appears to be a continuation of the curve 
n2(v). In the diagram we refer to that part of the 
curve n2(v)?, with n2 >0, where v> 1 -u, to the 
extraordinary wave, andthe part where v<1~—u, to 
the plasma wave. Such a separation is based on 
the premise that in the absence of thermal motion 
(B, =) the plasma wave should disappear, but 
at the same time, as is known, the dispersion 
curve runs to the right of point v = 1—u, and 

when v = 1~u: ae + oo. Nevertheless, it should 
be emphasized that there is a certain artificiality 
about the above separation into two types of waves, 
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the truth of which is made especially clear in the 
case involving the point v = 1~—u, where there is 
no reason for referring the n* values either to the 
plasma or to the extraordinary wave. In addition, 
it will be noted that similar peculiarities arise not 
only when «= 7/2, but also in the case of other 
values of «+ 0. The case where the values for 
« are small, and which is of some interest, is dis- 


cussed in Ref. 13. 


GY We GH OH OW8 \N5 O52 GF 08 08 06 UV 


Solid curves —n*( extraordinary wave); Dotted curves — 
n® (plasma wave). u=0.5; ise = 1074. 


If, for wu < 1, the previously discussed coupling 
between the plasma wave and the extraordinary 
wave is always present, then upon satisfaction of 
the condition ucos? a> 1, the plasma wave is 


characterized by a single continuous curve 
2 
LSE 


study of the roots of Eq. (1) shows that in the 
vicinity of point v = (u —1)/(ucos? « — 1) (when 


(v) along with the ordinary wave. Here, a 


po 1) there is a region in which the values for 


n“ on the n2 


curve mentioned above are complex. 
If, for values n2> 0, the normal waves are char- 
acterized by the presence of propagation alone, and 
for the values n2 <0 they are undergoing pure 
decay, we have here an intermediate case where 
the propagation of the wave is associated with 

its attenuation in space even when collisions are 
disregarded in the ejuations. As for the case 
where u <1, it can be established from Eq. (1) 

( provided Be <<1) that the n? values hold true for 


all the wave types. 
An investigation of the problem dealt with in the 
preceding is entirely possible also on the basis of 


THE EDITOR 


the kinetic theory method. The kinetic treatment 
leads to the establishment of the possibility of de- 
cay which is essentially due to the influence of 


particle thermal motion on wave propagation. This 
mechanism, however, is ineffective for the in- 


equalities?» 12 


| (G2n? 7 u) sin®a P< 1," [ @oa* cost Le 1 (4) 


For slowly decaying waves we can obtain an equa- 
tion which is analgous to the quasi-hydrodynamic 


Eq. (1)10,11, 
B2u [A sin? «+ Bsina cosa + (1—u)C cos? a] n> (5) 
—[(1—u—v + uv cos* a) + O, (62)] 24 
+ [2(14—v)?—u (2—v — v cos? «) 


+ Oz (62)| n? + (1 — v) [u — (1 — v)*] =0, 


2¢(14+3u) 3 sin? a 
baie COs? « ( 
(4 — u)? ine TT 
4sinacos « i 
a a ears op C= 3.costa + SO 


The values for the roots of this equation corre- 
spond to the correct solution of the problem, pro- 
vided the inequalities given in (4) are fulfilled. 
The magnitudes of O.CB.), 0,(B2) in (5) are of 
the order of B2 and are of small consequence; the 
fundamental difference between Kqs. (1) and (5) is 
the fact that the expressions preceding n° in both 
are different. This difference in particular accounts 
for the fact that in the kinetic treatment, the values 
for n* can be complex also when u < 1, and not 
Ara Ly 

As for the plasma waves, they undergo slow de- 


cay only in the vicinity of the point v = (u—1)/ 
2 


only in the case where u cos 


(ucos“ «—1). The plasma waves are rapidly 
damped, however, when [ l—u—v+uv cos*u |>> Bs. 
The author is grateful to Prof. V. L. Ginzburg 


for the discussion of the contents of this communi- 
cation. 


* The assumption of high-frequency is equivalent to 
a disregard of ionic motion. 
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On the Motion of Inclusions in a Solid 


A. A. CHERNOV 
Crystallographic institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor June 18,1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 709-710 
(October, 1956) 


ONSIDER a foreign inclusion in a solid body 
of infinite extent. Let the inclusion be spheri- 
cal in shape, and filled with substance (liquid or 
gas) in which the material of the solid under 
existing conditions has a marked solubility. Let 
a constant but infinitesimal temperature gradient 
VY T be maintained in the solid; we will investi- 
gate the translational motion of the inclusion 
under the influence of this gradient.’’” 

It is obvious that, in a solid, the translation of 
an inclusion can take place only by means of the 
transfer of matter into the inclusion, but a hydro- 
dynamic mechanism similar to that involved in 
the rise of bubbles in a liquid is excluded (we do 
not consider viscous flow ofthe crystal). Inthe 
presence of only a thermal field, the indicated 
transfer is connected with the difference in satura- 
tion concentrations of the solution at the cold and 
hot ends of the inclusion, and takes place purely 
by diffusion. The presence of other fields leads, 
generally speaking, to the appearance of other 
flows, (for instance, the presence of a gravitational 
field of intensity g can lead to convection*). Thus 
each element of surface surrounding the inclusion 
will have a velocity 
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v=(D/p)yc, (1) 
where p is the density of the substance com- 
prising the solid, V c is the concentration gra- 
dient of this substance in the material filling the 
inclusion, taken near the portion of the surface 
under consideration, and d is the diffusion coef- 
ficient. 

The concentration c, which depends, generally 
speaking, on the coordinates and onthe time, is 
determined from the equations of diffusion and 
thermal conduction, with suitable boundary condi- 
tions: 

Ac / Ot = D[Ac + (kp | T) ATI; 
AT / Ot — (ky Cp) (84/8) pp dc | Ot = AT; (2) 
OT» / Ot = y2.ATo, 
where kn is the coefficient of thermal diffusion, 


u. the chemical potential of the contents ofthe 
inclusion, c : their specific heat, and y, , 7, and 


X, » I, respectively the thermal conductivity and 


temperature inside and outside the inclusion. 
Leaving the boundary conditions out of the picture 
for the moment, we go over in these equations to a 
coordinate system in which the inclusion is at 

rest. Terms proportional to vVT and vVc, appearing 
as a result of this transformation, will be of 

second order in VT (since v ~ VT). For VT= const, 
v does not depend explicitly on the time, and the 
partial derivatives of the temperature and concentra- 
tion with respect to time will be at most of second 
order. Consequently, to the approximation being 
considered here, both the temperature andthe con- 
centration satisfy Laplace’s equation. We now 
return to the conditions at the surface of separation. 
These will have the form: 


i iss xy OT,/0n — Xo OT./On (3) 


c= Ben” 


= — gD dc/dn, 
Hy and Xo. are the respective coefficients of 


thermal conductivity, and 0/dn is an operator de- 
noting the derivative along the normal to the sur- 
face. The right-hand side of the second condition 
makes allowance for the evolution (or absorption) 
of latent heat of crystallization q at the boundary, 
and the third conditions requires that the solid 
solution be saturated at this surface. Sincethe 
gradient V7 is small, the change in temperature 
along the surface of separation will not be great, 
but if one reckons thetemperature and concentra- 
tion with respect to their values at the center of 
the inclusion, the last condition in (3) will be 
written thus: 
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C= (We /f CHD) Wie (4) 


Here the derivative de , /dTis taken along the 


appropriate equilibrium curve. Thus at the limits 
of the region, the concentration is proportional to 
the temperature, and since boththe temperature and 
the concentration satisfy the same equation, there 
will be a similar relation between them every- 
where inside the inclusion (irrespective of the 
form of the bounding surface). Therefore at the 
surface of separation 


~-qD 0c | 0n = — qD (de, / dT) (OT, / On). 


If we now replace x, by x, + qdc/dT in 


condition (3), we obtain the well-known problem 
concerning the distribution of temperature around 
a stationary spherical object for a constant tem- 
perature gradient at infinity (see, for example, 
Ref. 3). Multiplying its solution over the interior 
of the region by de, /dT , we obtain the distribu- 
tion of concentration over the inclusion. 
Making use of Eq. (1), we obtain finally 
Vi 3%2D dey vr 
%, + 2x%,+ qDdcy/dTdT op ° 


(5) 


From this equation it is obvious that the velocity 
of translation of the inclusion does not depend on 
its dimensions. 

The value of v is determined by the quantity 
de, /dT, which under conditions of constant pres- 


sure is equal to qe 5 /kT*. In substances whose 


solubility in the material filling the inclusion does 
not increase with temperature, the inclusion moves 
in the direction of the temperature gradient. If 
however de, /dT < 0, the inclusion has to trans- 


late in the opposite direction. It is clearthat the 
process under investigation is governed by Le 
Chatelier’s principle. Indeed, for q > 0, the 
diffusion at the hot end of the inclusion andthe 
condensation at the cold end both represent the 
same process, striving to bring the system back into 
equilibrium; this equilibrium is constantly being 
destroyed, however, by the source maintaining the 
temperature gradient. 

It is not difficult to see that an analogous pro- 
cess takes place for the transfer of matter in a 
liquid medium from a crystal having a high temper- 
ture to a crystal with a lower one; that is, for 
the growth of one crystal at the expense of another. 

The coefficient of diffusion has the order of 
magnitude 107° cm? /sec; de. /dT ~ 5x 10°? g/cm? 


—sec—deg; q ~ 102 cal/g ; Hy LD-X 10°? cal/em— 
sec—deg. 
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Consequently, gD de, /dT << x , and 


v = (8D / 2p) (deg / dT) yT, 


that is, v does not depend onthe thermal conducti- 
vity ofthe solid or of the contents of the inclu- 
sion. 

If the conditions under which an inclusion exists 
are critical conditions for its contents, then the 
coefficient of diffusion will fallto zero and the 
inclusion will come to rest. For a temperature 
gradient ofthe order of Ideg/cm, the velocity of 
translation ofthe inclusion amounts to about 0.1 
mm/day. If conditions are created whereby matter 
can be transferred convectively, the process ought 
tobe noticeably accelerated. 


__*It is clear, for example, that there will be convection 
if the vectors g and \/T are parallel, but not ifthey are 
antiparallel. 


lf, G. Smith, Historical Development of Inclusion 
Thermometry, University of Toronto Press, 1953. 


Ze 
a ae Lemmlein, Dokl. Akad. Nauk SSSR 85, 325-328 
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Investigation of High Energy Electron 


Showers by the ‘‘Emulsion Chamber”’ 
ecknique 


I. M. GRAMENITSKII 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor June 20,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 710-712 
(October, 1956) 


I N the emulsion chamber suggested in Ref. 1, we 
have studied the development of electron showers 
of high energy (EF = 1012 ev) at small depths (2-3 


T—units). The results obtained are compared with 
cascade theory.2,3 


The emulsion chamber consisted of 24 emulsion 
plates (NIKFI) type R with emulsion thickness of 
100 » put together into a stack and held in a 
special frame. Iron plates of thickness 3.5 mm were 
placed between emulsions. The distance between 
adjacent layers of emulsion was 5 mm. The glass 
on which the emulsion was poured was previously 
polished to a size of 86 x 116 mm? with an ac- 
curacy of 0.05 mm. This allowed the exact place- 
ment of adjacent plates which is essential in 
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following a shower. 

The emulsion chamber was exposed in the 
stratosphere (~ 4 hrs. at height > 20 km). After 
development the plates were divided into two 
groups for convenience during scanning. Two 
plates from the middle of the chamber were 
scanned with magnification of 20 x 7x 1.5. During 
this time showers were noted which had more than 
5—7 parallel tracks in a radius of 100 p which 
thereafter continued into the upper and lower plate. 
With the available accuracy of finding the continua- 
tion of a shower (approximately 200 : ) and a track 
background of 160 mm“? it was impossible to 
follow a single relativistic particle or shower, con- 
sisting of several tracks, through considerable 
gaps (> 400 1»). 


& 


number of particles 


S 


length in t-units 


Comparison of the experimental data on the develop- 
ment of electron showers with cascade curves. 1- 


y =5 (Eo=1.8 x 10?! ev); 2-y= 6 (Ey = 7x10!! ev); 
Gey OY = NO ae Ti 

3— y=7 (Ey = 10 meee 4—y=8 (E, =6 x 10 aut 5 

y=9 (Ey, =9 x 10 ev); 6—y=10 (Ey = 27 x 10 ev) 


A shower arising in the emulsion chamber from 
a single photon is characterised by a gradually de- 
creasing number of particles until two tracks are 
seen at very small (2—3 p: ) distances from each 
other, or a single track with double ionization 
appears. It is impossible to follow the shower 
further as indicated above. It is essential to note 
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that in following a shower the only tracks consid- 
ered as a part ofthe shower have direction parallel 
to the axis of the shower. The chief contribution 
to deflection of tracks from the parallel is 

multiple scattering. The average angle of multiple 
scattering for particles of energy e passing through 
a distance ¢ is given by the relation 


<9) = (E, /E)Vt, 


where £ _= 21 mev and ¢ is expressed in radiation 
units. In the present paper the parallelism of 
tracks was determined to within one degree. This 
means that in each shower we registered particles 
with energy > 10° ev. 

During the microscopic examination of the emul- 
sion chamber 8 electron proton showers were found. 
Kor each of these the total number of particles in 
all emulsion plates was calculated andthe depen- 
dence of the number of particles on the depth was 
found. This data was compared with the cascade 
curves obtained from the calculations of Arli? for 
depths up to 2t—units and from the calculations of 
Belenkov® for depths greater than 2t—units for 
various values of the energy of the initial elec- 
tron with secondary particle energy greater than 
E, =10° ev. Since the observed showers began 


withthe appearance ofthe first electron pair the 
shower is considered to be caused by two primary 
electrons of equal energy. Curves calculated tak- 
ing this into account are shown in the diagram. 
The experimental points corresponding to various 
showers are shown by the different symbols. 

At distances > 1] t—unit from the beginning of 
the shower the dependence ofthe numberof parti- 
cles on the depth coincides with one of the cas- 
cade curves calculated for a particular energy of 
the initial electron. At depths less than one t— 
unit the number of particles inthe shower fluctuates 
strongly. 

The data given in the Figure showsthat there 
is fairly good agreement between the experimental 
results and cascade theory for electron energies 
By 1012 ev for small thicknesses of matter. 


Also in the observation of the electron showers 
at depths > 2t—units it is possible to evaluate 
the initial electron energy from the cascade curves 
to within a factor of 2 or 3. The results of these 
evaluations are shown inthe table. 

In conclusion the author would like to express 
deep thanks to I. L. Rosental and D. S. Chernav- 
skii fortheir consideration of the experimental 
results and to N. A. Dobrotin for valuable comments 
and to . M. Grizunova for the scanning. 
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TABLE 
Ne. of Shower | 4 | 2 3 4 5 6 | 7 | 8 
Total length in t-units.. .| 2.4 3.4) 4:7) 3327/93 4.6 ThS@ |) oh) 
SSS NV SWE) va Bo Ss 7 6 a. 5 7 7 9 40 


1 
Kaplon, Peters, Reynolds and Ritson, Phys. Rev. 
85, 295 (1952). 
2 
B. Rossi and K. Greisen, /nteraction of Cosmic Rays 
with Matter. 


3 
S. Z. Belenkii, Avalanche Processes in Cosmic Rays, 
Gostekhizdat, 1948. 


Translated by G. L. Gerstein 
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Dispersion Relations for Pions Scattered 
by Deuterons 


B. L. lorre, I. lA. POMERANCHUK, A. P. RuDIK 
(Submitted to JETP editor June 27,1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 712-713 
(October, 1956) 


ONSIDER zero-angle elastic scattering of 
pions by deuterons. The dispersion relations 
corresponding to this process differ substantially 
from the dispersion relations for the scattering 
of pions by free nucleons: first, the dispersion re- 
lations depend on the polarization ofthe deuterons; 
second, if the Coulomb interaction is neglected, 
there is only one dispersion relation for the sum of 
the scattering amplitudes of the positive and nega- 
tive pions. 
Let us denote by D,, (@) and A,, (w) the real 


and imaginary parts of the amplitude ofthe scattering 


of pions with energy @ by deuterons having a spin 
projection m along the direction of motion of the 
pions. Using the relationship between the imagi- 
nary part of the zero-angle scattering amplitude 
and the total cross section, An (w) =(k/47) o 
(«)) (where k? = w* ~—p?, and p is the pion mass), 


and using the usual procedure for obtaining the 
dispersion relations!»2 we obtain 


v- 


2F2¢ 0A, (w’) do’ 
D,,(®) —D = = 
m{o) = Dp (t) = \ ee (1) 
co , , / 
2 Ee \ ® Pm (@ )ee 
ace (@’* — @2) R’ 
0 


To determine the contribution fromthe region 
0 < @ < p we employ the following expressions 


for A (w ’), obtained readily from Ref. 1: 
A,, (@’) 


(2) 
ct nthe ea Ri? 2 
alt (@ PR 8[o ie 


where M_ (w *,£) is the matrix element corre- 


sponding to the capture of a pion by a deuteron in 
state m andthe formation of two identical nucleons 
with a relative momentum f: 


My (®', 1) = (Y2g/ M) <O* ak’F, (k’,p) Vp, 29 


here ,, isthe deuteron wave function, Vs the wave- 
function of two identical nucleons in the final state, 
g the pion to nucleon coupling constant, M the 
nucleon mass, and €, the coupling energy of the 
deuteron. 
The function Fs (k’, p) equals sin (k SPA D Wig 
the two forming nucleons are in the triplet state 
and cos (k’ p/2) inthe case of a singlet state. 
Integrating with respect tow’, we get + 
w’A,, (@’) do’ 


k’? (w/2 — w?) (3) 


pe 

2k 

=| 
0 

BEM (Me) 


i Rk? (@2 — @?) 


Spy 


[Mo 


Generally speaking, © is a function of f, deter- 
mined by the conservation laws. However, taking 
into account the fact that the matrix element differs 
substantially from zero only in the region f ~ k/2 
we shall assume hereinafter © ~ i) OM = ee Next 
since small changes in w “ correspond to latge 
changes in f, we extend the summation with respect 
to f to infinity. Using the completeness of the set 
of functions Ve, we have 


DI My 2 
i 


(4) 


9 ' if 
{Bm \eeF ide a Bmo \ oar ede 
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where ¢ (p) is the coordinate portion of the deu- 
teron wave function. 


The second term in expression (3) is calculated 
in the following manner: 


Di 2M +e) 1M, [2 (5) 
f 
22? s - . 
oi pa COKE, E> CFF (Hi skF, —oykF,H) ©,,), 


where H is the Hamiltonian of the interaction of 
the two nucleons. Its general form (without taking 
the tensor forces into account) is as follows: 


H =f /M + 1/4 U; (0) (616 + 3) (6) 


— 4 U, (e) (6192 —1) 


+ O40; (€; (8182 + 3) — 1/40, (0) (616, — 1)} Pro. 


Were f? / Mis the kinetic-energy operator, U, and 
Oe are the potential energies in the triplet and 

NN ~ 
singlet states, U, and U, the exchange energies, 
and P,, is the particle commutation operator. 


Calculating the sum (5) withthe aid of the Hamil- 
tonian (6), and inserting the result into (1), leads 
to the following dispersion relationships.* 

For deuterons polarized parallel (anti-parallel 
to the incident beam: 


Me eue\ 2k 8M ° 
=e on MG? 02 1 aarti \9 oa U9| 
Re fe’, (0) do’ 
+ ope \ R’ (@’? — w®) 


ios 


For deuterons polarized perpendicular to the 
incident beam: 


Dy (@) — Do (v) (a) 
apa aes R 4M \ . ke yx , 
=#(s) 4 s|! eo eme cra 
+U,+ U3 ae 
Re dy (w’) do’ 
+a | Fetal 


p 


The dispersion relations obtained for the scat- 
tering of pions by deuterons contain, in addition 
to the constant g, also certain effective values 
of the potential interaction energy of two nucleons 
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in different states and these values affect sub- 
stantially the value of the singularity term for 


deuterons, polarized perpendicularly to the inci- 
ent beam. 


The authors express their gratitude to Acade- 
mician [,. D. Landau for valuable comments. 


*Let us call attention to the fact that we obtained 
(7°) and (77’) without using the actual form ofthe 


coordinate part of the wave function ofthe deuteron. 


i 
M. L. Goldberger, Phys. Rev. 99, 979 (1955). 


2 
B.L. Ioffe, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
853 (1956). 


Translated by J. G. Adashko 
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Influence of the Earth's iMagnetic Field on the 
Space-Distribution of Particles in 
Extensive Air Showers 


S. I. NIKOL’SKII AND I. FE. SATSEVICH 
The P. N. Lebedev Physical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor June 26, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 714-715 
(October, 1956) 


41 eS space-distribution of charged particles in 
the extensive air showers of cosmic rays has 
been studied in a number of experiments!4. In 
none of the computations used, despite their high 
statistical accuracy, has the influence of the 
earth’s magnetic field been taken into account. The 
theoretical estimates made” have shown that the 
distortion of axial symmetry in the space-distribu- 
tion of the electron component of the extensive air 
shower, produced by the action of the earth’s mag- 
netic field, does not exceed the statistical limits 
of experimental errors. Nevertheless, the results 
of the experimental investigation given in Ref. 6 
aroused doubts as to whether the disregard of the 
influence of the earth’s magnetic field on the space- 
distribution of shower particles is justified. This 
disregard, by the way, was considered permissible 
in Ref. 2. 

Subsequently, we made a supplementary analysis 
of the experimental data given in Ref. 2. These 
related to a study completed in the summer of 1952 
at an elevation of 3860 m (Pamir). The relative 


position of a part of the experimental set-up with 
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respect to the earth’s magnetic field is shown in 


diagram a. The letters C, NV, E, W (central, north, 
east, west) indicate groups of counters connected 


to a hodoscope (counter-telescope ). The cases 
under consideration were those in which the axis 
of the extensive air shower passed at a distance of 
not more than 5m from the center of the set-up C. 
The influence of the earth’s magnetic field on the 
space-distribution of shower particles can be de- 
scribed by the relationship 


A= 2¢pp— py) / (Py, + Py) 


Here p,, is the mean flux density of the charged 
particles above the hodoscopic group of counters 
N, py, is the mean flux density of the particles 
above the groups W, E. For the average distance 
~ 18m from the shower axis the value A), equals 
0.00 +0.03 and, therefore, the disregard of the 


3 
a 
5 


set-up for each registered shower. Similar hodo- 
scopic groups were used at a distance of 100m to 
the north, south, east and west of the center of 
the set-up (NV, S, E and W, respectively ). 

The primary energy of the showers studied in the 
most recent investigation differed little from the 
primary energy of the showers studied in 19522, and 
amounted to ~ 10!4 — 10!5 ev. A study of more 
than 800 extensive air showers whose axes were 


not more than 10m away from the center of the set- 
up enabled us to establish the value of A for dis- 


tances of 100m from the shower axis, namely, A, 
= 0.12 +0.03. In the case under discussion, the 
symbol p,, was used to denote the mean flux 


00 


density of the particles at points N and S. 

Our experimental data pertaining to the influence 
of the earth’s magnetic field on the space-distribu- 
tion of charged particles in the extensive showers 
agree with the findings given in Ref. 7 by Norman, 
who failed to trace the forementioned influence in 
the central part of the shower. At the same tine, 
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influence of the earth’s magnetic field on the space- 
distribution of shower particles in study? is fully 
justified. 

In the summer of 1955, working at an elevation 
of 3860m (Pamir), we continued our investigation 
of the influence of the earth’s magnetic field on 
the space-distribution of shower particles. The 
layout of the set-up is shown in diagram b. At 
the center of the set-up, C was a controlling counter 
group consisting of three counters placed under a 
shield of lead 6 cm thick, and another counter 3m 
away from the shielded counters. The counters 
were included in the circuit of a fourfold coinci- 
dence arrangement. As shown in Ref. 1, such a 
control system serves chiefly as a means of regis- 
tering the cores of the extensive air showers. 
Counters of different areas, connected to a large 
hodoscopic device, made it possible to determine 
the flux density of the particles at the center of the 


S 
{w |—10m — [c] —— lu —[E] 


[2 |——0"—- 


however, it is difficult to reconcile our findings 
with the results obtained by Chaloupka and 
Petrzilka in their investigation®, where the value 
of A for distances ~ 30m is greater than or equal 
to 035.2 0-13. 

The asymmetrical effect, revealed in our experi- 
ments, in the distribution of the flux density of the 
charged particles at a distance ~ 100m fromthe 
axis of the extensive air shower is equivalent to a 
6-10% enlargement of the shower radius in the 
W-E direction at the stated distance from the axis, 
which is approximately twice as high as the figure 
arrived at in the theoretical estimates in Ref. 5. In 
our opinion, the use of the theoretical values of- 
fered by Cocconi® results in a lower figure because 
in his computations the latter fails to take into ac- 
count the regular deflection of low energy elec- 
trons (< 100 mev) in the air layer adjacent to the 
observation level. An approximate evaluation of 
the deflection of these electrons, which are pre- 
valent at great distances from the shower axis, 
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eliminates the discrepancy between the theoretical 
estimates given in Ref. 5 and the results of our 
investigations. 


In conclusion, the authors express their grati- 
tude to V. M. Seleznev, V. V. Krugovykh, I. F. 


Maklakova and other co-workers. 


I Cocconi, Tongiorgi and Greisen, Phys. Rev. 76, 
1020 (1949). 

: Vavilov, Nikol’skii and Tukish, Dokl. Akad. Nauk 
SSSR 93, 2 (1953). 

3 0. 1. Dovzhenko and S. I. Nikol’skii, Dokl. Akad. 
Nauk SSSR 102, 2 (1955). 


4 Abrosimoy, Bedniakov, Zatsepin et al., J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 1 (1956); Soviet Phys. 
ABW 3503))(1956). 


° G. Cocconi, Phys. Rev. 93, 646 (1954); 95, 1705 
(1954). 

“ee Chaloupka and V. Petrzilka, Czech. J. Phys. 5, 
(1954). 

7 R. Norman, Phys. Rev. 101, 1405 (1956). 
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On a Certain itegularity of 
Decaying Unstable Particles 


P.S. ISAEV AND V. S. MURZIN 
Electrophysics Laboratory, Academy of Sciences, USSR 
Moscow State University 
(Submitted to JETP editor June 27, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 715 
(October, 1956 ) 


A‘ the present time the following values of the 
masses of stable and unstable particles have 


been firmly established as universal (in electron 
=a = m, = lke m= 207; m, = 274; 


My = 966 +3;m, = 1836; ma = 2181 +1; ms 
= 2327 +3; me = 2585 +15. 


masses ): m,, 


From among these particles, p, 7, Ko A, 2¢and 
= are unstable. The values of the decay energy (, 
experimentally observed or computed from the known 
masses of the particles and from decay schemes, 
are given below (in mev): 


591 
sree Q = 135 es 
u —>et vy Q = 106 ABO 
1S sah Q = 34.5 =A 
Siege OQ = 75.0-44.5 co 
Kare en Q = 214-45 ee 
ga Q ~ 389 n=11.0 
K>utrtiv Qr248 ee 
aa S Q = 37,0+1.0 a0 
ee Badin C= 1110-63 n=31 
a> A°t¢ Q = 66+46 n=4O 


The third column contains the quantity m = U/g¢ 
where g = 35.5 mev = 69.5 m,. All values of n 
are quite close to integers. An exception is noted 
only in several cases, when the decay leads only 
to stable particles (for example, neutron or ae 

The kinetic energy liberated in the decay of un- 
stable particles is thus a multiple of 35.5 mev. The 
experimentally observed energy-leve] scheme for 
hyperons* is shown in the diagram. 


If the above statements are correct and if new 
unstable particles exist, they should be located 
among the mass numbers M satisfying the relation- 


ship 


M—(m, + nm,) = 14 


for particles heavier than protons, or the relation- 


ship 


M— An ng 


for mesons heavier than the pion. In these equa- 
tions n and n, are integers. 
It is interesting to note that the number of elec- 


tron masses entering into q is very close to the 


value 1/2 a= 68.5. 
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* Incidentally, several possible hyperon models ex- 
ist, but there is no point in dwelling on them in this 


note, 


Translated by J. G. Adashko 
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Peculiarities of the Temperature 
Yependence of the =lectrical 
Resistance of Ferromagnetic 
Metals at Low Temperatures 


A. Il. Supovtsov AND E. EB. SEMENENKO 
(Submitted to JETP editor June 21, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 525-526 
(September, 1956) 


F ROM general considerations it follows that for 
ferromagnetic metals we can expect the ap- 
pearance of a peculiarity in the temperature depen- 
dence of the electrical resistance at low tempera- 
tures, brought about by the collisions of the con- 


duction electrons withthe carriers of ferromagnetism. 
In order to make clearthis peculiarity, measurements 


were carried out on polycrystalline samples of iron, 


nickel and platinum inthe temperature interval from 7, 


ay 


4.2° to 1.23° K. Platinum was chosen for com- 
parison of the ferromagnetic metals with a metal of 
the transition group that was nonferromagnetic. 

The iron and nickel used in the investigation 
were from Hilger and were the purest at our dis- 
posal. From these we prepared specimens in the 
form of thin ribbons. The residual resistance of 
the iron specimen amounted to Ry .°%/Rjo% 


= 3.9328 x 107? , where Roe = 0.5091 ohm, and of 
the nickel, Ry ox i Ry = 1.0148 x 1072, where 
R°¢ = 0.8407 ohm. The specimen of platinum was 


a resistance thermometer with residual resistance 


Ry oox / Roo = 38-6805 x 10% and Ryo, 
= 59.79487 ohms. 


The measurements on platinum showed that the 
curve of the temperature dependence of the resis- 
tance of the platinum was accurately described by 
the expression 


Rr/ Roc => (Rook / Rec) ++ Bae: 


where 
B= 1.8-10-8, Ryo | Rye = 3.6486-10-*. 


The results of measurement on the iron and 
nickel are shown on the graphs of Fig. 1 and Fig. 2, 
where the magnitude of the relative resistance 
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Rr / Ro°¢ is plotted along the ordinate and the 


temperature in degrees Kelvin is plotted along the 
abscissa. The different symbols forthe points 
correspond to different series of measurements on 
one andthe same sample. 

For iron, the resistance curve (Fig. 1) cannot 
be described simply by a quadratic function, as is 
the case for platinum. Its behavior is accurately 
expressed by a binomial in 7 2 and an additional 
linear term: 


Rr / Roc — (Rox / Roec) + AT + BT?, 


where A='(4't0'4.9) x10°°> B= (1) to.) One, 
Rog / Roo ge 319298 10 

The temperature dependence of the resistance for 
nickel is plotted in Fig. 2 on the same coordinates 
which were used to describe iron. We obtain the 
formula 


R 7T/Roec = (Roex/Roec) + AT 4- BY?, 


Kye 
3IBZ 
3II0 
3928 
1 Z 3 4¥ 7°K 
BiG 


in which, 4 = (0.8 to, 2.9), x 107% Bie oy = 10°6; 
Roey / Roo, = 1.0086 x 107?. 


For nickel, the linear Component is smaller in 
magnitude and is determined less acuurately. Here 
lt Is necessary to separate a small value against 
a background of the much stronger quadratic de- 
pendence of the resistance. More accurate data on 
the values of the linear components of the electrical 
resistance in iron and nickei can be obtained with 
measurements on single crystals and at tempera- 
tures below 1° K. 

In this fashion a peculiarity is observed in the 
temperature dependence of the electrical resistance 
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of iron and nickel, which distinguishes them from 
other metals and which manifests itself inthe pre- 
sence of alinear term in the temperature dependence 
of the resistance. 

It is interesting to note that the reults of the 
present research agree withthe conclusions ob- 
tained in one of the works of Turov.! 


Im. A. Turov, Izv. Akad. Nauk SSSR, Ser. Fiz. 19, 
474(1955). 


Translated by R. T. Beyer 
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The Crystalline Structure of 
Hydrogen and Deuterium 


V.S. Kocan, B. G. LAZAREV 
AND R. F. BULATOVA 
Physico-Technical Institute, Academy of Sciences, 
Ukrainian SSR 
(Submitted to JETP editor June 21, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 541 
(September, 1956) 


HE structure of solid hydrogen has been in- 
Ose iilaca by Keesom and his co-workers!, 
who found it to possess a hexagonal close-packed 


lattice with parameter a = 3.75 A. The structure 
of deuterium was not studied, and it was to deter- 
mnne this that the present work was undertaken. 
Specimens of solid deuterium were obtained by 
condensation of the gas onto a copper capillary 
filled with liquid helium. Use of the strong-focus 
method of x-ray crystallography made it possible 
to obtain x-ray patterns with sharp lines for deu- 
terium with exposures of one to two hours. Un- 
fortunately, as a result ofthe rapid decrease of the 
atomic form factor with angle, the deuterium lines 
were visible only at small angles; this made it 


difficult to obtain reliable measurements from the 
x-ray patterns or to determine accurately the para- 
meters of the lattice. With as much confidence as 
these x-ray patterns seemed to warrant, we deter- 
mined the structure of deuterium to be tetragonal, 
with a ratio of axes c/a = 0.94 and a paramter 
a=5.4 A. This leads to a density of 0.18 gm/cm? 
for deuterium, which differs by only 10% from the 
value obtained by direct measurement (2). I n view 
of these results, it appeared advisable to review . 
the data on the structure of hydrogen, for it seemed 
surprising that the two isotopes should crystallize 
into lattices having different symmetry. In parti- 
cular, such a difference might arise from the oc- 
currence of polymorphism in the two isotopes, with 
transition points inthe vicinity of 4.2° K, so that 
at this temperature theymight be found in different 
phases. However, x-ray patterns for deuterium 
and hydrogen obtained at lower temperatures failed 
to confirm this supposition——neither hydrogen nor 
deuterium alters its structure in the temperature 
range from 1.5° to 4.1°K. 

In the paper by Keesom, et al.,* the x-ray 
patterns themselves are not shown; it appears, 
however, that they consisted of discrete reflections, 
through which Debye curves were drawn. A direct 
computation of the line width to be expected from 
the conditions prevailing in the experiment shows 
this width to exceed the separation of certain of 
the more closely-spaced lines; i.e., the reflections 
which these authors have assigned to different 
lines could actually belong to a single line. This 
is the probable explanation for the fact that the 
five intense lines in the x-ray patterns obtained by 
Keesom, et al., correspond to three lines in our 
patterns. Moreover, certain lines are erroneously 


ascribed by Keesom, et al., to the B-spectrum. An 
exposure made through a filter passing only the 


594. 


B-radiation showed that all of the intense lines be- 
long to the interference system of the Ka-radiation. 
Thus, the data on the structure of hydrogen obtained 
at the Leiden laboratory, and incorporated into all 
of the reference literature, are evidently incorrect. 
With the aid of the Hull-Davey curves, we found 
that the hydrogen patterns could be equally well 
interpreted as arising from a tetragonal lattice. 
That the lattices of hydrogen and deuterium corre- 
spond to crystals of non-cubic syngony receives 
confirmation from our observation that they both 
possess the property of double refraction. This 
does not support the older data, HOG LAIN to which 
solid hydrogen is optically isotropic.* 


lKeesom, DeSmedt, and Mooy, Leid. Comm. 209d 
(1930). 


*H. D. Megaw, Phil. Mag. 28, 129 (1939). 
3! 
W. Wahl, Proc. Roy. Soc. (London) A88, 61 (1913). 


Translated by S. D. Elliott 
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An papereee Manifestation of Instability 
Of the Normal Phase in Superconductors 


V. L. GINZBURG 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor June 23, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 541-43 
(September, 1956) 


ip the experiments of Faber,+ considerable super- 
cooling of the normal phase of Al has been 
achieved near the critical temperature 7, . The 
magnetic field H , at which the transition into the 


superconducting state takes place is approximately 
the same for various samples and has a mean value 
H, ~~ 0.05 H,,, where 7, is the equilibrium 
critical field for the bulk metal. Values of H, 
~ (0.035 — 0.04) H.,, were also observed (cf. Fig. 


3 of Ref. 1). This gives rise to the impression 
that the limiting supercooling is a characteristic of 
the ideal metal, which cannot be supercooled to 
values ofthe fieldbelow some value A yes and that 


for Al H,, ~ (0.035 —0.04) H,_ 


We would like to call attention to the fact that 
this result follows directly from the theory of 
superconductivity developed in Ref. 2. Actually, 
it is shown in Ref. 2 that under certain conditions 
the normal phase of a superconductor becomes un- 
stable with regard to the formation of lamina (nuclei) 
of the superconducting phase. In particular, these 
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lamina of the superconducting phase are formed 
when the normal phase is in a magnetic field ful- 
ek the condition* 


=H. /V2(n+ Js), 


cm 


n=0, Ae 28 A ee 8! 


x = (V 2e / he) H, 82 = 2,16-107H,,,32, 
where 5, is the penetration depth for the supercon- 
ductor in a weak magnetic field. From Eq. (1) it 
follows that the magnetic field within the normal 
phase can be reduced only as far asthe value 


Hy= Von (2) 


which is obtained from (1) for n = 0. In fields 

H > H ,, —the formation of nuclei of the super- 
conducting phase is associated withthe appearance 
of a surface energy; the normal phase is therefore 
metastable over the range 7,.,< H<H,,, Hf, 
however, 1=H,.,, the normal phase is unstable, 
andthe superconducting transition must take place.** 
For AlnearT. , x= 0.025[(cf. Ref. 3, in which are 
##* 4, = Qe, (T, ) = 0.050)]. Hences 
in accordance with (2), ae, = 0.0354 H. 
in excellent agreement with the experimental value 
cited above. We note that for Al the theory is also 
in complete accordance® with experiment! with 


regard to the magnitude ofthe surface energy, as 
determined by this same parameter x. For Sn the 


limiting value H , is not reached. This circum- 


given the values 


, which is 


stance may be connected withthe fact thatthe 
case of an anisotropic metal is in general more 
complex. It is more probable, however, that in 
this case the reason is the same as that applying 


to Al for T < 0.9 T, , where superconductivity 
arises forfield H, > H,,. Inthe region T> 0.97, 


however, as is shown in Ref. 1, the formation of 
nuclei is impeded by the fact that the characteris- 
tic length A-exceeds the distance between the 
lattice ‘‘defects’’, which serve as nucleation 
centers. For Sn near Le the length A is onthe 


order of four times smaller than for Al, as a con- 
sequence of which the formation of nuclei is 
easier. 

For metals having eT values of x the instability 
of the normal phase can be manifested only through 
supercooling. On the other hand, as is noted in 
Refs. 2 and 7 and is clear from (2), for x >, 


=1/yV 2 eet 8 of the normal phase occurs even 
for =H o1 =A em 3 Superconductors for which 
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% > 1/ V2 should therefore behave anomalously. 

It appears to us that this is just the effect ob- 
served in the case of the alloys of Sn with In in- 
vestigated in Refs. 6, 8, and 9. For concentra- 
tions of In below about 2.5% these alloys behave 
almost as ideal suprrconductors; beyond this point 
their properties change sharply.6»9 At the same 
time, the penetration depth for an alloy containing 
2.5% In is roughly twice that for pure Sn (cf. Ref. 
6). From this it follows that the parameter x 
=2.165¢107 3h 5° increases by about four times 


and near 7, is approximately 0.35. This is about 
one-half the critical value x _ = 0.0707. The dis- 


crepancy, however, does not appear too serious 
when we consider the known inaccuracy of the 
available data, the complexities associated with 
the anisotropy of tin****, and, finally, the pre- 
sence of lattice defects even in identical alloys.®’ 
In view of this latter circumstance x may exceed 
%, in the vicinity of individual defects even in 


9 


specimens for which the mean value of x > x, ; 
furthermore, the condition for instability of the 
normal phase may be altered nearthedefects. From 
this point of view it is significant that for x 


= 0.35 the length A ~ 26, while for pure tin A~155,. 


It is therefore quite natural to suggest that the 
value of A is reduced to zero without particular 
difficulty nearthe defects. Thus, the results given 
in Refs. 6, 8 and 9 are in qualitative agreement 
with the theory of Ref. 2, although there are as yet 
insufficient data for a quantitative comparison (for 
this latter purpose it weuld be desirable to investi- 
gate alloys based on aluminum or some other cubic 
metal). The author, therefore, cannot agree with 
the opinion of Pippard,®, who feels that the theory 
of Ref. 2 meets with difficulties inthe case of 
superconductors. As regards the decrease in the 
concentration of the ‘‘superconducting electrons ’’ 
n, =mc* / 4ze” 5? with increasing impurity con- 
centration NV, , the explanation of this fact lies 


generally outside the scope of the phenomenological 
theory. If one relies upon the current qualitative 
ideas concerning the nature of superconductivity , 


the decrease of n. with increasing V, seems quite 
natural (the value of n, is determined by the degree 


of ‘‘stiffness’’ of the wave function for the elec- 
tronic ground state; 1 with increasing Ni the elec- 


tronic structure “‘loosens’’ and n, falls). It seems 


to us that Pippard’s ideas® 8 concerning the change 
of the ‘‘region of coherence’’ go no further than 
other such qualitative concepts; with regard tothe 
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nonlocal character of the relation between current 
and field they meet with objections. }? 


*In Ref. 2, on p. 1072, this formula is given in dif- 
ferent units (in Ref. 2, the field Hy = H/V2H ..., ye 
furthermore, in Ref. 2 Eq. (1) is considered only in the 
approximation to the case in which H >H _ (ie., 

Hy 21/,/2). This case will also be treated below. 

**We note that, as has been shown in Ref. 2, the 
Superconducting phase is metastable and, in conse- 
quence, can be superheated within the region of fields 
Jel ee SS V6 For H > H.. , the superconductivity 


cm Co 
must be destroyed. As x ~0 the fields eee © and 


decreases with increasing »%. Values of Ho fora 


given % may be obtained only through numerical cal- 
culation. With regard to the fields a and H 9 in 
c 


films (cf. Ref. 4). 

***We note that the dependence of the free energ 
upon the concentration n, = |W of the superconduct- 
ing atoms assumed in Ref. 3 (cf. also Ref. 5) has been 
confirmed for all T by the experiments of Whitehead, et 
al., as D. Shoenberg has kindly informed us (cf. also 


Ref. 6). 


****For a generalization of the theory of Ref. 2 to the 
case of anisotropic metals cf. Ref. 10, from which ex- 
pressions analogous to (1) and (2) can readily be ob- 
tained for the anisotropic case. 
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Investigation of Nuclear Energy Levels 
by ideasuring the Angle of Emission of the 
Reaction Products 


A. F, TULINOV 
Moscow State University 
(Submitted to JETP editor May 20, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 698-699 
(October, 1956) 


IMPLE considerations based on the laws of the 

conservation of energy and momentum show 
that for the investigation of the energy levels of 
atomic nuclei it is possible to use a method per- 
mitting us to obtain information on the excited 
nuclear states by studying the angular distribution 
of the fissioning nuclei at a fixed direction of 
emission of the lighter particle, and not by measur- 
ing the energy of the light component of the reac- 
tion products, as it is generally done. This method 
was used forthe study of the excited states of 
some light nuclei. The simultaneous registration 
of both particles was achieved with the aid of a 
coincidence system. Of the large number of prob- 
lems associated with the investigation of the pos- 
sibilities of the method under consideration, in 
the present paper we will discuss only its experi- 
mental realization and testing by studying the 
known reactions Be? (d, p) Be?® and Be? (d, H*) 
ti 

A beam of deuterons having an energy of 4.04 

mev, obtained in the Moscow State University Cy- 
clotron, after passing a system of diaphrams, was 
introduced on to the target. The transverse cross 
section of the beam on the target had the dimensions 
2 x3mm. The current intensity in the beam was 
5 x 10-8 A, the quantity of electricity per Fara- 
day cylinder was registered by an integrator. The 
variation in energy did not exceed 40 kev. The 
protons and the o-particles, emitted as a result 
of reactions at the angle @, to the direction of the 


incident beam, were registered by a proportional 
counter. The fissioning nuclei emitted from the 
target at an angle @, to the direction of the in- 
cident beam were registered by an Allen type 
electron multiplier. In order to avoid intensive 
overloading of the multiplier with foreign parti- 
cles of low energy and with hard quanta of ultra- 
violet radiation, thin organic films were placed in 


front of the multiplier. The pulses of the pro- 
portional counter and of the electron multiplier were 


fed to the system of coincidences with a resolv- 
ing time T= 1x 10° sec. To attain a gradual 
change of the position of the counter and of the 
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multiplier (angles 0, and 0, ) without distorting 


the vacuum, a ‘‘reaction’’ chamber was constructed 


with a mobile vacuum compressor of a special 
design.? The targets were prepared by evaporating 
(in a vacuum) powdery beryllium on organic films 
and dissolving the films in acetone. In order to 
avoid any considerable multiple scattering of the 
fissioning nuclei in the targets, the latter must 
by very thin and smooth. The thickness of the 
target in the experiments described here was 

30 + 10 pg / cm.” To obtain the required smooth- 
ness of the target, a procedure such as proposed 
in the paper by II’chenko? was used. 

The results of the investigation of the angular 
distribution of the fissioning nuclei in the reaction 
Be? (d, p) Be?® at 6 = 35° are given in Fig. 1, 
where conventional units are plotted along the ordi- 
nate. The diaphram in front of the counter had 
the dimensions 4 x 4 mm, and that in front of the 
multiplier 20 x 2 mm. In order to remove the peaks 


corresponding to the elastic eat of deuter- 
ons in the reactions (d, p) on the nuclei O!® and 


C}2 (contamination ), an aluminum foil was placed 
in front of the counter (for the exclusion of deu- 
terons), and the total thickness ofthe organic film 
in front of the multiplier was selected such that 
the nuclei O17 and C!% would be absorbed. Use of 
the laws of the conservation of energy and momen- 
tum permits us to draw the conclusion that the 
peak at 0 = 74° corresponds to the ground state 
of the Be’® nucleus and at 0 = 52° to the first 
excited state (3.37 mev).4_ This second peak was 
found to be fairly broad, which is caused mainly 
by the y-radiation of the fissioning nuclei and to 
a lesser degree by the multiple scattering of the 
fissioning nuclei in thetarget. 

The angular distribution of the fissioning nuclei 
in the reaction Be? (d, He* ) Li? at 6 = 50~ 


is shown in Fig. 2. The arrows withthe notation 
Li’, Li’* and Li’ ** give the position of the peaks 
corresponding to the ground and to the first two 
excited states of the Li’ nucleus (0.48 and 4.61 
mev) assumed in accordance with calculations. 

The obtained peaks relate to the ground and the 
first excited (0.48 mev) levels of the Li? nucleus. 


No peak corresponding to the level 4.6] mev® was 
detected with any noticeable intensity, which re- 
presents a direct substantiation of the fact that 


the Li’ nucleus, having been produced in this 
State, disintegrates into the He* and H? nuclei. 
The above fact illustrates that the method of 


“angular emission’’ may be useful forthe stud 
of the relative intensities of y-radiation and of the 


dissociation of excited nuclei. 
In conclusion I consider it a pleasant duty to 
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tention to this work and for a number of valuable 


comments, also to the engineers V. S. Zazulin, 
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to the co-workers maintaining the cyclotron for 
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Mean Excitation Energy of 
Fissioning Uranium Nuclei 
on Absorption of Slow 7”"—Mesons 


N.S. IVANOVA 
Radio Institute, Academy of Sciences, USSR 
(Submitted to JETP editor April 27, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 693-694 
(October, 1956) 


F ISSIONING of uranium nuclei upon absorption 
of slow 7” —mesons! may be considered as a 
fission induced by fast nucleons resulting from 
the interaction between a 7” —meson and a pair of 
nucleons of the nucleus (n,p) or (p,p).* The fast 
nucleons produced may, in passing through a 
uranium nucleus, undergo collisions with the nu- 


cleus, pins rise to a nuclear-cascade process, and 
leave the nucleus in an excited state. The ex- 


cited nucleus may lose energy by the evaporation of 
nucleons, undergoing fissioning at any of the stages 
of excitation. Thus, the fissioning on capture of 
slow 7 —mesons in reality can be reduced to the 
fission of nuclei induced by fast nucleons, and a 
comaprison of the data characterizing the fission 
of U?3® nuclei byslow 7 —mesons and by protons of 
140 mev energy represents great interest. Further- 
more, the comparison provides a possibility of 
obtaining an evaluation for the mean excitation 
energy of the fissioning uranium nuclei on capture 
of slow 7 —mesons. 

In the Figure the distribution curves are given 
as a function of the paths of the single fragments 
for the fission induced by 7 —mesons (crosses) and 
by protons with £ = 140 mev (circles). There is 
good agreement between the two curves and they 
have one clearly expressed maximum. The coin- 
cidence of these curves, however, does not yet 
permit us to draw the conclusion that the mean 
excitation energies of the fissioning nuclei are 
equal in both cases, since in the region of com- 
paratively larger mean excitation energies (from 
80 to 160 mev) the shape of these curves does 
not change greatly.* It is significant that in fission 
by 7”—mesons there is a single clearly expressed 
maximum, indicating that the mean excitation 
energy in this case is definitely higher than 
50 mev. (It is known that forthe energy of a falling 
nucleon 45 mev, the distribution curve of the sin- 
gle fragments for uranium has two additional 
clearly expressed maxima”). 

An evaluation of the upper limit of the mean 
excitation energy for 7 —mesons can be obtained by 
comparing the average number of charged evapo- 


ration particles per single fission: for slow 7— 


mesons ~ and for protons with E = 140 mev‘ these 
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are 0.04 and 0.14,respectively; the probabilities of 
fission are,respectively,0.42° and ON ZA 

= 35.0 and 34.4). If, in accordance with our evalua 
tion’ , the mean excitation energy is equal to 80 
mev in the fission by protons of 140 mev, then for 
uranium nuclei fissioned by 7” —mesons this value 
should be less than 80 mev, since in this case the 
average number of charged evaporation particles 
(0.04) is less than the corresponding value (0.14) 
in fission by protons of EF = 140 mev. Therefore we 
may assign the following limits to the mean excita- 
tion energy in the fission of uranium on absorption 
of slow 7 —mesons: 


50 mev < E,,,.<80 mev. 


~S 


00 


S 


number of events 


2468 0 0 6 6 2 2 Ww 
path in microns 


This value differs somewhat from those given 
in the literature data. Thus, in investigation! , the 
mean excitation energy of heavy nuclei in emulsion 
(Ag, Br) on absorption of slow 7” —mesons was 
evaluated as ~ 100 mev. However, a conclusion 
may be drawn that the mean excitation energy of the 
Ag, Br nuclei is considerably less than 100 mev, on 
comparison of some available experimental data. 
Thus, in the interaction of protons with £ = 400 
mev with the heavy nuclei of emulsion®’? , the 
average number of charged evaporation particles 
is equal to approximately two (1.86 and 2.1). The 
mean excitation energy forthese nuclei, calcu- 
lated by the Monte Carlo method, for the interaction 
of protons of this energy is equal to 50 mev?° ; 
however, the average number of evaporation parti- 
cles on capture of 7” —mesons in the Ag, Br nuclei 
is considerably smaller and is equal to 1.1.’ Even 
if we considerthat in the interaction with protons 
many of the events without the ejection of ionized 
particles were missed, and if, accordingly, we 
take into account this possibility and recalculate 
the datafor the 7” —mesons, we obtain forthe upper 
limit of the average number of charged particles 
the value of 1.72. From this it follows that the 
mean excitation energy ofthe Ag, 3r nuclei from 
7™—mesons does not exceed 50 mev, which does 
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nor contradict the evaluation of the mean excita- 
tion energy for uranium which we have obtained. In 
conclusion, we should draw attention to the con- 
siderable difference in the probabilities of uranium 
0.42! and 0.75° on capture of slow 7— mesons and 
on interaction with protons of F = 140 mev. This 
difference can be explained to some degree by 

the difference in the values ofthe paramter Z2/ 4, 
characterizing the probability of fissioning in both 
cases. 

The above-described peculiarities in the fission 
of uranium nuclei on capture of 7”—mesons may be 
qualitatively explained if we assume that on 
absorption of a 7”—meson by a heavy nucleus the 
most probable interaction is that between a meson 
and a pair of nucleons of the outer shell of the 
nucleus. Then it is most probable that only one 
of the produced fast nucleons will pass through 
the nucleus, undergoing collisions, while the other 
will leave the nucleus without interacting with the 
nucleons. From this it follows directly that the 
mean excitation energy of the nucleus cannot ex- 
ceed 70 mev, since each of the interacted nucleons 
will receive an energy of ~ 70 mev. 


*From the data of the investigations, 2°? the inter- 
action of a 7-—mesonis most probable with the (n, p ) 
pair. 
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Compton Effect in the Extended Electron 


V.S. BARASHENKOV 
(Submitted to JETP editor April 30, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 694-695 
(October, 1956) 


I T is well known that the introduction of cutting- 
off form factors into the mathematical formalism 
of the present field theory results necessarily in 
the condition of the gauge invariance relations. 

In this case the supplementary Lorentz condition 
OAu/ Ox =0is no longer an integral of motion, 
and all four possible polarizations of the y-quanta 
will contribute to the effective cross sections do 
= do) t+ doy . However, if the contribution of 


the y-quanta with longitudinal and scalar polari- 
zations was small, i.e., ifdo), << do, , then 
the theory could be considered as a first approxi- 
mation of a more exact theory which would satisfy 
exactly the conditions for gauge invariance, and 
in which do would vanish. If, in the opposite 
case, the effective cross section do is com- 
parable to do} , then the possibility of emitting 
scalar and longitudinal y-quanta is a basic result 
of the theory with a form factor. Let us consider 
these problems in the simple case of the Compton 
scattering. 

The matrix element of the Compton effect on an 
extended electron will be written in the form: 


<(p2S2; Roles |S] psi; 21e1 > 


ie? i 


(27)° 2V kyke 


\ GENC Cie < F (x X2X3) PG %,%,) 


— < ' —ipex,pipx’ 
X u (pe) ¥,S (x3 — x4) yu (me : 


ikix’—ikeXs yy 
x {e 2 ee ae’ re 


Here p, , s, and p, , s, are the energy-momentum 


and spin vectors ofthe electron in the initial and 
final states: k, , €, andk, ,e, are the energy- 


momentum and polarization vectors of the y-quanta 
in the initial and final states. The theory of 
non-local interactions not being gauge invariant, 
one has to take into account all four possible 
and independent polarizations e/ 1 of the y-quan- 
tum k, , and all four possible and independent 

If oi is 


polarizations e,,, of the y-quantum k, . 


im 


. . U 
ikyXz—ik.x, eter}. 
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the fraction of the y-quanta with a polarization e; 
in the scattered beam, then ; 
Ao (p2; Rees | py; ky) 


4 4 
— > Eds (po; Reee | py; hye, ,) SS aS 


=] v=] 
In the particular case where all four independent 
polarizations have equal probabilities, i.e., when 


& == +#€, : 


do (po; k2\ prs Rx) (1) 


r2F2dQ 4 
0 2 m 
= ——____j__ g? E — 
4k® = ‘ stm(it 2] 


fl 
+3, %[a—m(t—F)) 
1 4 m 
+m(z Bs 2 grey) Oa} 
®, = 9 (p,} P2+ Re) 9 (pr + ki; py); (2) 


@, = 9 (pos P2 — ki) 9 (D2 — fi; Pa); ® (P; 9) 


= (2n)8 | F (xy%_xg) e—1P(*—*2)—i(a—%) G8 (x1 %9x5); 


where @ is the angle between the vectors k, and 


ES 

2 

If the energy k of the scattered y-quantum and 
the angle @ are such that ky (l—cos 6) >> mthen 
k,>>k, and, ~1lford < 10°)? cm. (It 


follows from the comparison with the experimental 
data that A < 1.2 x 10°18 ; see below) In this 


case 


(asjdo-) (po; Re] pi; ky) = Yo. (3) 


The right-hand side of (3) differs from % only in the 
case of small angles (for ke > 10? ev; 0< 3 or 5°) 


(dolds, (pai Ral psi kx) =O? + 0; 8 ~0; by 00,4) 


As the energy of the scattered y-quantum increases, 
this region becomes smaller. 

The effective cross section (1) accounts for the 
transverse, as well as for the longitudinal and 
scalar polarizations of the y-quantum. It is in- 
teresting to consider also the effective cross 
section do | (P, : ky Be ee a ) for the case where 


the polarization of the y-quanta is purely transverse. 
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If it happens that for oe = e, =( the difference 
do II 


of emission of longitudinal and scalar y-quanta , in 
the theory with non-local interaction, is negligibly 


small. We get by a standard method: 


=do-do, << do) , then the probability 


do | (po; Re | pr; Rx) (5) 


03 1 
= dQ oa ©? (mk k2sin? 9 
2h2m ky 1 ( 2 ar 1 in ) 


4 1 
+. = 03 (may — 5 AEsint9 ) 
2 


1 
+ 0,02(5 Ro — ky — m)sint 3}, 


where ~, =; (@) as informula (2). 

The cross section (5) for Compton scattering 
differs considerably from the effective cross section 
got by Klein, Nishina and Tamm for energies 
k,~h X/ c and for small scattering angles. Com- 


paring with (1), itfollows that the y-quanta with 
longitudinal and scalar polarizations contribute 
considerably to the cross section. As the energy 
k, of the scattered y-quanta increases, the magni- 
tude of the effective cross sections o anda, de- 
creases rapidly. ~ 
Lawson3 has measured the Compton scattering 
effective cross section for an energy k, =80 mev of 


the y-quanta. The experimental error is of 15% and 
the result agrees with the cross section computed 
by the Klein-Nishina-Tamm formula. It follows 
from these experiments that in any case A < 10 -12 
cm. More exact measurments are reported 4 for an 
energy k, = 250 mev;the experimental error is of 


10%, and the result also agrres with the Klein- 
Nishina-Tamm calculation. It follows from Eqs. 
(1) and (5) that for & , = 250 mev and 0 = 4° the 
magnitude of the constant \ cannot exceed 1.2 
x 10-13 cm. This result is obtained for form- 


s -2,2 - 
functions ¢, =e ahem by =e 22mk 2, but it does 
not change appreciably when the form of these 
functions is varied. 


To conclude, let us note that the study of the 


creation of electron-positron pairs by cosmic-rays 
electrons with energies of 0.] to 10 bev, in photo - 


emulsions, also yields results in agreement with 
the calculations performed by the known methods 
of the theory of local interaction.> For electrons 
with energies of 100 bev there are some indica- 

tions of disagreement with theory. However, 
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the large experimental errors prohibit the draw- 
ing of any definite conculsions. 
I express my gratittude to Prof. D. I. Blokhintsev 


for his interest and for his valuable suggestions. 
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ixelation between Neutron Scattering 
in Polycrystals and Specific Heat 


M. V. KAZARNOVSKII 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor May 16, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 696-698 
(October, 1956) 


™ HE cross section for the inelastic coherent 
scattering of thermal neutrons in polycrystals, 
relative to a single nucleus and for an arbitrary 
frequency spectrum, is expressed in the following 
way, correct to terms of order 1/M (that is, neg- 
lecting multiple phonon processes and thermal 


factors):* 


0, (E, 0) do = 2° VIF hojE (25 ho/E) (1) 


<a eae 


1 — et hol ote (w) do. 


Here o, (E, @) dw is the scattering cross section 
for a néutron with energy E, as a result of which 
a phonon with a frequency in the interval dw is 
excited (or absorbed); 7, is the cross section for 


the scattering of a neutron by a single massive 
nucleus, M is the mass number of a nucleus of 
the crystal, T is the temperature (in units of energy 
and v (w) is the frequency spectrum of the crys- 
tal, relative to a single nucleus. 

The crystalline frequency spectrum entering 
into Eq. (1) is in turn linked in a well-defined 
manner with the lattice specific heat at constant 
volume, C (T), by the relation 
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co 
d hov (@ 
C(7) = Fr \ SEE! ae, (2) 
0 

and in principle can be determined from experi - 
mental values of the specific heat. Such a pro- 
cedure is subject to errors of considerable magni- 
tude which are difficult to control, however,**7 
particularly in the high-frequency region; conse - 
quently, calculations of the differential cross 
sections o, from experimental specific heat 
data can scarcely lead to dependable results. 

It is possible to do considerably better with 
those characterestics of neutron scattering which 
depend on integrals over the frequency spectrum, 
such as, for example, the total cross section 
for inelastic scattering 


Elh co (3) 
i= \ 6, (E, @) do + \ o_(E,o) do=sc,4+6¢., 
0 0 : 
the moments of the energy which can be transferred 
Elh 
1 
<AE*) as [ \ 61 (E, w) (ho)*deo (4) 


0 


+(—1)" te. (E, o)(io)*de | 


0 
and so forth, since these quantities are relatively 


insensitive to the details of the frequency spec- 


trum. Furthermore, quantities in which the integral 


is taken over the entire frequency spectrum can be 
immediately expressed in terms of integrals over 
the specific heat along the real axis, so that it is 
possible to determine the error inthe calculation 
directly. We will demonstrate this procedure in 


calculating the quantity o_ , which for very cold 


neutrons coincides with the total coherent cross 
section, since the elastic cross section and o , 


are equal to zero. 1 


First of all we note that from specific heat data 
it is possible to calculate the quantity*** 


if “CO 
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where the H;, are the familiar coefficients appearing 


in the series expansion of the Dirichlet function 
1/ € (x)[(E (x) isthe Riemann ¢-function)],which, 
as is well known, are equal to 1 for k=1, to (—1)/ 
if k is the product of J with different prime numbers, 


‘and are zero otherwise. Consequently, for any 


function v (w) which falls to zero faster than w, 


the integral over which converges, we have iden- 
tically (for p < 2): 


co 
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For p = 2 it is necessary to replace the integral in 
the curly brackets by w (s), and for p > 2 by 

de~ =  (s)\ dl lis) hae: Therefore, it is possible 
to obtain an expression for c_ immediately, in view 


of the fact that 


c pre Fy ( 1B 1 (7) 
pd us ho V4 ho/E 


=i 


Ve (8) 


<i T Up 
= Ge wu 
ee: Vg ( me > Vk 
q=1 hIq 
In the Figure we present graphically the tem- 


perature dependence of a for graphite, for neutrons 
with energies of 17.2° K, calculated from epee 
heat data? using the exact Eqs. (6) and (7) (solid 
curve), and from the approximate formula (8) 

(broken curve). Experimental values are shown 
for comparison.° The error in these calculations is 


< 2-3%. A curve calculated on the basis of the 
Debye approximation is also shown (dot—dash 


line). As can be seen from these curves, the 

exact theoretical curve satisfactorily describes 

the temperature behavior of the experimental values 
of a , but differs from them by an amount which 
indicates the presence of an additional tempera- 
ture—independent scattering cross section of 
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~ 0.2 barn. This discrepancy can be linked with 
incoherent scattering by impurities in graphite, or 
with multiple scattering through small angles. 

In an analogous manner it is possible to derive 
expressions for other integrals overthe frequency 
spectrum, for example for o, for large energies, 
when the first integral in (3) can be extended out 
to infinity, etc. For instance, the average value 
of the cross section G,,, = Gv/o and the moments 


of the energy transferred to (or from) neutrons with 
Maxwellian distribution are: 


_ 4 - oA aoe 
Catt aa \ o(E) Ee"'" dE, <Ag*y (9) 
0 


los) 
Cott 


which likewise can be described in relation to the 
specific heat. Thus, after substituting (3) into 
(9) and making simple transformations of the in- 
tegrals we obtain for a, ; 


dx (10) 


x2 x [a(++ #) 
Shira tel eck cope | 
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@ (barns ) 
18 


G9 WO 2 30 WW OTH 


In conclusion | express my profound gratitude 
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to V. L. Ginzburg for valuable discussions while 
this work was being carried out. 


*These formulas appear inthe elementary generali- 
zation of the corresponding expression for Debye 
polycrystals (see Ref. 1, for example), when it is 
possible to replace the sum over the vectors of the 
reciprocal lattice by an integration; this may always 
be cas forg_, but , foro,, only when the neutron 


wavelength. is much less than the dimensions of the 
elementary cell of the crystal. 

**This difficulty is connected with the fact that 
the transformation which is, the inverse of the transfor- 
mation ofthe form g (p)=JJ (x) (eP¥ —1)-1 dx re- 

0 

quires knowledge of the function g (p) in the complex 
plane of the variable p. 


***This possibility results from the fact that the 
sum of 41; over all divisors of any number q (> py, ) is 
Yaa 


equal to unity for g = 1 and to zero for g& 1. Conse- 
quently , we then have 


ihe co 
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Angular Distribution of the Uranium 
Fission Fragments Produced by High- 
Energy Neutrons 


V. I. OsTROUMOV AND N. A. PERFILOV 
(Submitted to JETP editor June 27,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 716-717 
(October, 1956) 


Mis investigations made in the past few 

years have shown that the fragments of heavy 
nuclei fissioned by either charged or neutral medium 
energy (up to 20 mev) particles display a parallel 
anisotropy relative to the direction of the bombard- 
ing beam.!** It was also established that this 
orientation becomes perpendicular?** for uranium 
at incident-proton energies of 460 mev and higher. 
This communication reports on the results of anal- 
ogous experiments with fission of uranium by high- 
energy neutrons. 
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Plates coated with fine-grain nuclear emulsion 
P—9 impregnated with uranium salt were exposed to 


a collimated beam of neutrons obtained by charge- 
exchange between 680 mev protons and a beryllium 


target. The plane of the emulsion was parallel 


to the neutron beam. The plates were exposed be- 
hind a concrete wall in a supplementary holder 
made of cadmium and boron. The neutron sensi- 


tivity of the emulsion, judged from the number of 
7-1 decay events, was approximately 25—30 mev. 
The angles between the fission fragments and 
the projection of the beam on the plane of the 
field of view were measured. Whenever the frag- 
ments subtended an angle less than 180°, the angle 
was read from the line joining the ends of their 
traces, so asto make the distribution approximate 
a center-of-mass system. The observation results 
are given in the Table, where the angle of distri- 
bution is given separately for ‘‘single’’ and ‘‘star 
cases, (i.e., fissions not accompanied or accom- 
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Number of rays . Total 
| a number 
0 1 2; 3 4 5-6 ]0 star f 
Angles of pro- fissions ne 
jection, deg | fissions 
4 

OS 215 128 69 20 9 4 4 103 DR 
P10) 427 60 23 Te || 3 93 220 
30=45 119 52 28 5 6 4 92 214 
45—60 111 61 25 441 2 2 101 212 
§60—75 105 66 26 15 4 2 114 219 
75—90 421 81 29 8) S 2 424 245 
Bcero file 389 154 ee (ake) 1, 627 1338 
Anisotropy coefficient | 0.90 4.45 | 143 1.50 4.18 1.03 

Graviotical erors**--° +0.07 0.12 -+-0.20 +0.32 +0.10 | +0.06 


panied by emission of one or several charged parti- 
cles). The next to the last line of the Table gives 
the anisotropy coefficient determined as the ratio 
of the number of events occuring at 45—90° angles 
to the number of events with angles in the 0—45° 
interval; the statistical errors are also indicated. : 
Even though the latter are indeed great, one is im- 
mediately struck by the fact that this coefficient 
systematically exceeds unity for all groups of 
“‘star’’ fissions. 

A method described in Ref. 5 was used to con- 
vert the observed angular distribution in a plane 
to a three-dimensional one. The Diagram shows the 
resulting angular dependence of the fragments of 
single and ‘‘star’’ fissions. [or comparison, the 
Diagram shows the results of observations of 
fission of uranium by 460 and 660 mev protons 
taken from Refs. 3 and 4 and transformed by the 


above-mentioned method to obtain the three-dimen- 
sional picture. Although approximately the same 
-number of fragments dueto fission by high-energy 
neutrons escapes at 0° as at 90°, there is an 
obvious anisotropy in their distribution, similar 

to that obtained by fission with fast protons, where 
the anisotropy coefficient is 1.27 0.05. The 
lower perpendicular directivity of neutron-induced 
fission can be fully explained by the complex 
energy make-up of the bombarding beam. The 
distribution of single fissions is in good agreement, 
witht he relationship obtained in Ref. 1, for uranium 
fission with neutrons up to 14 mev. 

Based on data of the ray distribution of the 
fission events produced by 140—660 mev protons, 
and assuming that the distribution obtained for 
fissions by neutrons of the same energy would be 
similar, one can obtain the general distribution from 


6 
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the number of rays produced in the fission of ura- 
nium by a neutron beam having a spectrum of the 
form given in Ref. 7, using at the same time the 
known relationship for o, (E).8 The distribution so 


computed agrees with that observed. A considera- 
ble contribution to the number of single fissions is 
made here by relatively low-energy neutrons which 
indeed determine the character of the angular aniso- 
tropy. __ Increasing the energy of the incident 
neutrons increases the proportion of events corre- 
sponding to a higher excitation ofthe fissioning 
nucleus, and the parallel anisotropy is replaced 

by a perpendicular one, inthe sense defined 
above. 


Angular distribution of fragments relative to the 
direction of the incident particle at a 15° angle interval 
and per unit solid angle: O——proton-induced fission, 
per Refs. 3 and 4, ®——neutron-induced ‘‘single’’ 
fissions, x——neutron-induced ‘“‘star’’fission. The distri- 
bution of fragments as per Ref. 1 (solid curve) and the 
isotropic distribution (dotted line) are shown. The 
statistical errors are indicated for star fissions. The 


points corresponding to the proton experiments have 
errors that are approximately half as large. 


We also determined the anisotropy in the angular 
distribution of the particles that accompany the 
fission of uranium nuclei, and compared them with 
the corresponding experimental data on proton- 
induced fission by protons.® The observed direc- 
tivity of the particles produced in single-ray 
fissions is high——the forward to backward ratio 
‘is 2.0 + 0.2; this ratio becomes 1.7 + 0.2 for 
2-ray fissions and 1.3 + 0.2 for multiple-ray 
fissions. Calculations analogous to those made 
for the ray distribution, show that these quanti- 
ties would result from experiments with a proton 
beam of a similar spectral composition. 

One must thus assume that the anisotropy in the 
escape of fragments,the distribution as obtained 
from the number of particles accompanying the frag- 
ments, andthe directivity ofthese particles are 
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approximately the same whether the uranium nu- 
clei are fissioned by high-energy neutrons or by 
protons of the same energy. 
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On Molecular Neutronoscopy 


V. I. GOL’DANSKII 
P. N. Lebedev Physical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor June 28, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 717-718 
(October, 1956) 


T HE use of high-power short monoenergetic 
neutron pulses makes it possible now to devise 
a new method, one that can be called ‘‘molecular 
neutronoscopy,’” for research on the structure and 
properties of molecules. 

The idea in this method is to subject the mole- 
cules under investigation to bombardment by short 
“‘packets”’ of monoenergetic neutrons (EZ , ~ 1— 


10 ev) and to determine the binding energy of the 
molecules, the probability of various molecular 
conversions induced by the neutrons, and certain 
other characteristics (mentioned below) from the 
type of the time-of-flight spectrum and of the angu- 
lar distribution of the scattered neutrons. The 
method proposed resembles most closely in its 
potentialities and means of realization the investi- 
gation of Debye levels of crystal lattices with the 
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aid of ‘‘cold’”’ neutrons. !»2 


When the molecules, bombarded by neutrons of 
energy E ,,do not break up into two ‘‘chips’’ (atom, 
radical, or ion) the spectrum of the neutrons scat- 
tered at an angle @ consist of a series of lines 
Ey» Whereby 


n 


VE, = 4S) iV EF, cos 6 (1) 


+V E, (A? — sin? 6) —Q, A(A+ Dd), 
where Q, are the energies of the excited levels and 


A is the mass number of the molecules. However, 
if FE, > E, (A +1)/A, it becomes possible to 


have inelastic scattering with molecule break up 
and the spectrum of the scattered neutrons will con- 


tain groups with energies between FE, |... , as 


given by (1) (putting Q; = E, ), and E, ,,;, » which 
vanishes when E, >E,A /(A~1) and given by 


Ven min = (A + 1) [VE, cos 6 (2) 


— YY E, (A? — sin? 0) — E,,, A(A + 1)] 


at 


E, (A+1)/A<Ey<E, A/(A—1). 


Analysis of the position and intensity of the lines 
and line bands in the neutron spectrum relative to 


the time of flight t; = 721/y En; microseconds 


(where J is the distance from the scatterer to the 
detector in meters and the energy is in ev) affords 
many opportunities for determining the energy of 
the bonds broken by the neutrons, the probabili- 
ties of such breaks, and the excitation levels of 
the molecules. 

Further possibilities of the method proposed are 
related to the development of theoretical concepts 
of the scattering of neutrons with excitation of 
molecules (see, for example, Refs. 3 and 4 for 
the case of scattering with molecule breakup). 

Considerable information on the rotational and 
oscillation states and on the corresponding wave 
functions of the molecules is obtained from analy- 
sis of the data on the total cross section and angu- 
lar distribution of the scattering neutrons, and also 
from the spectrum of the neutrons scattered with 
molecule breakup at a given angle (typical probelm 
of pulse approximation). 

Let us estimate the practical realizability of 
the method of molecular neutronoscopy. At the 
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present time it is actually possible to irradiate 
areas up to 5 cm? (for example,0.7 x 7 cm) in 
mechanical monochromators by means of a flux of 
monoenergetic resonant neutrons on the order of 
10°—10° cm? sec.”4. By using as a second scat- 
tering or absorbing filter a 5—10 cm diameter rotor 
with groups of through slots approximately 0.5 
millimeters wide, placed 60° apart, it is possible 
to obtain a 2-microsecond neutron pulse every 
100-200 microseconds, provided the linear speed of 
the rotor edges reaches 250 meters per second 
(still approximately half the now attainable value). 
A scatterer of sufficient thickness will scatter in 
this case 5 x 103 —10° neutrons per second. A 
detector comprising ten counters, filled (to ap- 
proximately 1 atmos), with ig ae oe , 2 cm in diameter 


and 50 cm long (with approximate efficiency of 10%), 
located one meter from the scatterer, will count 
from 8.5 x 10 to 1.7 x 10° neutrons during an experi- 
ment lasting six hours. . 

Let us estimate the accuracy of the experiments, 
using as an actual example the irradiation of 
water (in the gas phase, with the H—OH binding 
energy being approximately 5.18 ev) with 7 ev neu- 
trons, the neutron scattering being observed at 
an angle of 150°. Here the maximum energy of 
the neutrons scattered upon breakup of the H, O 


molecules is approximately 1.1 ev and at / =1 
meter we have correspondingly t_. = 70 micro- 

: ‘ eS : 
seconds. The maximum time of flight, determined 
by cutting off the secondary neutrons having 
E , < 0.3 ev with a cadmium filter, is approximately 


130 microseconds. The relative energy spread of 
the primary neutrons at the flux value indicated a- 
bove is approximately 10%. This error——the 
greatest of all—— decreases in proportion to the 
primary-neutron flux. The width of the neutron 
pulse is approximately 3% of the minimum time of 
flight of the scattered neutrons. The effective 
thickness of the scatterer, equal to the range of 
the primary neutrons in water, 1s approximately 0.6 
cm, and results in a time-of-flight spread of 2-2.5% 
(allowing also for the counter diameter, which 
equals 2 cm). The spread in the velocity of the 
scattered neutrons due to thermal motion of the 
molecules in the scatterer is approximately 
VET/AE, and is close to 3.8%. The errors due to 
the spread in the counter discharge time (approxi- 
mately 0.1 microseconds) and the angular resolution 
(A@ = 1.5 °) are much smaller and can be disre- 
garded. As a result we obtain for this case 

AE, /E, =~ 13.7% , with almost the entire total 


error (approximately 97%) being due to the spread 
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in the energy of the primary neutrons. Reducing 
the primary neutron flux and AE) /E, by 10 times 


decreases the overall error inthe determination of 
the binding energy to 2.7%. 

Molecular neutronoscopy cannot compete with 
optical methods and with radio spectroscopy when- 
ever the latter methods (which are more accurate) 
can be used to investigate a substance without a 
change in its aggregate or chemical state (which 
may be accompanied by a change in the very 
properties that are being studied). 

However, molecular neutronoscopy does have 
the advantage of being capable of investigating 
molecules in specimens in any state, and is con- 
sequently capable of studying intermolecular inter- 
action, i.e., the influence of such factors as 
temperature, pressure, aggregate state, presence 
of outside admixtures, etc., on the binding energy, 
and perhaps also other molecular properties men- 
tioned above. In addition, molecular neutrono- 
scopy uncovers still another specific possibility 
of interest to radiation chemistry and radiation 
biology, namely,a means of establishing the rela- 
tive and absolute probability of breaking various 
molecular bonds by neutron excitation of molecules 
at different levels. 

In conclusion I express my gratitude to F. L. 
Shapiro and M. I. Pevzner, whose discussions con- 
tributed much to establishing the possibility of 
the method proposed here. 
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Excitation Function for the 
$i?8(d, p)Si29 Reaction 


Iu. A. NEMILOV AND V. F. Litvin 
(Submitted to JETP editor June 30, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 719-720 
(October, 1956) 


U SING a method described in Ref. 1, we 


investigated the yields of various groups of 
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protons from the Si2® (d,p) Si2? reaction, as func- 
tions of the fixed detector angle and the primary 
deuteron energy. Ina stripping reaction, the ratios 
of these yields, called hereinafter ‘‘differential 
excitation functions”’ for short, should depend in a 
characteristic manner on the moment of momentum 
introduced by the neutron in the formation of a 
finite nucleus in a definite excited state. 

However, the stripping mechanism is not unique 
to the (d, p) reaction and in some cases a sub- 
stantial contribution to the cross section of the 
reaction is introduced by the mechanism of the in- 
termediate nucleus. The latter mechanism is of 
resonant character, corresponding to the formation 
of excited levels of the intermediate nucleus. The 
cross section of the (d,p) reaction consists in this 
case of a contribution from the stripping mechan- 
ism, a contribution from the intermédiate-nucleus 
mechanism, and a contribution corresponding to 
the interference between the stripping mechanisms 
and the compound nucleus. The presence of such 
resonances in the differential excitation functions 
and their interference character were recently es- 
tablished experimentally for light nuclei.?~° 

We obtained spectra of protons from the Si?® 
(d,p) Si2° reaction at an angle 6 = 109° with the 
direction of the motion of the primary particles for 
15 values of deuteron energy ranging from 1.75 
to 4.75 mev. A typical Si*® (d,p) Si? proton spec- 
trum at £ = 3.45 mev is shown in Fig. 1. The 
proton groups Po» Py » Po» P3> Pq > Ps correspond 
to excited levels of Si29 at E exe = 0» 1.28, 2.03, 


2.43, 3.07, and 3.62 mev, respectively. Figure 2 
shows the ratios of the differential excitation 
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functions of various levels of the-final Si22 nucleus 
obtained from these spectra. 

These relationships disclose 3 resonances at 
incident-deuteron energies Fy = 3.26, 3.75 and 
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4.23 mev, corresponding to the formation of new 
excited (14.8, 15.3. and 15.7 mev) levels in the 
P?° nucleus. It was observed that these reson- 
ances vary with the levels of the final nucleus. 
The first two (E,.. = 1.48 and 15.3 mev) are most 


clearly pronounced for the ratio Py / Poe and their 
intensities diminish with diminishing kinetic ener- 
gy of the proton (i.e., as the ratios p, /py , P3 /Po, 


etc.,are reached). The third resonance (E |. 


= 15.7 mev) is most clearly pronounced for the 
ratios p, /p, or ps LP, . Inasmuch as KR An 
(where k, is the proton wave vector and R the 
nucleus radius), it is impossible to determine 
uniquely the spins and parities of the state of the 


intermediate nucleus from the known spins and 
parities of the final nucleus. 
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iMeasurement of the Saturated Vapor Pressure 
of a tie?-rie* Mixture with a High He? 
Concentration 


V. P. PESHKOV AND V. N. KACHINSKII 
Institute for Physical Problems 
Academy of Sciences, USSR 
(Submitted to JETP editor June 26, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 720-721 
(October, 1956) 


ie connection with the separation of He® from 
-He’ by rectification, it was necessary to know the 
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phase diagram of the He?-He* mixture at high con- 
centrations of He®. For this purpose, two series of 
measurements were carried out for molar concentra- 
tions of He® in vapor at 97.0 and 94.0%, and in the 
liquid at about 93.6% in the temperature range from 
1.45 to 2.0° K. The separation coefficient was 
computed fromthese data. 

The saturated vapor pressure was found in the 
vapor from a known concentration as in the re- 
searches of other authors”’?, by a discontinuity of 
the pressure composition isotherm, which corre- 

A copper 
vessel of 3] cm® volume was used for the measure- 
ment. The thickenss of the walls was 1 mm (Fig. 
la). The effective dead volume of the capillaries 
(internal diameter 1.5 mm) and the manometer was 
about 150 cm®. 
the apparatus in portions from a graduated gas 
tank. After the introduction of a definite amount, 


sponds to the beginning of condensation. 


The impurity was introduced into 


the pressure was established within 0.5-] mm; it 


did not change oie cent (in the ntti of 
accuracy of measurement, + 0 2 mm Hg). The mean 


error in the determination of the saturated vapor 
pressure, i.e., the point of onset of condensation, 
was +0.5 mm. 
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Control experiments with pure He* showed that 
the isotherms, taken for increase and decrease of 
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For the calcula- 
tion of the observed difference, the vapor pressure 
of He‘ in the tank and in the apparatus (of the 
order of 0.1 mm Hg) a condensation thermometer 
with liquid He* was attached tothe lower part of 
Control experiments with pure He® 


the amount of inpurity, coincide. 


the vessel. 
gave good agreement (within limits of error ) with 
the data of Abraham, Osborne and Weinstock‘. 
The mixtures used inthese experiments were 
prepared by mixing corresponding quantities of 


mm Hg 
An 


aa 
ob M0 ote 


ica: eine to Ref. 3; @—according to the 
present research. 
pure He® and He‘; the concentration X =N?/(N?2 +N‘) 
was determined with an accuracy to within +0.1%. 
For the second series of experiments, we used a 
copper container of diameter 18 mm and height 


‘7mm (Fig. 15). Slow condensation of the mix- 


ture with a concentration of 94.0% He filled the 
vessel with liquid to about 80-90% of its volume. 
Before each measurement, the pressure was ap- 
plied for three minutes at the given temperature. 
This procedure was sufficient to guarantee that the 
pressure was established (to within the accuracy 
of the experiment, 0.2 mm Hg). A mixer was pro- 
vided in the apparatus in the form of a magnetized 
rod that could be set into motion by switching 
electromagnets. However, it appeared to be un- 
necessary, since the mixing after the three minute 
exposure didnot change the pressure that had been 
established. The measurements were taken through 
the temperature interval from above and below; no 
hysteresis was observed. The precise value of the 
concentration in the liquid was determined by the 
quantity of the mixture in the apparatus, the densi- 


ries of the liquid and the vapor, and the concentra- 
tion in the vapor, which could be determined from 
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TABLE 
in vapor | T°K P, mm Hg | in liquid | T°K | P, mm Hg 
1.497 46 1.464 42 
Xy=97% He®| 1.652 66.7 1.483 137 
1.953 427 1.574 57.2 
2.048 451.5 1.657 70 
X =93.6% Hes 1.794 94.3 
4.509 42 1.864 108,2 
Xv =94% He? 1.648 64 4.915 119.7 
1.963 115 4.975 135.2 
2.048 140 


the pressure on the basis of the results of the first 
Set of experiments. From the relatively weak de- 
pendence of the vapor pressure on the concentration 
in the liquid in the concentration region studied 
(1 mm at 0.5% He? for 2° K), the values of the 
pressure, obtained from experiments with several 
different amounts of liquid and, consequently, 
different concentrations (from 93.8% to 93.4% He3), 
lay at the limits of accuracy of the pressure 
measurement on one curve. For this same reason 
it was possible to neglect the change in the vapor 
concentration by diffusion (during the course of 
the experiment ) in the conducting tubes. 

The temperature of the apparatus was determined. 
from the vapor pressure of He4 in the tank (taking 


into account the corrections mentioned above for 
the first set of experiments ) to within +0.001° K 


(the 1949 tables were used). 

The results that we obtained are shown in the 
Table. Phase diagrams were constructed from 
these for the mixtures of He?-He‘ for the tempera- 
ture and concentration region under investigation 
(Fig. 2). Plotted in the same graph are the data 
of Esel’son andBeresniak®. As is evident from 
the graphs, our results and those of Ref. 3 are in 
satisfactory agreement. 

The separation coefficient 


Peet 7 tl 0) X, 


for the values of concentration studied is equal to 
3.0 (+20%) and (with the accuracy pointed out) 
does not depend on the temperature in the interval 


15-2-0° K. 


The authors take this opportunity to express 
their thanks to A. I. Filimonov for his help in 
carrying out the experiments. 


1 V. P. Peshkov, J. Exptl. Theoret. Phys. (U.S.S.R.) 


30, 850 (1956); Soviet Phys. JETP 3, 706 (1956); J. 
Tech. Phys. (U.S.S.R.) 26, 664 (1956). 


Gs Sommers, Phys. Rev. 88, 113 (1952). 


3 B. N. Esel’son and P. G. Beresniak, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 628 (1956); Soviet Phys. 
JETP 3, 568 (1956). 

g Abraham, Osborne and Weinstock, Phys. Rev. 80, 
366 (1950). 
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lonizationai Slowing Down of 
tiigh-Energy Electron Positron Pairs 


V. B. BERESTETSKIE AND B. V. GESHKENBEIN 
(Submitted to JETP editor July 4, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 722-723 
(October, 1956) 


T HE components of a high energy electron-posi- 
tron pair of energy E separate with the small 
angle 0~ mc? /E. The interference of the electron 
and positron fields at a small distance from the 
point of creation leads to a smaller ionization than 
that which would be caused by two electrons. This 
phenomenon was theoretically examined by Chuda- 
kov.! The aim of the present note is to give another 
derivation of the equations of the ionizational slow- 
ing down of a pair and to clarify the limitations of 
such a development. 

We make use of a method first shown by Landau 
(Ref. 2, p. 145) for the derivation of the equations 
of ionization loss at high energies (in the region 
of the polarization effect). If the positron and 
electron are at a particular momeni of time ¢ at 
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points r, (t) andr, (¢) then 7, the energy loss of 
the pair in a unit of time, is 


T =ec {vy E (1, t) —v2 E (fe, )}, 


(1) 


where cv, and CV, are the speeds of the positron 


and electron, and E is the electric field of the 
pair. The last can be considered as a field in the 
macroscopic realm caused by charge densities p 
and currents j, 


p = ed (r — r, (¢t)) — eS (r — rz (2); 
j= ec {v, 8 (r — ry, (¢)) —v_8 (r —r, (t))} 


and can be presented in the form of the following 
Fourier integral 


E(r, t) = (ie / 2x?) \ dk {e'* @—T) Ty, (kv) (2) 


— k/e (kvy)] / [22—(kvi)? &(kvy)] 
— e'K (82) Ty, (kvg) — k / © (kv2)] / [k? — (kvs)? © (kva)]} 


where ¢€ (w) is the dielectric constant of the medium 
corresponding to a frequency w. In the derivation 
of the (2) the trajectories of the particle being 
scattered in the medium can be considered as 
straight line segments for regions in which slowing 
down is still important. 

Substituting Eq. (2) into Eq. (1) we obtain 
T= 21 _ T, ; were ibe is he ionizational 


slowing down of a rey electron, and 7’, is the 


interference term 


ice? 


N= 32 Van {ore el aA (Kva) /€ (KVs) pik (rs—n,) 


k?-— (kv)? € (kv,) 
(V1 V2) (Vek) — (kv,) / ¢ (kve) 


e ik (r2—r;) 
3 k2 es (kv)? & (kv2) } os 


In the calculation of 7, it is important that 


the transverse component of the pair separation 
be larger than the parallel component. Indeed the 
last is proportional to v, — Ree (mce2/E )2 while 
the first. is poremmincd by the angle of separation 
of the pair 6 ~ mc 27/E and by the multiple scat- 
tering angle. Therefore, having selected the Z, 
axis along the direction of v, or v,, we can sub- 


stitute k, s fork (r,—r,) in the exponent, where 
$= ag ee ). After this the k, integration can be 
carried out in the same way 49 done by Landau in 
the calculation of 7) . It turns out thatthe limiting 
expression for € for high frequencies i is of impor- 
tance in the integral, € = 1~\?c? /w? where 

2 = Anne? /mc? , and n is the number of electrons 
in the unit volume. We obtain 
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cosk, s 


ik dk, = 2e7eh Ke (SA),(3) 
2 Deets. 
Re + ky =X 


ees 


ce?r? \ 


where k, is the corresponding cylindrical function. 


The convergence of this integral is shown by 
the fact that the interference effects depend on 
lar ge distances for which the macroscopic view- 
point is valid. The analogous integral for T, , 


as is known, diverges and must be limited by 
some maximum value of the transverse wave 
vector K,, which is related to the energy E,, trans- 


mitted to the atomic electron. 

For large s (sX >> 1) the interference term 
disappears, as can be seen from Eq. (3). For 
small s (sA << 1), one can use, the relationship 


k (z) = In (2/yz), where y =e © =1.781. Then 


Ty = 2e?ch? In (7.4, /S)s 


aL Vina 
If ih. is written in analogous form (see, for 


example, Ref. 2) 


where r 
max 


Ty = ce? In (riya / min)» “min = 2 (/ me) V me? / E,, 


(a = 1.85), then T can be written in the following 
form obtained in Ref. 1. 


T= 276 In (Sir ain) IN, (4) 


max/ min): 


Entering into r,,;,, is the quantity E, which is the 
maximum energy transmitted to an atomic electron 
as determined from experimental data. We would 


like to express our thanks to L. D. Landau for dis- 
cussion of the results. 


. E. Chudakov, Izv. Akad. Nauk SSSR, Ser. Fiz. 19, 
650 Teray 


N. Bohr, Passage of atomic particles through matter. 
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Diffraction Scattering of 
High-Energy Photons by Nuclei 


V. B. BERESTETSKII AND EF. V. KUZNETSOV 
(Submitted to JETP editor July 4, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 723 
(October, 1956 ) 
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ei properties of the nucleus with a respect 
to photons of high energy (for AR <<1, where 
k is the wave number of the photon, R is the 
atomic radius) can be characterized by a complex 
index of refraction n +ix/k , where n is approxi- 
mately 1 and xR << 1. The magnitude of the 
absorption coefficient x can be expressed in terms 
of general formulas in terms of the experimentally 
determined cross section for photo-meson pro- 
duction on nuclei: 
xR = 302 / 4cR?. (1) 

The existence of absorption must lead to strong 
scattering of photons. Using general diffraction 
relations for polarized nuclei it is easy to show 
that the cross section for scattering o, is 


fi 96? / (32 rR2). (2) 


The scattering amplitude at small angles 0 is 


f (0) = ikx \ J, (k0 V R? — 5?) s?ds, 
0 


from which we find for the differential cross section 


do, {do = 3/40, (R)? * (RRO), 
(3) 


P (x) = x-? (x-1 sin x — cos x). 


. . 2 
In agreement with the experimental data ~ at 
photon energies of the order of 300 mev, a, is 


2 


approximately 10-28 4 cm?. In this case the scat- 


tering cross section must be 


5, = 10-8 cu? for Be, % = 0,9-10-%3 cu? for U. 


Let us compare the diffraction scattering with 
scattering of photons by a Coulomb field. The 
cross section of the last 0, for E >> mc” is equal 


if 


3. = 8,5-10-% Z# om,” 


Thus the ratio 0, / a, changes from 50 for 3e to 
1072 for U, that is for heavy nuclei the diffraction 
scattering is considerably smaller than the coherent 
scattering by the charge. Nevertheless, it must 
appear as a consequence of a different angular 
distribution. In agreement with Eq. (3), diffraction 
scattering is effective at an angle 0, ~ 1/kR while 
scattering by the Coulomb field is concentrated in 
the region 6,,~ mc” /E. Therefore, for E = 300 mev, 
the differential cross sections for U are comparable 


for 6 = 0.015, after which do, / d@ rapidly decreases, 
while do, /d@ remains in this region at a constant 
value which is equal to 0.8 mb (6, = 0.09). 


to 
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We would like to express appreciation to K. A. 
Ter-Martirosian for discussing this problem. 


1 
A. Akhiezer and I. Pomeranchuk, Some Problems of 
Nuclear Theory, 1950. 


2 
ei asi Nuclear Physics, (edited by E. Segre). 
H. Bethe and F. Rohrlich, Phys. Rev. 86, 10 (1952). 
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Concerning the Impulse Approximation 


I. M. SUMUSHKEVICH 
Leningrad Physico-Technical Institute 
(Submitted to JETP editor July 10, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 725-726 
(October, 1956) 


BB RUECKNER’ has examined the problem of the 
scattering of a particle by a system of two 
scatterers with zero-range forces [the scattering 
from each of these centers is spherically symmetric 
and is characterized by the amplitude 7 = (1/k) 
x sindeO, where & is the phase of the S-wave at 
infinity]. For the scattered amplitude in this prob- 
lem, we obtain the following expression: 


as e2ikR 1 i(k,—k ike 
Ft (3) = (1 — 7? - ) [» (e A a ° *OrB) (1) 
ikR i(k r 4—k i(k,rp—k 
+7? ee > (e A~Krp) Th 4 tS ae )} 


where ky and k are the wave vectors before and 
after scattering, r, and r, are the radius vectors 
of the scattering centers, and R = |r, —rp |. 

From this expression, Brueckner, using a well- 
known theorem relating the imaginary part of the 
scattering amplitude in the forward direction with 
the total cross section, obtains the latter. Com- 
paring this expression for the total cross section 
with the corresponding one obtained with the aid 
of the impulse approximation, the author shows that 
the difference between these two expressions be- 
comes insignificant not for R ~ , but for d+ 0 
(for simplicity, it is assumed that the amplitude 7 
is the same for both scatterers ). From this the 
conclusion is reached that the use of the impulse 
approximation without taking account of multiple 
scattering is valid only when the Born approxima- 


tion is applicable. 


612 


In reality, however, this conclusion is true only 
for the total cross section (and even then with 
reservations, which will be discussed below ). Cal- 
culation of the differential cross section for small 


angle scattering on the basis of the impulse ap- 
proximation gives correct results, which, evidently, 
is physically related to the fact that for small 
ie ia ee ee See 
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angle scattering interference of the wave scattered 
by each of the centers becomes significant, and 
this is correctly taken account of in the impulse 
approximation. Indeed, from Eq. (1) we obtain the 
following exact expression for the differential cross 
section do/dQ, per unit solid angle, averaged over 
all directions of the vector R: 


sin(|/k, —k|R sin?s ( sin] kj +k| R) ae sin x 
ds _ » doy eine 2 eS (ko +kIR ) +4sin8cos(x+8) a ; (2) 
AQ dQ (14 — x~2sin28)2 + 4x-® sin?d sin (x + 8) 


where x = kR,"and do /dQ =k”? sin’ § is the dif- 
ferential cross section for scattering by one of the 
centers. 

In the impulse approximation we obtain, with 
no difficulty, the expression 


(3) 
do | dQ = 2(do, / dQ) {1 + sin(| ky —k | R) /| ky —k | R}. 


For large incident energies (kR >> 1) and small 
scattering angles (@ z 1/kR ) Eqs. (2) and (3) 
differ only by small quantities of the order of ae 
Therefore, for these conditions (7/R << 1), the 
impulse approximation, as could have been expec- 
ted leads to the correct results, which are identi- 
cal with the exact ones for R > ~. For large scat- 
tering angles, however, the second term in the 
curly brackets of Eq. (3) (whose absolute value 
is of the order of 1/x) oscillates rapidly*, and 
therefore its contribution to the total cross section 


2 


is small, of the order of x-2, This explains why 


the expression obtained for the total cross sec- 


tion in the impulse approximation differs, in this 
case, from the exact one** [compare Eqs. (6) and 


(5) of Brueckner? | by a quantity of the same order 
of magnitude as those retained in the impulse ap- 
proximation. 


Let us note, in addition, that for kR >> 1, both 
the exact formula and that obtained in the impulse 


approximation lead to a result according to which 
the total cross section is, to a high degree of ac- 
curacy, equal to the sum of the cross sections for 
each of the centers | thereis a deviation only for 
terms of the order of (kR)~?]. 

I should like to thank Professor K. A. Brueckner 
for discussions concerning this problem during the 
Moscow conference of May, 1956. 


* Thus, Eqs. (2) and (3) differ by quantities which are 
small in comparison with those retained in the impulse 
approximation for all values of J except for small inter- 
vals in the neighborhood of the zeros of the function 
sin(2x sin v/2). 

** It is not difficult to show that integrating expres- 
sions (2) and (3) over all scattering angles leads to re- 
sults identical with those for the total cross sections 
obtained by Brueckner . 


1k, A. Brueckner, Phys. Rev. 89, 834 (1953). 
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Scattering of Fast Neutrons by a 
Nuciear Coulomb Field 


Iu. A. ALEKSANDROV AND I. I. BONDARENKO 
(Submitted to JETP editor July 13, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 726-727 
(October, 1956) - 


A? is known, the principal contribution to the 
scattering cross section of neutrons scattered 
by nuclei is made by the nuclear forces. Other 
effects, due to the interaction between the mag- 
netic and perhaps also the electric moments of the 
neutron and the nuclear Coulomb field are also to 
be expected. The interaction of the neutron mag- 
netic moment with the nuclear Coulomb field was 
theoretically investigated by Schwinger! and 
Sample”. Hereafter, we shall call the scattering 
that results from this interaction the Schwinger 
scattering. The Schwinger scattering cross sec- 
tion is practically independent of the energy. 

The question of the existence of an electric di- 
pole moment in the neutron was already discussed 
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in the literature? 


. It follows from Smith’s experi- 
ments‘ that the electric dipole, if it exists, should. 
be less than or approximately equal to 5 x 1072e 
CGS, where e is the electronic charge. In addition 
to intrinsic electric dipole moment, the neutron 
may exhibit (in a strong Coulomb field) an elec- 
tric moment caused by the deformation of the meson 
shell. The neutron becomes “‘polarized’’, so to 
speak. This problem has not been investigated 
theoretically or experimentally. 

The above phenomenon will contribute the most 
to the scattering cross section if the neutrons are 
scattered by heavy nuclei, and should manifest 
itself in an anomalous behavior of the differential 
scattering cross section at small angles, since the 
Coulomb forces act at greater than nuclear dis- 
tances. A simple estimate shows that the effect 
- due to an intrinsic neutron electric dipole moment 
of the order of magnitude indicated above is negli- 
gibly small. 

Attempts by Longley and others® to detect 
Schwinger scattering of neutrons by lead gave in- 
conclusive results. An analogous attempt by 
Sample and others® was also unsuccessful. 

The angular distribution of fast neutrons emerg- 
ing from a reactor and scattered by Pb and Cu was 
studied and the data given below are the pre- 
liminary results of the investigation. The neutron 
beam was restricted by a steel collimator to 0.9 
x 3.6 cm. 

Scattering was effected with a Pb or Cu plate 
lem thick mounted 10 cm from the edge of the 
collimator. The detector, located 325 cm from the 
plate, was a photomultiplier with plastic scintilla- 
tor (ZnS in plexiglass ), having a low sensitivity 
to gamma-rays and to neutrons with energies above 
1.5 mev. The degree of collimation is character- 
ized by the curve of Fig. 1. Before starting the 
work, the total effective number of neutrons inci- 
dent on the scatterer was determined, so as to per- 
mit subsequent calculation of the differential 
scattering cross section o(@). The effective 
neutron energy as determined from the nuclear 


scattering cross section, was 3-4 mev. 

The measured angular distribution is shown in 
Fig. 2, the curve being plotted from Schwinger ’s 
theoretical equation [ Eq. (10) of Ref. 1]. The 


measurement results show the increase in cross- 
section, characteristic for the S chwinger scatter- 
ing for Pb (Z = 82) at angles less than 2oaLbe 


value of the cross section is in agreement with 


the Schwinger and Sample theoretical investigations. 


For Cu (Z = 29) the increase in cross section is 
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Fic. 


within the limits of experimental error. 
In arecently published work, Voss and Wilson ’ 


report observed Schwinger scattering of 100 mev 
neutrons by uranium. The variation of the scatter- 


ing cross section with the angle is close to the 
theoretical curve, but the authors did not cite the 
numerical values of o(@). 

In conclusion, one must remark that estimates 
indicate that if the neutron exhibits a ‘‘polariza- 
bility’? u~ r? (where r is the nucleon dimension), 
the additional contribution to the cross section of 
the scattering of neutrons by heavy nuclei becomes 
noticeable. Ihe effect increases with diminishing 
energy, but more careful experiments are needed 
for its detection. 


1 J, Schwinger, Phys. Rev. 73, 407 (1948). 
2 J. T. Sample, Canad. J. Phys. 34, 36 (1956). 


? E. M. Purcell and N. F. Ramsey, Phys. Rev. 78, 807 
(1950). 


4 I. H. Smith, Dissertation, Harvard University, 1951. 


2 Longley, Little and Slye, Phys. Rev. 86, 419 (1952). 


614 


: Sample, Neilson and Warren, Canad. J. Phys. 33, 350 
(1955). 

7 R.G.P. Voss and R. Wilson, Phil. Mag., Ser. 8, 1, 
175 (1956). 
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Multiple Formation of Particles in 
5.3 bev Nucleon-Nucleon Coilisions 


V.M. MAKSIMENKO AND A. I. NIKISHOV 
P. N. Lebedev Physical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor July 12, 1956) 

J. Exptl. theoret. Phys. (U.S.S.R.) 31, 727-729 

(October, 1956 ) 


E calculated theoretically the distribution of 

nucleon-nucleon collisions at 5.3 bev from the 
number of secondary particles, using the statisti- 
cal theory of multipie-particle formation” with and 
without the isobar states”. In the calculations we 
employed the method suggested in Ref. 3, with 
which statistical weights can be accurately cal- 
culated. 
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The percentage statistical weights of the various 
processes are given in Table I. A classification 
by charged state, as required for conservation of the 
isotopic spin, is given in Table II for(p-p)-colli- 
sions and in Table III for (n-p )-collisions (N--- 
nucleon, N ---isobar state, M---number of pions). 
Thus, for example, for (p-p )-collisions the process 
NN 27 (the statistical weight of which is indi- 
cated in Table I) gives a probability of 0.300 for 
the charged state (pp + —), a probability of 0.100 
for the charge state (pp00), etc. (see Table II). 

From the data cited it is easy to obtain the dis- 
tribution of the inelastic collisions from the number 
of charged particles (“‘prongs’’ ) which, in the 
case of (p-p )-collisions, can be compared with the 


4 


experimental data by [owler and others*, Such a 


comparison is shown in Table IV. It is seen from 
this Table that allowing for the resonant interac- 
tion between the nucleons and mesons by intro- 
ducing the isobar states leads to a better agree- 
ment with experiment. 

In conclusion, [thank I. L. Rozental’ for useful 
advice. 

We note with gratitude the constant interest of 
the late Professor S. Z. Belen’kii, who stimulated 
the performance of the calculations. 


VAR ING 


Number | Type Statistical Weight (%) 
of of 

mesons | process Pee P. | t—p 
0 NN 0.3 0.4 

4 NN« 6,5 6.8 
NING 1.0 ONT 

2 Nas Gls AO 
NN x 16.7 17,4 

NENG 0.9 sae? 


Num- Type Statistical Weight (%) 


berof of 
mesons | Process pe | 0 


3 NN38x beds vane 
NN’ 2x 31.8 Bilal 
NON 3 Ale 41.4 
4 NN4r Di] ot 
NN’‘3r ee Leds 
N'N!2r tee Ata 


————— eeeseseeseseseeeSSsSsSM 


Number of 


Mesons 


0 
4 


LETTERS TO THE EDITOR 


TABLE [I 


Probabilities of Charged States of Various 


N’N' (m—A)r 


Charged State fos ata 
NNmr | NN’'(m—1)r 
SS eee ae ee eee eee eee 

pp 1.000 

ppo 0.250 0.167 
pnt 0.750 0.833 
pp 0.300 0.350 
pp 00 0,100 0.117 
pr+0 0.450 0.483 
nn 4t-+ 0.150 0,050 
Pp +-—0 0.267 0.280 
pn++— 0,333 0.360 
pp 000 0,033 0,033 
pn + 00 0.233 0,247 
nn++0 0,134 0.080 
Phas 0.122 0.131 
pp +— 00 0.180 0.190 
pao++t—o 0.408 0.434 
(is i ee 0.082 0.060 
pp 0,012 0.013 
pn + 000 0.106 0,110 
nn +-- 0.0980 0.065 

TABLE II] 


Number of 


Mesons m™ 


Charged State 


Probabilities of Charged States of Various Processes 


NNmx NN'(m—1)r N’N'(m—2)r 
4,000 

0.278 0.167 

0,444 0.666 

0.278 0.167 

0.189 G37 0.067 
0.466 0.563 0.733 
0.156 0.163 0.133 
0.189 0,137 0,067 
0.138 0.124 0.076 
0.100 0.087 0,078 
0,462 0.508 0,641 
0.138 0.124 0.076 
0.062 0.070 0,081 
0,100 0,087 0.078 
0.179 0.163 0,133 
0.209 UCAS 0,267 
0.048 0.043 0.035 
0.316 0.338 0.380 
0.179 0,163 0,133 
0.024 0,024 0,017 
0.048 0,043 0,035 
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TABLE IV 


Number of 
‘prongs’? 
Gnelastic Experiment of 
interactions) Ref. 4 
9 14 
‘ 16 
6 2, 


; E. Fermi, Progr. Theoret. Phys. 5, 570 (1950); Phys. 
Rev. 81, 683 (1951). 

2s. 7. Belen’kii and A, I, Nikishov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 28, 744 (1955); Soviet Phys. 
JETP 1, 593 (1955). 

3 V. M. Maksimenko and I. L. Rozental’, J. Exptl. 
Theoret Phys. (U.S.S.R.) (to be published ). 

4 W. Fowler et al., Phys. Rev. 100, 1802 (1955). 
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Consequences of the Renormalizability of 
Quantum Electrodynamics and iMeson Theory 


V. V. SUDAKOV 
(Submitted to JETP editor July 14, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 729-731 
(October, 1956) 


THe consequences of the renormalizability of 

quantum electrodynamics and meson theory which 
have been obtained by Gell-Mann and Low! and 
Bogoliubov~ are most easily formulated, in our 
opinion, in the following way. We shall start from 
the following equations of Gell-Mann and Low? 


ture ene eae (1) 
a (£5 E L) a, (g2, ae 
n(27e d.(¢2 
B (g?, Snel d (g?, pei eer 
Bo (27 eb) de (ge cL) 


Here we Be and do are the asymptotic expres- 


sions for the slowly-varying factors of the renormal- 
ized vertex parts and Green’s functions for the 


nucleon and meson*, 8c is the renormalized meson 


Number of Events 


Theoretical (iso- 
bar states not 
included) 


Theoretic al (iso- 
bar states included) 


+ 


— 
ory, 


La 
1 


nN O10 


1 
0 
0 


Dwe 


coupling constant, € = In(—k2/m2), L = In( A?/m9 
(A is the momentum ‘‘cutoff’’). The quantities a, 
8, d, g, are the nonrenormalized quantities corre- 
sponding to the cutoff momentum. 

For convenience ,we have introduced the loga- 


rithmic variables €& and L from the beginning. In 
addition to the trivial inference that a, B and d be- 


come unity for €=L, Eq. (1) includes the state- 
ment, fundamental in what follows, that for € >> 1, 
a, 8 and d asymptotically approach functions only 
if the difference €— L = In (~k2/A7?), i.e., no 
longer depend on the nucleon mass m. 

We then introduce a quantity which may be called 
“‘the effective coupling constant”’ . 


a? (6) = gpa? (e2, E—L) 8? (92, E—1)d(g2, E—L) (2) 


= goad (gt, &) B2(g2, &) d, (ge &). 


The second of Eqs. (2) is obtained from (1) and 
from the relation between the renormalized and non- 
renormalized coupling constants. From Eq. (2) it 
is seen that the effective coupling constant g may 
be considered either a function of go and €~L, 

or of go and €. 

The final formulation consists of the assertion 
that the logarithmic derivatives of a and OA» etc., 
with respect to €, which are equal according to 
Eq. (1), depend on one variable, namely, on the 
effective coupling constant 


a” /a= a, /a, = Fy(g*); B'/B = B,/B, = Fe (g%); (3) 
d’jd=d,/d, = Fs(g’); 
(g?)’ / g? = 2F, (g?) + 2F5 (g2)+ Fs (g?) 


The primes here denote differentiation with respect 
to the arguments € ~ L or €, whichever is appropri- 
ate. The last of Eqs. (3) follows from the first 
three and Eq. (2). As an example, let us prove the 
first of the equations. According to Eq. (2), € 


Det hE SO 


= ee. ge) and therefore the quantity a G/ Qos 


which depends on ge and €, can be written as a 
function of ge and g*. Therefore, the ratio a ’/«, 


which is equal to o//«,, can be written in the 
following form: 


a (go. &—L)/« (g3, E—L) = Filg?, ge? (e2, £—L)). 


We emphasize here that g° is considered a func- 
tion of Bo and €—L. If go is held fixed, and € and 
L varied so that €—L remains constant, then Bee 
whichdepends on go and A, will vary while the 
left side of the equation, as well as g” on the 
right side, will remain constant. This is possible 
only if the function F’, (ge: g”) does not depend 
directly on er Thus we arrive at the first of Eqs. 
(2). The rest of Eqs. (2) are obtained similarly. 
The functions Fas Hs f of Eq. (3) can be de- 
termined by considering values of € close to L. 
Then In (A?/—k?) = L — éis small, and if ge 
<< 1, then gg (L — €) is also small, i.e., usual 
perturbation theory is applicable, and in the second 
order for the symmetric pseudoscalar theory this 
leads to the following results (all the calculations 
are carried out to logarithmic accuracy; i.e., we 
consider only the largest logarithmically divergent 
part of the integrals): 


a=1—(g?/4n)(E—L); B=1+4 (3g5/ 8x) (E—L); 


d= 1 + (5 / x) (E— L). 


From this we obtain for €> L 


a’ /a=—g?/4n, B'/B=3gi/8n, d’/d=go/e. 


From Eq. (2) for €> L, g? > bo and to first order 
in g”, we obtain 
(3 ’) 
F, (g*) = — g? / 4m, Fy (g?) = 3g / 8x, Fs (g”) = 8° / 


(g?)’ / g? = 5g? / An. 


Integrating this last equation between ote limits 
€ and L, and remembering that rad CB Bo» we 
have 


g2(E) = g2/Q; Q=1+ (5g5/ 4") (L—§). (4) 
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From Eqs. (3), (3”) and (4), we obtain the asymp- 
totic expressions for the vertex parts and Green’s 
functions of the nucleon and meson??4 
“o= Q's. re} = QU. 4h == Qu‘ls. (5) 
Finally, we shall show for the simpler case of 


quantum electrodynamics how, if we know the per- 


turbation theory series for the photon Green’s func- 
tion 


Fs a Ns i (Aw 


m>n 


(6) 


we can obtain the asymptotic expression for d, to 
arbitrary order in e. On the basis of Ward’s 
theorem, Eqs. (2) and (3) can, for quantum electro- 
dynamics, be written in the form 
HO= day EL =a, 49, 
dy/dt—=d, ,/ dy. =F (02), (02)! je? = F (2), 


Considerations similar to the above give 


co 
[See ue 


m0 


(7) 


co 
Re) Si echaens 
m=1 


It should be emphasized that in obtaining the 
series (6) one must make use of the cutoff indi- 
cated by Gell-Mann and Low?, thus assuring that 
the condition d, e 0) = 1 is satisfied. 

In conclusion, I should like to express my grati- 
tude to K. A. Ter-Martirosian for many valuable 
comments and to J. Ia. Pomeranchuk, V. B. Beres- 
tetskii and B. L. Ioffe for fruitful discussions. 


* As an example, we are considering the symmetric 
pseudoscalar meson theory with pseudoscalar coupling. 


1M. Gell-Mann and F. F. Low, Phys. Rev. 95, 1300 
(1954). 

2 N. B. Bogoliubov and D. V. Shirokov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 77 (1956); Soviet Phys. 
JETP 3, 57 (1956). 

3 Abrikosov, Galanin and Khalatnikov, Dokl. Akad. 
Nauk SSSR 97, 793 (1954). 

4 J, J. C. Taylor, Proc. Roy. Soc. (London) 234, 296 
(1956). 
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Relation between the Angular Distributions 
of Particles and Their Decay Products 


Iu. D. PROKOSHKIN 
Institute of Nuclear Problems 
Academy of Sciences, USSR 
(Submitted to JETP editor February 17, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 732 
(October, 1956 ) 


N a number of cases where it is impossible to 
| bee direct information about the process of 
formation or interactions of particles, because of 
their short lifetime, it is necessary to limit inves- 
tigations to the secondary particles, the decay pro- 
ducts of the initial particles (for example,the y- 
quanta from the decay of the 7°-meson). It is essen 
tial to know how the distributions of the initial 
and secondary particles are related. 

Let us considerthe practically important case 
where the speed of the secondary particles is that 
of light and the angular distribution of the initial 
particles W (cos @, ) does not depend on the azi- 
muthal angle ~ and can be represented as a linear 
combination of terms of the type W, =4(nt1)cos”0 
x (n—integer). The distribution of the secondary 
particles F (cos @) is then an analogous linear 
combination consisting of terms of the type 


n+1 Raguet 
F 9), tS 1 
n (COS ) 2 (8) Pa Yak OR, (1) 


where f is the speed of the initial particle, 
{/y?=1— 6%, $(S) = 1— p? cos? 4, 


n+41 


Vik =ch (= Spon cos? $ — 1) cos™—* g, 


and the functions 6}, are connected by the recur- 


rence relation: 


(2) 


Shoe 
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o=—1, 8: =cost/y?, 


8. = sin? $/y? — y (9) Arth (8)/ By’, 
(Arthe =V1+ 6/1—8)- 


Using the above relations it can be shown that for 
any arbitrary even (odd) n the angular distribution 
F , (cos @) is a polynomial consisting of even 
(odd) powers of cosine. 

Expressions forthe function F, (cos 0) were 
obtained for n <6. In view of their cumbersome 


form, inthe present short communication we limit 
ourselves tothe equation for the angular distri- 
bution for n = 4: 


F, (cos 9) (3) 
5 c91682 5 
=i [2 fi SE — ga (7-364) Arth a| cost 9 
5 3 
— 5 [15489 — ge O— 38%) Arth p| 


5 3 
x cost 8+ To [s—26 — pa Arth p| 

A general characteristic of the functions F, is 
the very rapid variations arbitrarily close tot he 
point 6 =1. Only for B = 1 does the angular 
distribution of the initial and secondary particles 
become similar. With decrease in 6 the anisotropy 
of the angular distribution rapidly disappears. The 
higher the power of n the more clearly does this 
characteristic appear. Even for high values of the 
speed B the angular distribution ofthe secondary 
particles is still close tothe isotropic and high 
precision of measurement is required in order to 
determine the angular distribution of the initial 
particles. This has application, for example, in 
the investigation ofthe angular distribution of 7° 
mesons in the vicinity of threshold. Thus if the 
angular distribution of 7°—mesons is proportional 
to cos? @ then the share ofthe isotropic portion 
ofthe angular distribution of the y-quanta for a 
proton energy of 660 mev is one-half, while for 
an energy of 340 mev it consists already of almost 


90%. 


_ (1 +8 cos 9)(8 — cos 9)+1_ (1 — B cos 9){— B — cos 9)F+1 


dky?B $3 (9) 


sint?dRk+1 
5 7? BR 8p: 


Eq. (2) is valid fork > 1. Fork < 2 the 6, 


functions have the following form 


Until rather large even values of the index n the 
roots of the equation aa (cos 6) = % are included 


in a small interval of angles around 6* =arc 
cos (1/3). An important consequence of this char- 
acteristic of the is functions is that the emission 


of secondary particles at ‘“‘the isotropic” angle 6* 
depends little onthe speed of the initial particles 
(for n = 2 the emission does not depend on § as 


LETTERS TO THE EDITOR 


has been shown in Ref. 1). This allows the mag- 
nitude of the total cross section for formation of 
7°-mesons in nucleon collisions to be determined 
from measurements of the emission of y-quanta 
only at one angle. If the distribution of the initial 
particles contains odd powers of the cosine then 
to obtain the magnitude of the total cross section 
it is necessary to measure the emission of second- 
ary particles at two angles 6* and 7—0*. The indi- 
cated ‘‘isotropic’”’ properties of the angular dis- 
tributions of the secondary particles considerably 
simplify the problem of measuring the energy 
dependence of the total cross section particularly 
in the case where the angular distribution of the 
initial particles differs in the investigated interval 
of energy. 


1 
A. A. Tiapkin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 1150 (1956); Soviet Phys. JETP 3, 179 (1956). 
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Behavior of Particles with Nonzero Spin in 
Crossed Constant and Varying 
Magnetic Fields 


A. I. RIVIN 
(Submitted to JETP editor February 11,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 733-734 
(October, 1956) 


W* give an exact solution for the behavior of 
particles of arbitrary spin in crossed constant 
and varying magnetic fields’. 
The wave function of the particle in a magnetic 
field can be written in the form 


ihdy / dt = — (HM) 9, (1) 


where w is the C2 + 1)-component wave function 
of the particle and M is the magnetic moment vec- 
tor operator, proportional to the angular momentum. 
We shall consider the case when the external mag- 
netic field acting on the particle is composed of a 
constant field H, (along the z axis) and a varying 
field which has components H, =H, cos wt and 
H, =H, sin wt. In this case the wave equation 


¥ 
: d : A A 
(1) becomes 5 = =— 5 mle! (5, —if,) 


enya “ 2 
+ e—iot (J, +iS,)]¢— Hl, , @) 
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Pi 
where J is the angular momentum operator and mM 
is the magnetic moment of the particle. 

Let us transform to a reference system rotating 
about the original z axis at a frequency w. The 
components of the wave function wy” in the new 


reference system are related to the corresponding 
ones w_ in the original system by the expression 


ee is (ad = apes (3) 


Inserting expression (3) into Eq. (2), and making 
use of the well-known properties of the operators 
ifs tiJ,, J,, we arrive at the following equation: 


ihd’ | dt = (— HM +. Q)) gy. (4) 


The components of the magnetic field vector H 
which enter into this equation are the following: 


H,=H,, He =0, andH, = 7); Q is the angular 
velocity vector wk (where k is the unit vector along 


the z axis). The operator on the right side of Eq. 
(4) does not depend on time and contains the term 
@ J, which is the “‘centrifugal energy’’ operator, 
whose form corresponds to the expression for the 
centrifugal energy in classical mechanics. 

Thus, Eq. (4) may be considered a wave equation 
in a noninertial (rotating) system of reference. 
Equation (4) takes on its simplest form in the (non- 
inertial ) reference system where the z axis is 
chosen along the vector —pH +. The projection 
s onto angle B between this vector and the original 
z axis are easy to determine and are given by 


s= V 0% + @? — 200, cos 9, (5) 
@, = UH /h 
(6) 


B = acrsinw, sind / V @ + 02— 2ww,cosd , 


where tan 0 =H,/H). Clearly, the solution of Eq. 
(4), whose initial component yy = One can be 


written in the form? 


(7) 


ve (t) a= ‘) Cres {a, (ee y} Coney, {a, B, y} gim'st Vinr 


The quantities G» {u, B, y} entering into this 


equation are the matrix elements of the (2/ + 1)— 
dimensional irreducible representation of the three- 
dimensional rotation group, corresponding to rota- 
tions through the Euler angles a, B, y (see, for 
instance, Ref. 2). 
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The transition probability between states with 
magnetic quantum number Mo and m (in the labora- 
tory, not the rotating system of reference ) is given 


by 


(8) 
Run =| 2 Fm, (018, "yO 0, B Me | 
m’ 
For J = 1/2, this expression becomes 
wo? sin? (9) 


Ri, 4H) se 


2 : 
wh ++ @? — 2H, COS ca 


t 
sine (@§ + @ — 2a, cos wt)'!2. 
Z 


In conclusion, I express my gratitude to KE. Rivin 
for aid in the calculations. 


lr, Majorana, Nuovo Cimento 9, 43 (1932). 


z V.1. Smirnov, A Course in Higher Mathematics, Vol. 
3, Moscow, 1946. 
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Concerning the Spin of the A°-Particle 


M. I. SHIRUKOV 
Electro-Physical Laboratory 
Academy of Sciences, USSR 
(Submitted to JETP editor June 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 734-736 
(October, 1956) 


W* present several general formulas obtained 
according to methods described elsewhere! 2, 
with relation to the problem of determining the spin 
A°-particle from the angular distribution of its 
decay product. 

We shall characterize the spin state of an en- 
semble of A°-particles by giving the magnitudes 
of the angular momentum tensors 77 (defined in 
Ref. 1), which makes it possible to describe an 
arbitrary (most general) spin state of the particles 
in this ensemble. The angular distribution of the 
decay product of the A°-particles (A° > p +7) is 
of the form 
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F@,e)=—= OF (2q +1)? Q(s,q) ) 
; Vr Peon 


q 
oat (=f (9, ) TS 


v=—q 


where w is the total decay probability for the A° 
according to the reaction A° > p +7, s is the spin 


of the A®, and 
Q(s, q) = (— 1)" 2-7? (25 + 1)" Z (I’st’s; faq). 


The coefficients Z are tabulated by Bieden- 
harn?. It can be shown that 


Zalbislis 3/54) 
= (1)? (20 +41) (28 + 1) W (’st's; 1/29) C229 


does not depend on /’ (equal to s + 4 or s — %) and 
therefore F (J , y) does not depend on the parity 
of the A°-particle. Equation (1) is written in the 
center-of-mass system of the A°-particle, and the 
z axis of this system will henceforth be taken 
parallel to the direction of motion ny, of the A° 
particle in the laboratory system [of course, Eq. 
(1) is valid for arbitrary choice of the z axis]. 
Integrating (1) over the interval of solid angle 
(py, p+ Ag), 0< 8 < 7 we can obtain the distribu- 
tion ing. The angle g(0< p< 27) can be de- 
fined as the angle between the normal N to the pro- 
duction-plane of the A°-particle (more exactly, N 
is the unit vector in the direc- 


0 
tion of the incident particles in the production re- 


=Ny XNA, where n 


action) and the vector n = n, XDA, where n, is the 
direction of the decay proton. 
2s—1 


F@=ETREL+V2 >) o 
ca m=2 
x [cos mg (Re t7,) +sinmg (Im?4,)] Q (s, q) Jaa : 
g=m 
_F(a+m)! 2g +172 
Ty sole ES oes 
he lie re aes | 


m gi—mle (¢/2 — 1)! (q — m—1)!! 


2 (q/2 + m/2)(q-F 1)E” 
th = 29 + Rae 


where m and q take on only even values. This 
formula differs from similar ones*’> in that (2) 
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contains an explicit expression for the coefficients 
Ay, and Bee in terms of the initial spin state of 
the A°. 

If T% is real for even values of gq, i.e., if In ¢? 
= 0 (as can be shown’, this will occur, for ex- _ 
ample, when the A° is produced in a reaction in 
which the incident particle and target are com- 
pletely polarized), then F(~) becomes a poly- 
nomial of cos mg only. The same polynomial in 
cos nm gives the distribution over the angle 7 be- 
tween the production-plane of the A° and its decay- 
plane for complex values of 7% [ compare Ref. 5, 
Eq. (2)]. 

A similar integration of Eq. (1) gives the distri- 
bution F (0) of the number of particles emitted per 
unit solid angle at an angle @ to the z axis ( paral- 
lel ton), averaged over all azimuth angles ~(see 


Walker and Shephard, Ref. 6): 
(3) 


2s—1 
Ww 
FO=E Ty {t+ ay Q(s, q) P, (cos 8) T3/ Tel . 
q=2,4,,, 


Comparing (2) and (3) we that see F(¢) [ or 
F (y)] is given by those components of the tensor 
T? for which q=2, 4,..., 2s — 1 andm=2, 4,... 
g, whereas F'(@) depends on entirely different com- 
ponents of the tensor, namely, 7}. The compon- 
ents 7% and 7% do not determine the spin state of 
the A° entirely independently, but so long as they 
do not take on their maximum values the distribu- 
tion over 7 can be somewhat arbitrary (within cer- 
tain limits ) for fixed F(@) [ cf. Ref. 7, Eqs. (17) 
and (18)]. Therefore, the distributions in y and 
cos@ obtained by Walker and Shephard® are not in 
contradiction, which has already been noted by 
Morpurgo’ who examined the cases s = 3/2 and 
5/2. These distributions may (the statistics are 
quite poor!) indicate that the A°-particles ob- 
served are not entirely polarized perpendicular to 
the plane of the reaction 7 +p >A°+ 6° ( com- 
pare this with the note at the end of this letter**). 


The observed cases of the reactions 7 +p>A°+0°, 


A°sp+m are at energies of about 1 and 1.5 bev. 
Even if the statistics at these energies were bet- 
ter, we could only hope to obtain a more accurate 
value for the lower bound of the A®° spin. We shall 
show that a measurement of the angular distribution 
of the decay products of the A° produced at the 
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threshold of the 7 + p> A°® + 6° reaction ( about 
755 mev ) gives the value of the A° spin itself if 
we make two natural assumptions, namely, that the 
spin of the 6°-particle is zero (which is, at any 
rate, not in contradiction with the data available ) 
and that the interaction between the A° and the 0° 
is a short range one. The latter means that we may 
neglect all elements of the R-matrix 

(inigs ‘l’a’|RI® |%0%lo) with 1’ > 0 in com- 
parison with the element for which /’ = 0 close to 
the threshold* (the notation is defined elsewhere?; 
the matrix R is related to the well-known S-matrix 
as follows: R=S—1). With these assumptions 
we may rewrite Eqs. (7)-(9) of Ref. 1 (the target is 
assumed nonpolarized). Making use of the proper- 
ties of the coefficients G,- and G , and the parity 
conservation law, introducing the notation s in- 
stead of i, and suppressing the index A on g, we 
obtain the following expression for the angular 
momentum tensors of the A°-particle with even 
values of q (those with odd values of q vanish): 


(4) 


8 (n,, Pa) 
= A (2s~-1) (2g +1)? O(s, g) ¥_. (84, 2), 


where A is a constant proportional to the total 
cross section for the reaction 7 +p > A° + 6° with 
E, ~ 755-780 mev. Let us note that the index 7 
refers to nj as the axis of quantization, and that 
the angle & , is the angle between the direction of 
the A°-particle and the 7-meson beam. 

From the expression (4) for the angular momentum 
tensor of the A°-particle, Eqs. (2) and (3) can now 
be used to obtain the distributionin7 and 0, which 
will depend only on the A® spin (and on 0). We 
shall not write these general formulas here**. It 
is interesting , however, to note that if we integrate 
them over all angles % q, the distribution over 0 is 


isotropic, whereas that over ¢( or 7) becomes 


(5) 


2s—] 2s—1 
Jen) =C{1 + SY cosmn SY (05,9) Lon]? 2a + 1). 
m=3 g=m 


For instance, 


Ty, (0) ~ 1 + 1/3 cos2 x. 
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If the tensors of Eq. (4) are inserted into (1), we 
obtain a general expression for the distribution 
over the angle y 


F (8, 9) (6) 


= ye Di (2g +1) * [Q (s, 9)}? » Y 5 y(9, 9) You On 2) 
q B 


Cm b 


>; [Q(s, a P, (cos y) = 


q=0 


= Aw [8x V x]-} F. (y); 


where y is the angle between the directions ( 0 Q;77) 
and (WJ, ~), or, as can be shown, the angle in the 
rest system between the direction of motion of the 
decay proton and that of the incident ois: 
‘beam. The formula BE RY) 1+.3 cos? y was 


given first by Wolfenstein®; 


Fi, (y) ~ 1 — 2 cos? y 


+ ocosty ~ 1 + 4/5 cos? y + 1/5 cos 4y. 


I express my gratitude to Professor M. A. Markov, 
who suggested the present work. 


* The angular distribution of the A® and 6° for ] bev 
indicates the presence® of at least /°= 2. It follows 
from this that the range of the A°—@° forces is about 


2 x 107!% em and that our assumption is valid for in- 
cident 7-meson energies in the laboratory system from 


755 to about 780-800 mev. It is, of course, possible 
that the matrix element (7,02 ,0a | RIE |%0%la) is 
small due to some particular property of the reaction. In 


that case, the angular distribution of the A® and 6° will 
be nonisotropic. 
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** For s = 3/2 we have 


Fs), (0) ~ 1 + 0,5 sin? 9, cos2 », 


Fy), (8) ~ 1 — (1— 3 cos2 8) (5 — 3 cos?d,)-1 cos? 6. 


If the angle JA= 90° we obtain F, 2) TA O%5 
1 — 0.2 cos 26, i.e., the 
probability is not increased for cos@ = +1, although the 


x cos 27, whereas Bau ige 


distribution over 7 is the same as that for entirely polar- 
ized A°-particles. 
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